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C H A P T E R 3

Probability, Statistics, and Information Theory

Randomness and uncertainty play an impor-
tant role in science and engineering. Most spoken language processing problems can be
characterized in a probabilistic framework. Probability theory and statistics provide the
mathematical language to describe and analyze such systems.

The criteria and methods used to estimate the unknown probabilities and probability
densities form the basis for estimation theory. Estimation theory forms the basics for pa-
rameter learning in pattern recognition. In this chapter, three widely used estimation meth-
ods are discussed. They are minimum mean squared error estimation (MMSE), maximum
likelihood estimation (MLE), and maximum posterior probability estimation (MAP).

Significance testing is also important in statistics, which deals with the confidence of
statistical inference, such as knowing whether the estimation of some parameter can be ac-
cepted with confidence. In pattern recognition, significance testing is extremely important
for determining whether the observed difference between two different classifiers is real. In
our coverage of significance testing, we describe various methods that are used in pattern
recognition discussed in. Chapter 4.
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Information theory was originally developed for efficient and reliable communication
systems. It has evolved into a mathematical theory concerned with the very essence of the
communication process. It provides a framework for the study of fundamental issues, such
as the efficiency of information representation and the limitations in reliable transmission of
information over a communication channel. Many of these problems are fundamental to
spoken language processing.

3.1. PROBABILITY THEORY

Probability theory deals with the averages of mass phenomena occurring sequentially or
simultaneously. We often use probabilistic expressions in our day-to-day lives, such as when
saying, It is very likely that the Dow (Dow Jones Industrial index) will hit 12,000 points next
month, or, The chance of scattered showers in Seattle this weekend is high. Each of these
expressions is based upon the concept of the probability, or the likelihood, which some spe-
cific event will occur.

Probability can be used to represent the degree of confidence in the outcome of some
actions (observations), which are not definite. In probability theory, the term sample space,
S, is used to refer to the collection (set) of all possible outcomes. An event refers to a subset
of the sample space or a collection of outcomes. The probability of event A denoted as

( )P A , can be interpreted as the relative frequency with which the event A would occur if the

process were repeated a large number of times under similar conditions. Based on this inter-
pretation, ( )P A can be computed simply by counting the total number, SN , of all observa-

tions and the number of observations AN whose outcome belongs to the event A. That is,

( ) A

S

N
P A

N
= (3.1)

( )P A is bounded between zero and one, i.e.,

0 ( ) 1 for allP A A≤ ≤ (3.2)

The lower bound of probability ( )P A is zero when the event set A is an empty set. On the

other hand, the upper bound of probability ( )P A is one when the event set A happens to be

S.

If there are n events 1 2, , nA A A� in S such that 1 2, , nA A A� are disjoint and
1

n

i
i

A S
=

=� ,

events 1 2, , nA A A� are said to form a partition of S. The following obvious equation forms a

fundamental axiom for probability theory.

1 2
1

( ) ( ) 1
n

n i
i

P A A A P A
=

∪ ∪ = =�� (3.3)
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Based on the definition in Eq. (3.1), the joint probability of event A and event B occurring
concurrently is denoted as ( )P AB and can be calculated as:

( ) AB

S

N
P AB

N
= (3.4)

3.1.1. Conditional Probability And Bayes' Rule

It is useful to study the way in which the probability of an event A changes after it has been
learned that some other event B has occurred. This new probability denoted as ( | )P A B is

called the conditional probability of event A given that event B has occurred. Since the set of
those outcomes in B that also result in the occurrence of A is exactly the set AB as illustrated
in Figure 3.1, it is natural to define the conditional probability as the proportion of the total
probability ( )P B that is represented by the joint probability ( )P AB . This leads to the fol-

lowing definition:

( )
( | )

( )
AB S

B S

N NP AB
P A B

P B N N
= = (3.5)

B
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Figure 3.1 The intersection AB represents where the joint event A and B occurs concurrently.

Based on the definition of conditional probability, the following expressions can be
easily derived.

