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C H A P T E R 8

Hidden Markov ModelsEquation Section 8

The hidden Markov model (HMM) is a very
powerful statistical method of characterizing the observed data samples of a discrete-time
series. Not only can it provide an efficient way to build parsimonious parametric models, but
can also incorporate the dynamic programming principle in its core for a unified pattern
segmentation and pattern classification of time-varying data sequences. The data samples in
the time series can be discretely or continuously distributed; they can be scalars or vectors.
The underlying assumption of the HMM is that the data samples can be well characterized as
a parametric random process, and the parameters of the stochastic process can be estimated
in a precise and well-defined framework. The basic HMM theory was published in a series
of classic papers by Baum and his colleagues [4]. The HMM has become one of the most
powerful statistical methods for modeling speech signals. Its principles have been success-
fully used in automatic speech recognition, formant and pitch tracking, speech enhancement,
speech synthesis, statistical language modeling, part-of-speech tagging, spoken language
understanding, and machine translation [3, 4, 8, 10, 12, 18, 23, 37].
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8.1. THE MARKOV CHAIN

A Markov chain models a class of random processes that incorporates a minimum amount of
memory without being completely memoryless. In this subsection we focus on the discrete-
time Markov chain only.

Let 1 2, , nX X X=X � be a sequence of random variables from a finite discrete alpha-

bet O o o o M� 1 2, , ,�l q . Based on the Bayes rule, we have
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As a consequence, for the first-order Markov chain, Eq. (8.1) becomes
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Equation (8.2) is also known as the Markov assumption. This assumption uses very lit-
tle memory to model dynamic data sequences: the probability of the random variable at a
given time depends only on the value at the preceding time. The Markov chain can be used
to model time-invariant (stationary) events if we discard the time index i,

P X s X s P s si i( | ' ) ( | ' )� � �
�1 (8.4)

If we associate iX to a state, the Markov chain can be represented by a finite state

process with transition between states specified by the probability function P s s( | ' ) . Using
this finite state representation, the Markov assumption (Eq. (8.2)) is translated to the follow-
ing: the probability that the Markov chain will be in a particular state at a given time depends
only on the state of the Markov chain at the previous time.

Consider a Markov chain with N distinct states labeled by { }1, , N� , with the state at

time t in the Markov chain denoted as st ; the parameters of a Markov chain can be described
as follows:

1( | ) 1 ,ij t ta P s j s i i j N−= = = ≤ ≤ (8.5)

1( ) 1i P s i i Nπ = = ≤ ≤ (8.6)

where aij is the transition probability from state i to state j; and πi is the initial probability

that the Markov chain will start in state i. Both transition and initial probabilities are bound
to the constraints:
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The Markov chain described above is also called the observable Markov model be-
cause the output of the process is the set of states at each time instance t, where each state
corresponds to an observable event iX . In other words, there is one-to-one correspondence

between the observable event sequence X and the Markov chain state sequence

1 2, , ns s s=S � Consider a simple three-state Markov chain for the Dow Jones Industrial

average as shown in Figure 8.1. At the end of each day, the Dow Jones Industrial average
may correspond to one of the following states:

state 1 – up (in comparison to the index of previous day)
state 2 – down (in comparison to the index of previous day)
state 3 – unchanged (in comparison to the index of previous day)
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Figure 8.1 A Markov chain for the Dow Jones Industrial average. Three states represent up,
down, and unchanged respectively.

The parameter for this Dow Jones Markov chain may include a state-transition prob-
ability matrix
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Suppose you would like to find out the probability for five consecutive up days. Since
the observed sequence of up-up-up-up-up corresponds to the state sequence of (1, 1, 1, 1, 1),
the probability will be

4
1 11 11 11 11

(5 consecutive days) (1,1,1,1,1)

0.5 (0.6) 0.0648

P up P

a a a aπ
=

= = × =

8.2. DEFINITION OF THE HIDDEN MARKOV MODEL

In the Markov chain, each state corresponds to a deterministically observable event; i.e., the
output of such sources in any given state is not random. A natural extension to the Markov
chain introduces a non-deterministic process that generates output observation symbols in
any given state. Thus, the observation is a probabilistic function of the state. This new model
is known as a hidden Markov model, which can be viewed as a double-embedded stochastic
process with an underlying stochastic process (the state sequence) not directly observable.
This underlying process can only be probabilistically associated with another observable
stochastic process producing the sequence of features we can observe.
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Figure 8.2 A hidden Markov model for the Dow Jones Industrial average. The three states no
longer have deterministic meanings as the Markov chain illustrated in Figure 8.1.

A hidden Markov model is basically a Markov chain where the output observation is a
random variable X generated according to a output probabilistic function associated with
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each state. Figure 8.2 shows a revised hidden Markov model for the Dow Jones Industrial
average. You see that each state now can generate all three output observations: up, down,
and unchanged according to its output pdf. This means that there is no longer a one-to-one
correspondence between the observation sequence and the state sequence, so you cannot
unanimously determine the state sequence for a given observation sequence; i.e., the state
sequence is not observable and therefore hidden. This is why the world hidden is placed in
front of Markov models. Although the state of an HMM is hidden, it often contains salient
information about the data we are modeling. For example, the first state in Figure 8.2 indi-
cates a bull market, and the second state indicates a bear market as specified by the output
probability in each state. Formally speaking, a hidden Markov model is defined by:

� Ο = o o oM1 2, , ,�l q - An output observation alphabet.1 The observation symbols

correspond to the physical output of the system being modeled. In the case of the
Dow Jones Industrial average HMM, the output observation alphabet is the col-
lection of three categories - { }, ,O up down unchanged= .

� � � 1 2, , ,� Nl q - A set of states representing the state space. Here st is denoted

as the state at time t . In the case of the Dow Jones Industrial average HMM, the
state may indicate a bull market, a bear market, and a stable market.

� A � aijn s - A transition probability matrix, where aij is the probability of taking

a transition from state i to state j, i.e.,

a P s j s iij t t� � �
�

( | )1 (8.8)

� { }( )ib k=B - An output probability matrix,2 where ( )ib k is the probability of

emitting symbol ok when state i is entered. Let X � X X X t1 2, , , ,� � be the
observed output of the HMM. The state sequence S s s st� 1 2, , , ,� � is not ob-
served (hidden), and ( )ib k can be rewritten as follows:

( ) ( | )i t k tb k P X o s i= = = (8.9)

� { }iπ=π - A initial state distribution where

πi P s i= =( )0 1� �i N (8.10)

Since aij , b kij ( ) , and πi are all probabilities, they must satisfy the following proper-

ties:

1 Although we use the discrete output observation here, we can extend it to the continuous case with a continuous
pdf. You can also use vector quantization to map a continuous vector variable into a discrete alphabet set.
2 The output distribution can also be transition-dependent. Although these two formations look different, the state-
dependent one can be reformulated as a transition-dependent one with the constraint of all the transitions entering
the same state sharing the same output distribution.
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To sum up, a complete specification of an HMM includes two constant-size parame-
ters, N and M, representing the total number of states and the size of observation alphabets,
observation alphabet O, and three sets (matrices) of probability measures A, B, π . For con-
venience, we use the following notation

( , , )Φ = A B π (8.15)

to indicate the whole parameter set of an HMM and sometimes use the parameter set � to
represent the HMM interchangeably without ambiguity.