( ) ( | ) ( ) ( | ) ( )P AB P A B P B P B A P A= = (3.6)

Equation (3.6) is the simple version of the chain rule. The chain rule, which can specify a
joint probability in terms of multiplication of several cascaded conditional probabilities, is
often used to decompose a complicated joint probabilistic problem into a sequence of step-
wise conditional probabilistic problems. Eq. (3.6) can be converted to such a general chain:

1 2 1 1 2 1 1( ) ( | ) ( | ) ( )n n nP A A A P A A A P A A P A−=� � � (3.7)



76 Probability, Statistics, and Information Theory

When two events, A and B, are independent of each other, in the sense that the occur-
rence or of either of them has no relation to and no influence on the occurrence of the other,
it is obvious that the conditional probability ( | )P B A equals to the unconditional probability

( )P B . It follows that the joint probability ( )P AB is simply the product of ( )P A and ( )P B

if A and B, are independent.
If the n events 1 2, , nA A A� form a partition of S and B is any event in S as illustrated in

Figure 3.2, the events 1 2, , nA B A B A B� form a partition of B. Thus, we can rewrite:

1 2 nB A B A B A B= ∪ ∪ ∪� (3.8)

Since 1 2, , nA B A B A B� are disjoint,

1

( ) ( )
n

k
k

P B P A B
=

=� (3.9)

A1

A2

A3

A4

A5

B

Figure 3.2 The intersections of B with partition events 1 2, , nA A A� .

Equation (3.9) is called the marginal probability of event B, where the probability of
event B is computed from the sum of joint probabilities.

According to the chain rule, Eq. (3.6), ( ) ( ) ( | )i i iP A B P A P B A= , it follows that

1

( ) ( ) ( | )
n

k k
k

P B P A P B A
=

=� (3.10)

Combining Eqs. (3.5) and (3.10), we get the well-known Bayes' rule:

1

( ) ( | ) ( )
( | )

( )
( | ) ( )

i i i
i n

k k
k

P A B P B A P A
P A B

P B
P B A P A

=

= =
�

(3.11)

Bayes' rule is the basis for pattern recognition that is described in Chapter 4.



Probability Theory 77

3.1.2. Random Variables

Elements in a sample space may be numbered and referred to by the numbers given. A vari-
able X that specifies the numerical quantity in a sample space is called a random variable.
Therefore, a random variable X is a function that maps each possible outcome s in the sam-
ple space S onto real numbers ( )X s . Since each event is a subset of the sample space, an

event is represented as a set of { }s which satisfies { }| ( )s X s x= . We use capital letters to

denote random variables and lower-case letters to denote fixed values of the random vari-
able. Thus, the probability that X x= is denoted as:

( ) ( | ( ) )P X x P s X s x= = = (3.12)

A random variable X is a discrete random variable, or X has a discrete distribution, if
X can take only a finite number n of different values 1 2, , , nx x x� , or at most, an infinite se-

quence of different values 1 2, ,x x � . If the random variable X is a discrete random variable,

the probability function (p.f.) or probability mass function (p.m.f.) of X is defined to be the
function p such that for any real number x,

( ) ( )Xp x P X x= = (3.13)

For the cases in which there is no confusion, we drop the subscription X for ( )Xp x . The

sum of probability mass over all values of the random variable is equal to unity.

1 1

( ) ( ) 1
n n

i i
k k

p x P X x
= =

= = =� � (3.14)

The marginal probability, chain rule and Bayes' rule can also be rewritten with respect
to random variables.

1 1

( ) ( ) ( , ) ( | ) ( )
m m

X i i i k i k k
k k

p x P X x P X x Y y P X x Y y P Y y
= =

= = = = = = = = =� � (3.15)
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( | , , ) ( | ) ( )
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n n n n

P X x X x

P X x X x X x P X x X x P X x− −

= = =
= = = = = =

�

� �

(3.16)
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( , ) ( | ) ( )
( | )

( )
( | ) ( )

i i i
i n

k k
k

P X x Y y P Y y X x P X x
P X x Y y

P Y y
P Y y X x P X x

=

= = = = =
= = = =

= = = =�

(3.17)

In a similar manner, if the random variables X and Y are statistically independent, they
can be represented as:

( , ) ( ) ( )= ( ) ( ) all andi j i j X i Y jP X x Y y P X x P Y y p x p y i j= = = = = ∀ (3.18)
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A random variable X is a continuous random variable, or X has a continuous distribu-
tion, if there exists a nonnegative function f, defined on the real line, such that for an interval
A,

( ) ( )XA
P X A f x dx∈ = � (3.19)

The function Xf is called the probability density function (abbreviated p.d.f.) of X. We drop

the subscript X for Xf if there is no ambiguity. As illustrated in Figure 3.3, the area of

shaded region is equal to the value of ( )P a X b≤ ≤

Figure 3.3 An example of p.d.f. The area of the shaded region is equal to the value of
( )P a X b≤ ≤ .

Every p.d.f must satisfy the following two requirements.

( ) 0 for - and

( ) 1

f x x

f x dx
∞

−∞

≥ ∞ ≤ ≤ ∞

=�
(3.20)

The marginal probability, chain rule, and Bayes' rule can also be rewritten with respect
to continuous random variables:

, |( ) ( , ) ( | ) ( )X X Y X Y Yf x f x y dy f x y f y dy
∞ ∞

−∞ −∞
= =� � (3.21)

1 1 1 2 1 1, , 1 | , , 1 1 | 2 1 1( , , ) ( | , , ) ( | ) ( )
n n nX X n X X X n n X X Xf x x f x x x f x x f x

− −=
� �

� � � (3.22)

|,
|

|

( | ) ( )( , )
( | )

( ) ( | ) ( )

Y X XX Y
X Y

Y Y X X

f y x f xf x y
f x y

f y f y x f x dx
∞

−∞

= =
�

(3.23)

x
a b

f (x)
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The distribution function or cumulative distribution function F of a discrete or con-
tinuous random variable X is a function defined for all real number x as follows:

( ) ( ) forF x P X x x= ≤ − ∞ ≤ ≤ ∞ (3.24)

For continuous random variables, It follows that:

( ) ( )
x

XF x f x dx
−∞

= � (3.25)

( )
( )X

dF x
f x

dx
= (3.26)

3.1.3. Mean and Variance

Suppose that a discrete random variable X has a p.f. f(x); the expectation or mean of X is
defined as follows:

( ) ( )
x

E X xf x=� (3.27)

Similarly, if a continuous random variable X has a p.d.f. f, the expectation or mean of
X is defined as follows:

( ) ( )E X xf x dx
∞

−∞
= � (3.28)

In physics, the mean is regarded as the center of mass of the probability distribution.
The expectation can also be defined for any function of the random variable X. If X is a con-
tinuous random variable with p.d.f. f, then the expectation of any function ( )g X can be

defined as follows:

[ ]( ) ( ) ( )E g X g x f x dx
∞

−∞
= � (3.29)

The expectation of a random variable is a linear operator. That is, it satisfies both addi-
tivity and homogeneity properties:

1 1 1 1( ) ( ) ( )n n n nE a X a X b a E X a E X b+ + + = + + +� � (3.30)

where 1, , ,na a b� are constants

Equation (3.30) is valid regardless of whether or not the random variables 1, , nX X�

are independent.
Suppose that X is a random variable with mean ( )E Xµ = . The variance of X denoted

as ( )Var X is defined as follows:
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2 2( ) ( )Var X E Xσ µ� �= = −� � (3.31)

where σ , the nonnegative square root of the variance is known as the standard deviation of

random variable X. Therefore, the variance is also often denoted as 2σ .
The variance of a distribution provides a measure of the spread or dispersion of the

distribution around its mean µ . A small value of the variance indicates that the probability

distribution is tightly concentrated around µ , and a large value of the variance typically

indicates the probability distribution has a wide spread around µ . Figure 3.4 illustrates

three different Gaussian distributions1 with the same mean, but different variances.
The variance of random variable X can be computed in the following way:

[ ] 22( ) ( ) ( )Var X E X E X= − (3.32)

In physics, the expectation ( )kE X is called the kth moment of X for any random vari-

able X and any positive integer k. Therefore, the variance is simply the difference between
the second moment and the square of the first moment.

The variance satisfies the following additivity property, if random variables X and Y
are independent:

( ) ( ) ( )Var X Y Var X Var Y+ = + (3.33)

However, it does not satisfy the homogeneity property. Instead for constant a,

2( ) ( )Var aX a Var X= (3.34)

Since it is clear that ( ) 0Var b = for any constant b, we have an equation similar to Eq.