In the first-order hidden Markov model discussed above, there are two assumptions.
The first is the Markov assumption for the Markov chain.

P s s P s st
t

t t( | ) ( | )1
1

1
�

�
� (8.16)

where s t
1

1� represents the state sequence s s st1 2 1, , ,� − . The second is the output-

independence assumption:

1
1 1( | , ) ( | )t t

t t tP X X s P X s− = (8.17)

where X t
1

1� represents the output sequence X X X t1 2 1, , ,�

�
. The output-independence as-

sumption states that the probability that a particular symbol is emitted at time t depends only
on the state st and is conditionally independent of the past observations.

You might argue that these assumptions limit the memory of the first-order hidden
Markov models and may lead to model deficiency. However, in practice, they make evalua-
tion, decoding, and learning feasible and efficient without significantly affecting the model-
ing capability, since those assumptions greatly reduce the number of parameters that need to
be estimated.

Given the definition of HMMs above, three basic problems of interest must be ad-
dressed before they can be applied to real-world applications.
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1. The Evaluation Problem – Given a model � and a sequence of observa-
tions X � ( , , , )X X X T1 2 � , what is the probability P( | )X � ; i.e., the prob-
ability of the model that generates the observations?

2. The Decoding Problem – Given a model � and a sequence of observations
X � ( , , , )X X X T1 2 � , what is the most likely state sequence
S � ( , , , , )s s s sT0 1 2 � in the model that produces the observations?

3. The Learning Problem – Given a model � and a set of observations, how
can we adjust the model parameter �� to maximize the joint probability (like-
lihood) ( | )P Φ∏

X

X ?

If we could solve the evaluation problem, we would have a way of evaluating how
well a given HMM matches a given observation sequence. Therefore, we could use HMM to
do pattern recognition, since the likelihood P( | )X � can be used to compute posterior prob-
ability P( | )� X , and the HMM with highest posterior probability can be determined as the
desired pattern for the observation sequence. If we could solve the decoding problem, we
could find the best matching state sequence given an observation sequence, or, in other
words, we could uncover the hidden state sequence. As discussed in Chapters 12 and 13,
these are the basics for the decoding in continuous speech recognition. Last but not least, if
we could solve the learning problem, we would have the means to automatically estimate the
model parameter Φ from an ensemble of training data. These three problems are tightly
linked under the same probabilistic framework. The efficient implementation of these algo-
rithms shares the principle of dynamic programming that we briefly discuss next.

8.2.1. Dynamic Programming and DTW

The dynamic programming concept, also known as dynamic time warping (DTW) in speech
recognition [40], has been widely used to derive the overall distortion between two speech
templates. In these template-based systems, each speech template consists of a sequence of
speech vectors. The overall distortion measure is computed from the accumulated distance
between two feature vectors that are aligned between two speech templates with minimal
overall distortion. The DTW method can warp two speech templates ( 1 2... Nx x x ) and

( 1 2... My y y ) in the time dimension to alleviate nonlinear distortion as illustrated in Figure

8.3.
This is roughly equivalent to the problem of finding the minimum distance in the trellis

between these two templates. Associated with every pair (i, j) is a distance ( , )d i j between

two speech vectors ix and jy . To find the optimal path between starting point (1, 1) and end

point (N, M) from left to right, we need to compute the optimal accumulated dis-
tance ( , )D N M . We can enumerate all possible accumulated distance from (1,1) to (N, M)

and identify the one that has the minimum distance. Since there are M possible moves for
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each step from left to right in Figure 8.3, all the possible paths from (1, 1) to (N, M) will be
exponential. Dynamic programming principle can drastically reduce the amount of computa-
tion by avoiding the enumeration of sequences that cannot possibly be optimal. Since the
same optimal path after each step must be based on the previous step, the minimum distance

( , )D i j must satisfy the following equation:

[ ]( , ) min ( 1, ) ( , )
k

D i j D i k d k j= − + (8.18)

y1

y2

yM

x2x1 xN

d(2,2)

Optimal alignment
between X and Y

Figure 8.3 Direct comparison between two speech templates X= 1 2... Nx x x and Y= 1 2... My y y .

Equation (8.18) indicates you only need to consider and keep only the best move for
each pair although there are M possible moves. The recursion allows the optimal path search
to be conducted incrementally from left to right. In essence, dynamic programming delegates
the solution recursively to its own sub-problem. The computation proceeds from the small
sub-problem ( ( 1, )D i k− ) to the larger sub-problem ( ( , )D i j ). We can identify the optimal

match jy with respect to ix and save the index in a back pointer table B(i, j) as we move

forward. The optimal path can be back traced after the optimal path is identified. The algo-
rithm is described in Algorithm 8.1.

The advantage of the dynamic programming lies in the fact that once a sub-problem is
solved, the partial result can be stored and never needs to be recalculated. This is a very im-
portant principle that you see again and again in building practical spoken language systems.

Speech recognition based on DTW is simple to implement and fairly effective for
small-vocabulary speech recognition. Dynamic programming can temporally align patterns
to account for differences in speaking rates across talkers as well as across repetitions of the
word by the same talker. However, it does not have a principled way to derive an averaged
template for each pattern from a large amount of training samples. A multiplicity of refer-
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ence training tokens is typically required to characterize the variation among different utter-
ances. As such, the HMM is a much better alternative for spoken language processing.

ALGORITHM 8.1: THE DYNAMIC PROGRAMMING ALGORITHM

Step 1: Initialization
(1,1) (1,1), (1,1) 1D d B= = , for 2, ,j M= � compute (1, )D j = ∞

Step 2: Iteration
for 2, ,i N= � {
for 1, ,j M= � compute {

[ ]
1

( , ) min ( 1, ) ( , )
p M

D i j D i p d p j
≤ ≤

= − +

[ ]
1

( , ) arg min ( 1, ) ( , )
p M

B i j D i p d p j
≤ ≤

= − + }}

Step 3: Backtracking and Termination
The optimal (minimum) distance is ( , )D N M and the optimal path is 1 2( , , , )Ns s s�

where Ns M= and 1( 1, )i is B i s += + , 1, 2, ,1i N N= − − �

8.2.2. How to Evaluate an HMM – The Forward Algorithm

To calculate the probability (likelihood) P( | )X � of the observation sequence
X � ( , , , )X X X T1 2 � , given the HMM � , the most intuitive way is to sum up the prob-
abilities of all possible state sequences:

all

( | ) ( | ) ( | , )P P PΦ = Φ Φ�
S

X S X S (8.19)

In other words, to compute P( | )X � , we first enumerate all possible state sequences S
of length T, that generate observation sequence X , and then sum all the probabilities. The
probability of each path S is the product of the state sequence probability (first factor) and
the joint output probability (the second factor) along the path.