(3.30) if random variables 1, , nX X� are independent.

2 2
1 1 1 1( ) ( ) ( )n n n nVar a X a X b a Var X a Var X+ + + = + +� � (3.35)

Conditional expectation can also be defined in a similar way. Suppose that X and Y are
discrete random variables and let ( | )f y x denote the conditional p.f. of Y given X x= ,

then the conditional expectation ( | )E Y X is defined to be the function of X whose value

( | )E Y x when X x= is

| |( | ) ( | )Y X Y X
y

E Y X x yf y x= =� (3.36)

For continuous random variables X and Y with | ( | )Y Xf y x as the conditional p.d.f. of Y

given X x= , the conditional expectation ( | )E Y X is defined to be the function of X whose

value ( | )E Y x when X x= is

1 We describe Gaussian distributions in Section 3.1.7
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| |( | ) ( | )Y X Y XE Y X x yf y x dy
∞

−∞
= = � (3.37)
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Figure 3.4 Three Gaussian distributions with same mean µ , but different variances, 0.5, 1.0
,and 2.0, respectively. The distribution with a large value of the variance has a wide spread
around the mean µ .

Since ( | )E Y X is a function of random variable X, it itself is a random variable whose

probability distribution can be derived from the distribution of X. It can be shown that

| ,( | ) ( )X Y X X YE E Y X E Y� � =� � (3.38)

More generally, suppose that X and Y have a continuous joint distribution and that
( , )g x y is any arbitrary function of X and Y. The conditional expectation [ ]( , ) |E g X Y X is

defined to be the function of X whose value [ ]( , ) |E g X Y x when X x= is

[ ]| |( , ) | ( , ) ( | )Y X Y XE g X Y X x g x y f y x dy
∞

−∞
= = � (3.39)

Equation (3.38) can also be generalized into the following equation:

[ ]{ } [ ]| ,( , ) | ( , )X Y X X YE E g X Y X E g X Y= (3.40)

Finally, it is worthwhile to introduce median and mode. A median of the distribution
of X is defined to be a point m, such that ( ) 1 2P X m≤ ≥ and ( ) 1 2P X m≥ ≥ . Thus, the

median m divides the total probability into two equal parts, i.e., the probability to the left of
m and the probability to the right of m are exactly 1 2 .
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Suppose a random variable X has either a discrete distribution with p.f. ( )p x or con-

tinuous p.d.f. ( )f x ; a point ϖ is called the mode of the distribution if ( )p x or ( )f x at-

tains the maximum value at the point ϖ . A distribution can have more than one modes.

3.1.3.1. The Law of Large Numbers

The concept of sample mean and sample variance is important in statistics because most
statistical experiments involve sampling. Suppose that the random variables 1, , nX X� form

a random sample of size n from some distribution for which the mean is µ and the variance

is 2σ . In other words, the random variables 1, , nX X� are independent identically distrib-

uted (often abbreviated by i.i.d.) and each has mean µ and variance 2σ . Now if we denote

nX as the arithmetic average of the n observations in the sample, then

1

1
( )n nX X X

n
= + +� (3.41)

nX is a random variable and is referred to as sample mean. The mean and variance of

nX can be easily derived based on the definition.

2

( ) and Var( )n nE X X
n

σµ= = (3.42)

Equation (3.42) states that the mean of sample mean is equal to mean of the distribution,
while the variance of sample mean is only 1 n times the variance of the distribution. In

other words, the distribution of nX will be more concentrated around the mean µ than was

the original distribution. Thus, the sample mean is closer to µ than is the value of just a

single observation iX from the given distribution.