For one particular state sequence 1 2( , , , )Ts s s=S � , where 1s is the initial state, the

state-sequence probability in Eq. (8.19) can be rewritten by applying Markov assumption:

1 1 2 1 0 1 1 2 11 1
2

( | ) ( | ) ( | , )
T T T T

T

t t s s s s s s s s s s s
t

P P s P s s a a a a aπ
− −−

=

Φ = Φ Φ = =∏S � � (8.20)

where
0 1s sa denotes

1s
π for simplicity. For the same state sequence S , the joint output prob-

ability along the path can be rewritten by applying the output-independent assumption:
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Substituting Eq. (8.20) and (8.21) into (8.19), we get:

0 1 1 1 2 2 1

all

1 2
all

( | ) ( | ) ( | , )

( ) ( ) ( )
T T Ts s s s s s s s s T

P P P

a b X a b X a b X
−

Φ = Φ Φ

=

�

�

S

S

X S X S

�

(8.22)

Equation (8.22) can be interpreted as follows. First we enumerate all possible state se-
quence with length T+1. For any given state sequence, we start from initial state 1s with

probability
1s

π or
0 1s sa . We take a transition from st�1 to st with probability as st t�1

and gen-

erate the observation X t with probability ( )
ts tb X until we reach the last transition.

However, direct evaluation of Eq. (8.22) according to the interpretation above requires
enumeration of ( )TO N possible state sequences, which results in exponential computational

complexity. Fortunately, a more efficient algorithm can be used to calculate Eq. (8.22). The
trick is to store intermediate results and use them for subsequent state-sequence calculations
to save computation. This algorithm is known as the forward algorithm.

Based on the HMM assumptions, the calculation of 1( | , ) ( | , )t t t tP s s P X s− Φ Φ involves

only st�1,st , and X t , so, it is possible to compute the likelihood with P( | )X � with recur-
sion on t. Let’s define forward probability:

� t
t

ti P X s i( ) ( , | )� �1 � (8.23)

� t i( ) is the probability that the HMM is in state i having generated partial observation

1
tX (namely 1 2... tX X X ). � t i( ) can be calculated inductively as illustrated in Algorithm 8.2.

This inductive procedure shown in Eq. (8.24) can be illustrated in a trellis. Figure 8.4 illus-
trates the computation of forward probabilities � via a trellis framework for the Dow Jones
Industrial average HMM shown in Figure 8.2. Given two consecutive up days for the Dow
Jones Industrial average, we can find the forward probability � based on the model of
Figure 8.2. An arrow in Figure 8.4 indicates a transition from its origin state to its destination
state. The number inside each cell indicates the forward probability � . We start the � cells
from t = 0, where the � cells contains exactly the initial probabilities. The other cells are
computed in a time-synchronous fashion from left to right, where each cell for time t is com-
pletely computed before proceeding to time t+1. When the states in the last column have
been computed, the sum of all probabilities in the final column is the probability of generat-
ing the observation sequence. For most speech problems, we need to have the HMM end in
some particular exit state (a.k.a final state, FS ), and we thus have ( | ) ( )T FP sαΦ =X .
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It is easy to show that the complexity for the forward algorithm is O N T( )2 rather than
the exponential one. This is because we can make full use of partially computed probabilities
for the improved efficiency.

ALGORITHM 8.2 THE FORWARD ALGORITHM

Step 1: Initialization

1 1( ) (X ) 1i ii b i Nα π= ≤ ≤
Step 2: Induction

1
1

( ) ( ) ( ) 2 ; 1
N

t t ij j t
i

j i a b X t T j Nα α −
=

� �= ≤ ≤ ≤ ≤� �
� �
� (8.24)

Step 3: Termination

P iT

i

N

( | ) ( )X � �

�

��

1

If it is required to end in the final state, ( | ) ( )T FP sαΦ =X
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0.09
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X1 = up
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0.008

0.036

t = 2

X2 = up

state 2
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state 1

Figure 8.4 The forward trellis computation for the HMM of the Dow Jones Industrial average.

8.2.3. How to Decode an HMM - The Viterbi Algorithm

The forward algorithm, in the previous section, computes the probability that an HMM gen-
erates an observation sequence by summing up the probabilities of all possible paths, so it
does not provide the best path (or state sequence). In many applications, it is desirable to
find such a path. As a matter of fact, finding the best path (state sequence) is the cornerstone
for searching in continuous speech recognition. Since the state sequence is hidden (unob-
served) in the HMM framework, the most widely used criterion is to find the state sequence
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that has the highest probability of being taken while generating the observation sequence. In
other words, we are looking for the state sequence 1 2( , , , )Ts s s=S � that maximizes

( , | )P ΦS X . This problem is very similar to the optimal-path problem in dynamic program-

ming. As a consequence, a formal technique based on dynamic programming, known as
Viterbi algorithm [43], can be used to find the best state sequence for an HMM. In practice,
the same method can be used to evaluate HMMs that offers an approximate solution close to
the case obtained using the forward algorithm described in Section 8.2.2.

The Viterbi algorithm can be regarded as the dynamic programming algorithm applied
to the HMM or as a modified forward algorithm. Instead of summing up probabilities from
different paths coming to the same destination state, the Viterbi algorithm picks and remem-
bers the best path. To define the best-path probability:

1
1 1( ) ( , , | )t t

t tV i P X S s i−= = Φ (8.24)

( )tV i is the probability of the most likely state sequence at time t, which has generated the

observation 1
tX (until time t) and ends in state i. A similar induction procedure for the

Viterbi algorithm can be described in Algorithm 8.3.

ALGORITHM 8.3 THE VITERBI ALGORITHM

Step 1: Initialization

1 1( ) 1( )i iV i i Nb Xπ= ≤ ≤

1 ( ) 0B i =

Step 2: Induction

1
1

( ) ( ) 2 ; 1( )t t ij

i N

j tV j V i a t T j NMax b X−
≤ ≤

= ≤ ≤ ≤ ≤� �� � (8.25)

1

1

max( ) ( ) 2 ; 1t t ij

i N

ArgB j V i a t T j N−
≤ ≤

= ≤ ≤ ≤ ≤� �� � (8.26)

Step 3: Termination
[ ]

1

The best score ( )t

i N

V iMax
≤ ≤

=

[ ]*

1

( )maxT T

i N

s B iArg
≤ ≤

=

Step 4: Backtracking
* *

1 1( ) 1, 2, ,1t t ts B s t T T+ += = − − �

* * * *

1 2( , , , )Ts s s=S � is the best sequence

This Viterbi algorithm can also be illustrated in a trellis framework similar to the one
for the forward algorithm shown in Figure 8.4. Instead of summing up all the paths, Figure
8.5 illustrates the computation of t by picking the best path in each cell. The number inside
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each cell indicates the best score t and the best path leading to each cell is indicated by
solid lines while the rest of the paths are indicated by dashed line. Again, the computation is
done in a time-synchronous fashion from left to right. The complexity for the Viterbi algo-
rithm is also O N T( )2 .

0.35

0.02

0.009

t = 1

X1 = up

0.147

0.007

0.021

t = 2

state 1

X2 = up

state 2

state 3

Figure 8.5 The Viterbi trellis computation for the HMM of the Dow Jones Industrial average.

8.2.4. How to Estimate HMM Parameters – Baum-Welch Algorithm

It is very important to estimate the model parameters ( , , )Φ = A B π to accurately describe

the observation sequences. This is by far the most difficult of the three problems, because
there is no known analytical method that maximizes the joint probability of the training data
in a closed form. Instead, the problem can be solved by the iterative Baum-Welch algorithm,
also known as the forward-backward algorithm.