The law of large numbers is one of most important theorems in probability theory.
Formally, it states that the sample mean nX converges to the mean µ in probability, that is,

( )lim | | 1 for any given number 0n
n

P X µ ε ε
→∞

− < = > (3.43)

The law of large numbers basically implies that the sample mean is an excellent estimate of
the unknown mean of the distribution when the sample size n is large.
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3.1.4. Covariance and Correlation

Let X and Y be random variables having a specific joint distribution, and ( ) XE X µ= ,

( ) YE Y µ= , 2( ) XVar X σ= , and 2( ) YVar Y σ= . The covariance of X and Y, denoted as

( , )Cov X Y , is defined as follows:

[ ]( , ) ( )( ) ( , )X YCov X Y E X Y Cov Y Xµ µ= − − = (3.44)

In addition, the correlation coefficient of X and Y, denoted as XYρ , is defined as fol-

lows:

( , )
XY

X Y

Cov X Yρ
σ σ

= (3.45)

It can be shown that ( , )X Yρ should be bound within [ ]1 1− � , that is,

1 ( , ) 1X Yρ− ≤ ≤ (3.46)

X and Y are said to be positively correlated if 0XYρ > , negatively correlated if 0XYρ < ,

and uncorrelated if 0XYρ = . It can also be shown that ( , )Cov X Y and XYρ must have the

same sign; that is, both are positive, negative, or zero at the same time. When ( ) 0E XY = ,

the two random variables are called orthogonal.
There are several theorems pertaining to the basic properties of covariance and corre-

lation. We list here the most important ones:

Theorem 1 For any random variables X and Y

( , ) ( ) ( ) ( )Cov X Y E XY E X E Y= − (3.47)

Theorem 2 If X and Y are independent random variables, then

( , ) 0XYCov X Y ρ= =

Theorem 3 Suppose X is a random variable and Y is a linear function of X in the
form of Y aX b= + for some constant a and b, where 0a ≠ . If 0a > , then

1XYρ = . If 0a < , then 1XYρ = − . Sometimes, XYρ is referred to as the amount

of linear dependency between random variables X and Y.

Theorem 4 For any random variables X and Y,

( ) ( ) ( ) 2 ( , )Var X Y Var X Var Y Cov X Y+ = + + (3.48)

Theorem 5 If 1, , nX X� are random variables, then
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1

1 1 1 1

( ) ( ) 2 ( , )
n n n i

i i i j
i i i j

Var X Var X Cov X X
−

= = = =

= +� � �� (3.49)

3.1.5. Random Vectors and Multivariate Distributions

When a random variable is a vector rather than a scalar, it is called a random vector and we
often use boldface variable like 1( , , )nX X=X � to indicate that it is a random vector. It is

said that n random variables 1, , nX X� have a discrete joint distribution if the random vec-

tor 1( , , )nX X=X � can have only a finite number or an infinite sequence of different val-

ues 1( , , )nx x� in nR . The joint p.f. of 1, , nX X� is defined to be the function fX such that

for any point 1( , , ) n
nx x R∈� ,

1 1 1( , , ) ( , , )n n nf x x P X x X x= = =X � � (3.50)

Similarly, it is said that n random variables 1, , nX X� have a continuous joint distri-

bution if there is a nonnegative function f defined on nR such that for any subset nA R⊂ ,

[ ]1 1 1( , , ) ( , , )n n nA
P X X A f x x dx dx∈ = � � X� � � � (3.51)

The joint distribution function can also be defined similarly for n random variables

1, , nX X� as follows:

1 1 1( , , ) ( , , )n n nF x x P X x X x= ≤ ≤X � � (3.52)

The concept of mean and variance for a random vector can be generalized into mean
vector and covariance matrix. Supposed that X is an n-dimensional random vector with
components 1, , nX X� , under matrix representation, we have

1

n

X

X

� �
� �= � �
� �� �

X � (3.53)

The expectation (mean) vector ( )E X of random vector X is an n-dimensional vector whose

components are the expectations of the individual components of X, that is,

1( )

( )

( )n

E X

E

E X

� �
� �= � �
� �� �

X � (3.54)
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The covariance matrix ( )Cov X of random vector X is defined to be an n n× matrix

such that the element in the ith row and jth column is ( , )i jCov X Y , that is,

[ ][ ]
1 1 1

1

( , ) ( , )

( ) ( ) ( )

( , ) ( , )

n
t

n n n

Cov X X Cov X X

Cov E X E X X E X

Cov X X Cov X X

� �
� � � �= = − −� � � �
� �� �

X

�

� �

�

(3.55)

It should be emphasized that the n diagonal elements of the covariance matrix ( )Cov X are

actually the variances of 1, , nX X� . Furthermore, since covariance is symmetric, i.e.,

( , ) ( , )i j j iCov X X Cov X X= , the covariance matrix ( )Cov X must be a symmetric matrix.