The HMM learning problem is a typical case of unsupervised learning discussed in
Chapter 4, where the data is incomplete because of the hidden state sequence. The EM algo-
rithm is perfectly suitable for this problem. As a matter of fact, Baum and colleagues used
the same principle as that of the EM algorithm. Before we describe the formal Baum-Welch
algorithm, we first define a few useful terms. In a manner similar to the forward probability,
we define backward probability as:

� t t
T

ti P X s i( ) ( | , )� �
�1 � (8.27)

where � t i( ) is the probability of generating partial observation 1
T
tX + (from t+1 to the end)

given that the HMM is in state i at time t, � t i( ) can then be calculated inductively;
Initialization:

( ) 1/ 1T i N i Nβ = ≤ ≤
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Induction:

1 1
1

( ) ( ) ( ) = -1 1; 1
N

t ij j t t
j

i a b X j t T i Nβ β+ +
=

� �
= … ≤ ≤� �
� �
� (8.28)

The relationship of adjacent � and � (� t�1 & � t and � t & � t�1) can be best illus-
trated as shown in Figure 8.6. � is computed recursively from left to right, and � recur-
sively from right to left.

s1
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s3

sN
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Figure 8.6 The relationship of 1tα − & tα and tβ & 1tβ + in the forward-backward algorithm.

Next, we define γ t i j( , ) , which is the probability of taking the transition from state i

to state j at time t, given the model and observation sequence, i.e.
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The equation above can be best illustrated as shown in Figure 8.7.
We can iteratively refine the HMM parameter vector ( , , )Φ = A B π by maximizing the

likelihood P( | )X � for each iteration. We use Φ̂ to denote the new parameter vector de-
rived from the parameter vector Φ in the previous iteration. According to the EM algorithm
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of Chapter 4, the maximization process is equivalent to maximizing the following Q-
function:

all
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where P( , | )X S � and log ( , | � )P X S � can be expressed as:
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Equation (8.30) can thus be rewritten as
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Figure 8.7 Illustration of the operations required for the computation of ( , )t i jγ , which is the

probability of taking the transition from state i to state j at time t.
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Since we separate the Q-function into three independent terms, the maximization pro-
cedure on Q( , � )� � can be done by maximizing the individual terms separately, subject to
probability constraints.
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Moreover, all these terms in Eqs. (8.34) and (8.35) have the following form:
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where xi

i
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By using the Lagrange multipliers, the function above can be proved to achieve maxi-
mum value at
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Using this formation, we obtain the model estimate as3:
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By carefully examining the HMM re-estimation Eqs. (8.40) and (8.41), you can see
that Eq. (8.40) is essentially the ratio between the expected number of transition from state i
to state j and the expected number of transitions from state i. For the output probability re-
estimation Eq. (8.41), the numerator is the expected number of times the observation data

3 Notice that the initial probability ˆiπ can be derived as a special case of the transition probability. ˆiπ is often

fixed (i.e., ˆ 1iπ = for the initial state) for most speech applications.
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emitted from state j with the observation symbol ko , and the denominator is the expected

number of times the observation data emitted from state j.
According to the EM algorithm, the forward-backward (Baum-Welch) algorithm guar-

antees a monotonic likelihood improvement on each iteration, and eventually the likelihood
converges to a local maximum. The forward-backward algorithm can be described in a way
similar to the general EM algorithm as shown in Algorithm 8.4.

ALGORITHM 8.4 THE FORWARD-BACKWARD ALGORITHM

Step 1: Initialization: Choose an initial estimateΦ .
Step 2: E-step: Compute auxiliary function Q( , � )� � based on Φ .

Step 3: M-step: Compute Φ̂ according to the re-estimation Eqs. (8.40) and (8.41) to
maximize the auxiliary Q-function.

Step 4: Iteration: Set� �� � , repeat from step 2 until convergence.

Although the forward-backward algorithm described above is based on one training
observation sequence, it can be easily generalized to multiple training observation sequences
under the independence assumption between these sequences. To train an HMM from M
data sequences is equivalent to finding the HMM parameter vector Φ that maximizes the
joint likelihood:

1

( | )
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i
i

P
=

Φ∏ X (8.42)

The training procedure performs the forward-backward algorithm on each independent
observation sequence to calculate the expectations (or sometimes referred to as counts) in
Eqs. (8.40) and (8.41). These counts in the denominator and numerator, respectively, can be
added across M data sequences respectively. Finally, all the model parameters (probabilities)
are normalized to make them sum up to one. This constitutes one iteration of Baum-Welch
re-estimation; iteration continues until convergence. This procedure is practical and useful
because it allows you to train a good HMM in a typical speech recognition scenario where a
large amount of training data is available.

For example, we let ( , )m
t i jγ denote the ( , )t i jγ from the mth data sequence and

mT denote the corresponding length, Equation (8.40) can be extended as:
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8.3. CONTINUOUS AND SEMI-CONTINUOUS HMMS

If the observation does not come from a finite set, but from a continuous space, the discrete
output distribution discussed in the previous sections needs to be modified. The difference
between the discrete and the continuous HMM lies in a different form of output probability
functions. For speech recognition, use of continuous HMMs implies that the quantization
procedure to map observation vectors from the continuous space to the discrete space for the
discrete HMM is no longer necessary. Thus, the inherent quantization error can be elimi-
nated.

8.3.1. Continuous Mixture Density HMMs

In choosing continuous output probability density functions ( )jb x , the first candidate is mul-

tivariate Gaussian mixture density functions. This is because they can approximate any con-
tinuous probability density function, as discussed in Chapter 3. With M Gaussian mixture
density functions, we have:

1 1

( ) ( , , ) ( )
M M

j jk jk jk jk jk
k k

b c N c b
= =

= =� �x x µ Σ x (8.44)

where ( , , )jk jkN x µ Σ or ( )jkb x denotes a single Gaussian density function with mean vector

jkµ and covariance matrix jkΣ for state j, M denotes the number of mixture-components,

and jkc is the weight for the kth mixture component satisfying
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c
=
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To take the same divide and conquer approach as Eq. (8.33), we need to express
( )jb x with respect to each single mixture component as:
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In the summand of Eq. (8.46) it can be considered as the summation of density with all
the possible state sequences S and all the possible mixture components K, defined in �

T as
the Tth Cartesian product of �={1, 2, ..., M}, as follows:
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Therefore, the joint probability density is
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An auxiliary function Q( , � )� � of two model points, Φ and Φ̂ , given an observation
X, can be written as:
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From (8.47), the following decomposition can be shown:
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Maximization of the likelihood by way of re-estimation can be accomplished on indi-
vidual parameter sets owing to the separability shown in (8.50). The separation of (8.50) is
the key to the increased versatility of a re-estimation algorithm in accommodating mixture
observation densities. The auxiliary function can be rewritten in a separated form in a similar
manner as Eq. (8.33):
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The only difference we have is:
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The optimization procedure is similar to what is discussed in the discrete HMM. The

only major difference is ˆ( , )
jk jkQ Φb b . Maximization of ˆ( , )

jk jkQ Φb b with respect to ˆ
jkb is

obtained through differentiation with respect to { , }jk jkµ Σ that satisfies:
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The solutions are:
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where ( , )t j kζ is computed as:
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In a similar manner to the discrete HMM, we can derive reestimation equation for jkc

as follows:
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8.3.2. Semi-continuous HMMs

Traditionally, the discrete and the continuous mixture density HMMs have been treated
separately. In fact, the gap between them can be bridged under some minor assumptions with
the so-called semi-continuous or tied-mixture HMM. It assumes the mixture density func-
tions are tied together across all the models to form a set of shared kernels. In the discrete
HMM, the VQ codebook is typically used to map the continuous input feature vector x to

ko , so we can use the discrete output probability distribution ( )jb k . The codebook can be

essentially regarded as one of such shared kernels. Accordingly, Eq. (8.44) can be modified
as:
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where ko is the kth codeword, ( )jb k is the same output probability distribution in the dis-

crete HMM or the mixture weights for the continuous mixture density function, and
( , , )k kN x µ Σ are assumed to be independent of the Markov model and they are shared

across all the Markov models with a very large number of mixtures M.
From the discrete HMM point of view, the needed VQ codebook consists of M con-

tinuous probability density functions, and each codeword has a mean vector and a covari-
ance matrix. Typical quantization produces a codeword index that has minimum distortion to
the given continuous observation x. In the semi-continuous HMM, the quantization opera-
tion produces values of continuous probability density functions ( | )kf ox for all the code-

words ko . The structure of the semi-continuous model can be roughly the same as that of

the discrete one. However, the output probabilities are no longer used directly as in the dis-
crete HMM. In contrast, the VQ codebook density functions, ( , , )k kN x µ Σ , are combined

with the discrete output probability as in Eq. (8.59). This is a combination of discrete model-
dependent weighting coefficients with the continuous codebook probability density func-
tions. Such a representation can be used to re-estimate the original VQ codebook together
with the HMM.

The semi-continuous model also resembles the M-mixture continuous HMM with all
the continuous output probability density functions shared among all Markov states. Com-
pared with the continuous mixture HMM, the semi-continuous HMM can maintain the mod-
eling ability of large-mixture probability density functions. In addition, the number of free
parameters and the computational complexity can be reduced, because all the probability
density functions are tied together, thus providing a good compromise between detailed
acoustic modeling and trainability.

In practice, because M is large, Eq. (8.59) can be simplified by using the L most sig-
nificant values ( | )kf ox for each x without affecting the performance. Experience has

shown that values of L in the range of 1-3% of M are adequate. This can be conveniently
obtained during the VQ operations by sorting the VQ output and keeping the L most signifi-
cant values. Let �( )x denote the set of L VQ codewords that has the largest ( | )kf ox for the

given x. Then we have:
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( ) ( | ) ( )j k j
k

b p o b k
η∈

≅ �
x

x x (8.60)

Since the number of mixture components in �( )x is of lower order than M, Eq. (8.60)
can significantly reduce the amount of computation. In fact, �( )x is the key to bridge the gap
between the continuous and discrete HMM. If �( )x contains only the most significant

( | )kp vx (i.e., only the closest codeword to x), the semi-continuous HMM degenerates to

the discrete HMM. On the other hand, a large VQ codebook can be used such that each
Markov state could contain a number of its own codewords (a mixture of probability density
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functions). The discrete output probability b kij ( ) thus becomes the mixture weights for each

state. This would go to the other extreme, a standard continuous mixture density model. We
can also define �( )x in such a way that we can have partial tying of ( | )kf ox for different

phonetic classes. For example, we can have a phone-dependent codebook.
When we have a tied VQ codebook, re-estimation of these mean vectors and covari-

ance matrices of different models will involve interdependencies. If any observation x t (no
matter what model it is designated for) has a large value of posterior probability ( , )t j kζ , it

will have a large contribution on re-estimation of parameters of codeword ko . We can com-

pute the posterior probability for each codeword from ( , )t j kζ as defined in Eq. (8.57).

( ) ( | , ) ( , )t t k t
j

k p o j kζ ζ= = Φ =�x X (8.61)

The re-estimation formulas for the tied mixture can be written as:
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8.4. PRACTICAL ISSUES IN USING HMMS

While the HMM provides a solid framework for speech modeling, there are a number of
issues you need to understand to make effective use of spoken language processing. In this
section we point out some of the key issues related to practical applications. For expedience,
we mostly use the discrete HMM as our example here.

8.4.1. Initial Estimates

In theory, the re-estimation algorithm of the HMM should reach a local maximum for the
likelihood function. A key question is how to choose the right initial estimates of the HMM
parameters so that the local maximum becomes the global maximum.

In the discrete HMM, if a probability is initialized to be zero, it will remain zero for-
ever. Thus, it is important to have a reasonable set of initial estimates. Empirical study has
shown that, for discrete HMMs, you can use a uniform distribution as the initial estimate. It
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works reasonably well for most speech applications, though good initial estimates are always
helpful to compute the output probabilities.

If continuous mixture density HMMs are used, good initial estimates for the Gaussian
density functions are essential. There are a number of ways to obtain such initial estimates:

� You can use the k-means clustering procedure, as used in vector quantization
clustering. The Markov state segmentation can be derived from the discrete
HMM, since it is not very sensitive to the initial parameters. Based on the seg-
mented data, you can use the k-means algorithm to derive needed Gaussian mean
and covariance parameters. The mixture coefficients can be based on the uni-
form distribution.

� You can estimate the semi-continuous HMM from the discrete HMM. You sim-
ply need to estimate an additional covariance matrix for each VQ codeword and
run an additional four or five iterations to refine the semi-continuous HMM
based on the discrete HMM, which typically requires four or five iterations from
the uniform distribution. When the semi-continuous HMM is trained, you take
the top M codewords, and in each Markov state use them as the initial Gaussian
density functions for the continuous density mixture model.

� You can start training a single mixture Gaussian model. You can compute the
parameters from previously segmented data. You can then iteratively split the
Gaussian density function in a way similar to VQ codebook generation. You
typically need two or three iterations to refine the continuous density after each
splitting.

8.4.2. Model Topology

Speech is a time-evolving nonstationary signal. Each HMM state has the ability to capture
some quasi-stationary segment in the non-stationary speech signal. A left-to-right topology,
as illustrated in Figure 8.8, is a natural candidate to model the speech signal. It has a self-
transition to each state that can be used to model contiguous speech features belonging to the
same state. When the quasi-stationary speech segment evolves, the left-to-right transition
enables a natural progression of such evolution. In such a topology, each state has a state-
dependent output probability distribution that can be used to interpret the observable speech
signal. This topology is, in fact, one of the most popular HMM structures used in state-of-
the-art speech recognition systems.

The state-dependent output probability distribution can be either discrete distributions
or a mixture of continuous density functions. This is a special case of the transition-
dependent output probability distributions. The state-dependent output probabilities can be
regarded as if the transition arch-dependent output probability distributions were tied to-
gether for each state.

For the state-dependent left-to-right HMM, the most important parameter in determin-
ing the topology is the number of states. The choice of model topology depends on available
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training data and what the model is used for. If each HMM is used to represent a phone, you
need to have at least three to five output distributions. If such a model is used to represent a
word, more states are generally required, depending on the pronunciation and duration of the
word. For example, the word tetrahydrocannabino should have a large number of states in
comparison to the word a. You may use at least 24 states for the former and threestates for
the latter. If you have the number of states depending on the duration of the signal, you may
want to use 15 to 25 states for each second of speech signal. One exception is that, for si-
lence, you may want to have a simpler topology. This is because silence is stationary, and
one or two states will be sufficient.

Figure 8.8 A typical hidden Markov model used to model phoneme. There are three states (0-
2) and each state has an associated output probability distribution.

In practice, it is convenient to define a null transition. This is convenient if we want to
simply traverse the HMM without consuming any observation symbol. To incorporate the
null arc, you need to slightly modify the basic forward-backward or Viterbi probability equa-
tions, provided that no loops of empty transitions exist. If we denote the empty transition
between state i and j as ijaε , they need to satisfy the following constraints:

1,ij ij
j

a a iε+ = ∀� (8.64)

The forward probability can be augmented as follows:
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Equation (8.65) appears to have a recursion, but it actually uses the value of the same
time column of ( )t iα , provided that i is already computed, which is easily achievable if we

have a left-to-right empty transitions without loops of empty transitions.
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8.4.3. Training Criteria

The argument for maximum likelihood estimation (MLE) is based on an assumption that the
true distribution of speech is a member of the family of distributions used. This amounts to
the assertion that the observed speech is genuinely produced by the HMM being used, and
the only unknown parameters are the values. However, this can be challenged. Typical
HMMs make many inaccurate assumptions about the speech production process, such as the
output-independence assumption, the Markov assumption, and the continuous probability
density assumption. Such inaccurate assumptions substantially weaken the rationale for
maximu likelihood criteria. For instance, although maximum likelihood estimation is consis-
tent (convergence to the true value), it is meaningless to have such a property if the wrong
model is used. The true parameters in such cases will be the true parameters of the wrong
models. Therefore, an estimation criterion that can work well in spite of these inaccurate
assumptions should offer improved recognition accuracy compared with the maximum like-
lihood criterion. These alternative criteria include the MCE and MMIE, as discussed in
Chapter 4. Finally, if we have prior knowledge about the model distribution, we can employ
the Bayes method such as MAP that can effectively combine both the prior and posterior
distributions in a consistent way, which is particularly suitable for adaptation or dealing with
insufficient training data.

Among all these criteria, MLE remains one of the most widely used, because of its
simplicity and superior performance when appropriate assumptions are made about the sys-
tem design. MCE and MMIE work well for small- to medium-vocabulary speech recognition
[2, 26, 36]. You can train a number of other iterations based on the ML estimates. Neither
MCE nor MMIE has been found extremely effective for large-vocabulary speech recogni-
tion. However, it is possible to combine the MMIE or MCE model with the MLE model for
improved performance. This is because the error patterns generated from these different
models are not the same. We can decode the test utterance with these different models and
vote for the most consistent results [15, 25]. We discuss MAP methods in Chapter 9, since it
is mostly helpful for speaker adaptive speech recognition.

8.4.4. Deleted Interpolation

For improved robustness, it is often necessary to combine well-trained general models (such
as speaker-independent) with those that are less well-trained but more detailed (such as
speaker-dependent). For example, you can typically improve speech recognition accuracy
with speaker-dependent training. Nevertheless, you may not have sufficient data for a par-
ticular speaker so it is desirable to use a speaker-independent model that is more general but
less accurate to smooth the speaker-dependent model. One effective way to achieve robust-
ness is to interpolate both models with a technique called deleted interpolation, in which the
interpolation weights are estimated using cross-validation data. The objective function is to
maximize the probability of the model generating the held-out data.
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Now, let us assume that we want to interpolate two sets of models [ ( )AP x and ( )BP x ,

which can be either discrete probability distributions or continuous density functions] to
form an interpolated model ( )DIP x . The interpolation procedure can be expressed as fol-

lows:

( )( ) ( ) 1 ( )DI A BP P Pλ λ= + −x x x (8.66)

where the interpolation weight λ is what we need to derive from the training data.
Consider that we want to interpolate a speaker-independent model ( )AP x with a

speaker-dependent model ( )BP x . If we use speaker-independent data to estimate the interpo-

lation weight, we may not capture needed speaker-specific information that should be re-
flected in the interpolation weights. What is worse is that the interpolation weight for the
speaker-independent model should be equal to 1.0 if we use the same speaker-independent
data from which the model was derived to estimate the interpolation weight. This is because
of the MLE criterion. If we use speaker-dependent data instead, we have the weight for the
speaker-dependent model equal 1.0 without achieving the desired smoothing effect. Thus the
interpolation weights need to be trained using different data or deleted data with the so
called cross-validation method.

ALGORITHM 8.5 DELETED INTERPOLATION PROCEDURE

Step 1: Initialize λ with a guessed estimate.

Step 2: Update λ by the following formula:

( )1 1

( )1

( ) 1 ( )
ˆ j

jnM A j t

j j
j t

A j t B j t

P

M P P

λ
λ λ

λ −

= = − −

= � �
+ −

x

x x
(8.67)

where ( )j
A j tP − x and ( )j

B j tP − x is ( )AP x and ( )BP x estimated by the entire training corpus

except part j, the deleted part, respectively.; jn is the total number of data points in part j that

have been aligned to estimate the model; and j
tx indicates the t-th data point in the j-ths set of

the aligned data.

Step 3: If the new value λ̂ is sufficiently close to the previous value λ , stop. Otherwise, go to
Step 2.

We can have the training data normally divided into M parts, and train a set of ( )AP x

and ( )BP x models using the standard EM algorithm from each combination of M-1 parts,

with the deleted part serving as the unseen data to estimate the interpolation weights λ .
These M sets of interpolation weights are then averaged to obtain the final weights.
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In fact, the interpolation weights in Eq. (8.66) are similar to the Gaussian mixture
weights, although ( )AP x and ( )BP x may not be Gaussian density functions. When we have

M sets of data, we can use the same EM algorithm to estimate the interpolation weights as
illustrated in Algorithm 8.5.

The deleted interpolation procedure described above can be applied after each training
iteration. Then, for the following iteration of training, the learned interpolation weights can
be used as illustrated in Eq. (8.66) to compute the forward-backward paths or the Viterbi
maximum path. We can also have more than two distributions interpolated together. Deleted
interpolation has been widely used in both acoustic and language modeling where smoothing
is needed.

8.4.5. Parameter Smoothing

One simple reality for probabilistic modeling is that as many observations as possible are
required to reliably estimate model parameters. However, in reality, only a finite amount of
training data is available. If the training data are limited, this will result in some parameters
being inadequately trained, and classification based on poorly trained models will result in
higher recognition error rate. There are many possible solutions to address the problem of
insufficient training data:

� You can increase the size of the training data. There is no data like more data.

� You can reduce the number of free parameters to be re-estimated. This has its
limitations, because a number of significant parameters are always needed to
model physical events.

� You can interpolate one set of parameter estimates with another set of parameter
estimates, for which an adequate amount of training data exists. Deleted interpo-
lation discussed in Section 8.4.4, can be used effectively. In the discrete HMM,
one simple approach is to set a floor to both the transition probability and the
output probability in order to eliminate possible zero estimates. The same prin-
ciple applies to the SCHMM as well as the mixing coefficients of the continuous
density HMM. Parameter flooring can be regarded as a special case of interpola-
tion with the uniform distribution.

� You can tie parameters together to reduce the number of free parameters. The
SCHMM is a typical example of such parameter-tying techniques.

For the continuous mixture HMM, you need to pay extra attention to smoothing the
covariance matrices. There are a number of techniques you can use:

� You can interpolate the covariance matrix with those that are better trained or a
priori via the MAP method.

� You can tie the Gaussian covariance matrices across different mixture compo-
nents or across different Markov states. A very general shared Gaussian density
model is discussed in [20].
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� You can use the diagonal covariance matrices if the correlation among feature
coefficients is weak, which is the case if you use uncorrelated features such as
the MFCC.

� You can combine these methods together.

In practice, we can reduce the speech recognition error rate by 5-20% with various
smoothing techniques, depending on the available amount of training data.

8.4.6. Probability Representations

When we compute the forward and backward probabilities in the forward-backward algo-
rithm, they will approach zero in exponential fashion if the observation sequence length, T,
becomes large enough. For sufficiently large T, the dynamic range of these probabilities will
exceed the precision range of essentially any machine. Thus, in practice, it will result in un-
derflow on the computer if probabilities are represented directly. We can resolve this imple-
mentation problem by scaling these probabilities with some scaling coefficient so that they
remain within the dynamic range of the computer. All of these scaling coefficients can be
removed at the end of the computation without affecting the overall precision.

For example, let � t i( ) be multiplied by a scaling coefficient, St :

S it t

i

� �1/ ( )� (8.68)

so that ( ) 1t t
i

S iα =� for 1� �t T . � t i( ) can also be multiplied by St for 1� �t T . The

recursion involved in computing the forward and backward variables can be scaled at each
stage of time t by St . Notice that � t i( ) and � t i( )are computed recursively in exponential
fashion; therefore, at time t, the total scaled factor applied to the forward variable � t i( ) is

1

( )
t

k
k

Scale t Sα
=

=∏ (8.69)

and the total scaled factor applied to the backward variable � t i( ) is

( )
T

k
k t

Scale t Sβ
=

=∏ (8.70)

This is because the individual scaling factors are multiplied together in the forward
and backward recursion. Let �� t i( ) , �� t i( ), and ( , )t i jγ ′ denote their corresponding scaled

variables, respectively. Note that

( ) ( ) ( ) ( ) ( | )T T
i i

i Scale T i Scale T Pα αα α′ = = Φ� � X (8.71)

The scaled intermediate probability, �� t i j( , ) , can then be written as:
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1

1

( 1) ( ) ( ) ( ) ( )
( , ) ( , )

( ) ( )

t ij j t t
t tN

T
i

Scale t i a b X j Scale t
i j i j

Scale T i

α β

α

α β
γ γ

α

−

=

−
′ = =

�

(8.72)

Thus, the intermediate probabilities can be used in the same way as unscaled probabili-
ties, because the scaling factor is cancelled out in Eq. (8.72). Therefore, re-estimation formu-
las can be kept exactly except that ( | )P ΦX should be computed according to

( | ) ( ) / ( )T
i

P i Scale Tαα ′Φ =�X (8.73)

In practice, the scaling operation need not be performed at every observation time. It
can be used at any scaling interval for which the underflow is likely to occur. In the unscaled
interval, Scale

�
can be kept as unity.

An alternative way to avoid underflow is to use a logarithmic representation for all the
probabilities. This not only ensures that scaling is unnecessary, as underflow cannot happen,
but also offers the benefit that integers can be used to represent the logarithmic values,
thereby changing floating point operations to fixed point ones, which is particularly suitable
for Viterbi-style computation, as Eq. (8.25) requires no probability addition.

In the forward-backward algorithm we need to have probability addition. We can keep
a table on log logb bP P2 1� . If we represent probability P by logb P , more precision can be
obtained by setting b closer to unity. Let us assume that we want to add P1 and P2 and that
P P1 2� . We have:

log ( ) log log ( )log log
b b b

P PP P P b b b
1 2 1 1 2 1
� � � �

� (8.74)

If P2 is so many orders of magnitude smaller than P1, adding the two numbers will just
result in P1. We could store all possible values of 2 1(log log )b bP P− . Using logarithms in-

troduces errors for addition operation. In practice, double-precision float representation can
be used to minimize the impact of the precision problems.

8.5. HMM LIMITATIONS

There are a number of limitations in the conventional HMMs. For example, HMMs assume
the duration follows an exponential distribution, the transition probability depends only on
the origin and destination, and all observation frames are dependent only on the state that
generated them, not on neighboring observation frames. Researchers have proposed a num-
ber of techniques to address these limitations, albeit these solutions have not significantly
improved speech recognition accuracy for practical applications.
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8.5.1. Duration Modeling

One major weaknesses of conventional HMMs is that they do not provide an adequate repre-
sentation of the temporal structure of speech. This is because the probability of state occu-
pancy decreases exponentially with time as shown in Eq. (8.75). The probability of t con-
secutive observations in state i is the probability of taking the self-loop at state i for t times,
which can be written as

d t a ai ii
t

ii( ) ( )� �1 (8.75)

1 2 3

1 2 3

(a)

(b)

Figure 8.9 A standard HMM (a) and its corresponding explicit duration HMM (b) where the
self transitions are replaced with the explicit duration probability distribution for each state.

An improvement to the standard HMM results from the use of HMMs with an explicit
time duration distribution for each state [30, 39]. To explain the principle of time duration
modeling, a conventional HMM with exponential state duration density and a time duration
HMM with specified state duration densities (which can be either a discrete distribution or a
continuous density) are illustrated in Figure 8.9. In (a), the state duration probability has an
exponential form as in Eq. (8.75). In (b), the self-transition probabilities are replaced with an
explicit duration probability distribution. At time t, the process enters state i for duration �

with probability density di ( )� , during which the observations X X Xt t t� � �1 2, .... �
are gener-

ated. It then transfers to state j with transition probability aij only after the appropriate �

observations have occurred in state i. Thus, by setting the time duration probability density
to be the exponential density of Eq. (8.75) the time duration HMM can be made equivalent
to the standard HMM. The parameters di ( )� can be estimated from observations along with
the other parameters of the HMM. For expedience, the duration density is usually truncated
at a maximum duration value Td . To re-estimate the parameters of the HMM with time dura-
tion modeling, the forward recursion must be modified as follows:
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� � �
� �

�

�

t t ij j j t l
li i j

j i a d b X( ) ( ) ( ) ( )
,

�
� � �

��

���
1

(8.76)

where the transition from state i to state j depends not only upon the transition probability aij

but also upon all the possible time periods � that may occur in state j. Intuitively, Eq. (8.76)
illustrates that when state j is reached from previous states i, the observations may stay in
state j for a period of � with duration density d j ( )� , and each observation emits its own

output probability. All possible durations must be considered, which leads to summation
with respect to � . The independence assumption of observations results in the � term of the
output probabilities. Similarly, the backward recursion can be written as:

� � �
�

�

�

t ij j j t l t
lj j i

i a d b X j( ) ( ) ( ) ( )
,

�
� �

��

���
1

(8.77)

The modified Baum-Welch algorithm can then be used based on Eq. (8.76) and (8.77).
The proof of the re-estimation algorithm can be based on the modified Q-function except
that P( | )X,S � should be replaced with P( | )X, S, T � , which denotes the joint probability of
observation, X, state sequence, S = {s s s sk Ns1 2, ... , ... } in terms of state sk with time dura-

tion � k , and the corresponding duration sequence, T = {� � � �1 2, , ... ...k Ns
}.

1ˆ ˆ( , ) ( | ) log ( | )
( | )

Q P P
P

Φ Φ = Φ Φ
Φ ��

T S

X,S, T X,S, T
X

(8.78)

In a manner similar to the standard HMM, �
�t i j, ( , ) can be defined as the transition

probability from state i at time t to state j with time duration � in state j. �
�t i j, ( , ) can be

written as:

,
11

( , ) ( ) ( ) ( ) ( ) / ( )
N

t t ij j j t l t T
kl

i j i a d b X j k
τ

τ τγ α τ β α+ +
==

= �∏ (8.79)

Similarly, the probability of being in state j at time t with duration � can be computed
as:

, ,( ) ( , )t t
i

j i jτ τγ γ=� (8.80)

The re-estimation algorithm can be derived from Eq. (8.80), the Viterbi decoding algo-
rithm can be used for the time duration model, and the optimal path can be determined ac-
cording to:

j Max Max V i a d b Xt i t ij j j t l
l

( ) [ ( ) ( ) ( )]�
� � �

�

�� � �

�

�

1

(8.81)
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There are drawbacks to the use of the time duration modeling discussed here. One is
the great increase in computational complexity by a factor of O D( )2 , where D is the time
duration distribution length. Another problem is the large number of additional parameters D
that must be estimated. One proposed remedy is to use a continuous density function instead
of the discrete distribution d j ( )� .

In practice, duration models offered only modest improvement for speaker-
independent continuous speech recognition. Many systems have even eliminated the transi-
tion probability completely because output probabilities are so dominant. Nevertheless, dura-
tion information is very effective for pruning unlikely candidates during the large-vocabulary
speech recognition decoding process.

8.5.2. First-Order Assumption

As you can see from the previous section, the duration of each stationary segment captured
by a single state is inadequately modeled. Another way to alleviate the duration problem is to
eliminate the first-order transition assumption and to make the underlying state sequence a
second-order Markov chain [32]. As a result, the transition probability between two states at
time t depends on the states in which the process was at time t-1 and t-2. For a given state
sequence S � { ... }, ,s s sT1 2 , the probability of the state should be computed as:

P as s s
t

t t t
( )S �

� �
� 2 1

(8.82)

where a P s s ss s s t t tt t t� �

�
� �2 1 2 1( | ) is the transition probability at time t, given the two-order

state history. The re-estimation procedure can be readily extended based on Eq. (8.82). For
example, the new forward probability can be re-defined as:

� � �t
t

t t t ijk

i

k tj k P X s j s k i j a b X( , ) ( , , | ) ( , ) ( )� � � �
� ��1 1 1 (8.83)

where a P s k s i s jijk t t t� � � �
� �

( | , )2 1 . Similarly, we can define the backward probability

as:

� � �t t
T

t t ijk

k

k t ti j P X s i s j a b X j k( , ) ( | , , ) ( ) ( , )� � � �
� � � ��1 1 1 1 (8.84)

With Eq. (8.83) and (8.84), the MLE estimates can be derived easily based on the
modified � t i j k( , , ) :

�

� �

t t t t

t ijk k t t

i j k P s i s j s k

i j a b X j k P

( , , ) ( , , , | )
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� �
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1 1

1 1

X

X

�

�
(8.85)

In practice, the second-order model is computationally very expensive as we have to
consider the increased state space, which can often be realized with an equivalent first-order
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hidden Markov model on the two-fold product state space. It has not offered significantly
improved accuracy to justify its increase in computational complexity for most applications.

8.5.3. Conditional Independence Assumption

The third major weakness in HMMs is that all observation frames are dependent only on the
state that generated them, not on neighboring observation frames. The conditional independ-
ence assumption makes it hard to effectively handle nonstationary frames that are strongly
correlated. There are a number of ways to alleviate the conditional independence assumption
[34]. For example, we can assume the output probability distribution depends not only on the
state but also on the previous frame. Thus, the probability of a given state sequence can be
rewritten as:

P P X X st
t

T

t t( | , ) ( | , ),X S � ��

�

��
1

1 (8.86)

As the parameter space becomes huge, we often need to quantize X t�1 into a smaller
set of codewords so that we can keep the number of free parameters under control. Thus, Eq.
(8.86) can be simplified as:

1
1

( | , ) ( | ( ), , )
T

t t t
t

P P X X s−
=

Φ = ℜ Φ∏X S (8.87)

where ()ℜ denotes the quantized vector that has a small codebook size, L. Although this can

dramatically reduce the space of the free conditional output probability distributions, the
total number of free parameters will still increase by L times.

The re-estimation for conditional dependent HMMs can be derived with the modi-
fied Q-function, as discussed in the previous sections. In practice, it has not demonstrated
convincing accuracy improvement for large-vocabulary speech recognition.

8.6. HISTORICAL PERSPECTIVE AND FURTHER READING

The Markov chain was named after Russian scientist A. Markov for his pioneering work in
analyzing the letter sequence in the text of a literary work in 1913 [33]. In the 1960s, Baum
and others further developed efficient methods for training the model parameters [4, 5].
When the observation is real valued, the use of continuous or semi-continuous HMMs can
improve the overall performance. Baum et al. also developed the method to use continuous
density functions that are strictly log concave [5], which was relaxed by Liporace [31] and
expanded by Juang to include mixture density functions [27].

The Viterbi algorithm shares the same concept that was independently discovered by
researchers in many separate fields [28], including Vintsyuk [42], Needleman and Wunsch
[35], Sankoff [41], Sakoe and Chiba [40], and Wagner and Fischer [44].
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Jim Baker did his Ph.D. thesis under Raj Reddy at Carnegie Mellon using HMMs for
speech recognition [3]. At the same time Fred Jelinek and his colleagues at IBM Research
pioneered widespread applications [23]. Since the 1980s, partly because of the DARPA-
funded speech projects, HMMs have become a mainstream technique for modeling speech,
as exemplified by advanced systems developed at BBN, Bell Labs, Carnegie Mellon, IBM,
Microsoft, SRI, and others [9, 17, 29, 46]. The Ph.D. theses from Kai-Fu Lee [29], Hsiao-
Wuen Hon [16], and Mei-Yuh Hwang [22] at Carnegie Mellon addressed many important
practical issues in using HMMs for speech recognition. There are also a number of good
books on the practical use of HMMs [18, 24, 38, 45].

The choice of different output probabilities depends on a number of factors such as the
availability of training data, the feature characteristics, the computational complexity, and
the number of free parameters [19] [34]. The semi-continuous model, also known as the tied-
mixture model, was independently proposed by Huang and Jack [21] and Bellegarda and
Nahamoo [6]. Other improvements include explicit duration modeling [1, 11, 13, 14, 30,
39], high-order and conditional models [7, 32, 34], which have yet to be shown effective for
practical speech recognition.

Both Carnegie Mellon University’s open speech software4 and Cambridge University’s
HTK5 are a good starting point for those interested in using the existing tools for running
experiments.

The HMM have become the most prominent techniques for speech recognition today.
Most of the state-of-the-art speech recognition systems on the market are based on HMMs
described in this chapter.

4 http://www.speech.cs.cmu.edu/sphinx/
5 http://htk.eng.cam.ac.uk/
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