There is an important theorem regarding the mean vector and covariance matrix for a
linear transformation of the random vector X. Suppose X is an n-dimensional vector as
specified by Eq. (3.53), with mean vector ( )E X and covariance matrix ( )Cov X . Now, as-

sume Y is a m-dimensional random vector which is a linear transform of random vector X
by the relation: = +Y AX B , where A is a m n× transformation matrix whose elements are
constants, and B is a m-dimensional constant vector. Then we have the following two equa-
tions:

( ) ( )E E= +Y A X B (3.56)

( ) ( ) tCov Cov=Y A X A (3.57)

3.1.6. Some Useful Distributions

In the following two sections, we will introduce several useful distributions that are widely
used in applications of probability and statistics, particularly in spoken language systems.

3.1.6.1. Uniform Distributions

The simplest distribution is uniform distribution where the p.f. or p.d.f. is a constant func-
tion. For uniform discrete random variable X, which only takes possible values from

{ }|1ix i n≤ ≤ , the p.f. for X is

1
( ) 1iP X x i n

n
= = ≤ ≤ (3.58)

For uniform continuous random variable X, which only takes possible values from real
interval [ ],a b , the p.d.f. for X is
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1
( )f x a x b

b a
= ≤ ≤

−
(3.59)

Figure 3.5 A uniform distribution for p.d.f. in Eq. (3.59)

3.1.6.2. Binomial Distributions

The binomial distribution is used to describe binary-decision events. For example, suppose
that a single coin toss will produce the head with probability p and produce the tail with
probability 1 p− . Now, if we toss the same coin n times and let X denote the number of

heads observed, then the random variable X has the following binomial p.f.:

( ) ( | , ) (1 )x n xn
P X x f x n p p p

x
−� �

= = = −� �
� �

(3.60)
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Figure 3.6 Three binomial distributions with p=0.2, 0.3 and 0.4.

It can be shown that the mean and variance of a binomial distribution are:

( )f x

a

1
b a−

b x
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( )E X np= (3.61)

( ) (1 )Var X np p= − (3.62)

Figure 3.6 illustrates three binomial distributions with p = 0.2, 0.3 and 0.4.

3.1.6.3. Geometric Distributions

The geometric distribution is related to the binomial distribution. As in the independent coin
toss example, the head-up has a probability p and the tail-up has a probability 1 p− . The

geometric distribution is to model the time until a tail-up appears. Let the random variable X
be the time (the number of tosses) until the first tail-up is shown. The p.d.f. of X is in the
following form:

1( ) ( | ) (1 ) 1,2, and 0 1xP X x f x p p p x p−= = = − = < <� (3.63)

The mean and variance of a geometric distribution are given by:

1
( )

1
E X

p
=

−
(3.64)

2

1
( )

(1 )
Var X

p
=

−
(3.65)

One example for the geometric distribution is the distribution of the state duration for
a hidden Markov model, as described in Chapter 8. Figure 3.7 illustrates three geometric
distributions with p = 0.2, 0.3 and 0.4.

1 2 3 4 5 6 7 8 9 1 0
0

0 .1

0 .2

0 .3

0 .4

0 .5

0 .6

0 .7

0 .8

0 .9

x

p = .1
p = .4
p = .7

Figure 3.7 Three geometric distributions with different parameter p.
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3.1.6.4. Multinomial Distributions

Suppose that a bag contains balls of k different colors, where the proportion of the balls of

color i is ip . Thus, 0 for 1, ,ip i k> = � and
1

1
k

ii
p

=
=� . Now suppose that n balls are ran-

domly selected from the bag and there are enough balls ( n> ) of each color. Let iX denote

the number of selected balls that are of color i. The random vector 1( , , )kX X=X � is said

to have a multinomial distribution with parameters n and 1( , )kp p=p � . For a vector

1( , )kx x=x � , the p.f. of X has the following form:

1
1 i

1

1

!
, where 0 1, ,

!, !

( ) ( | , ) and

0 otherwise

kxx
k

k

k

n
p p x i k

x x

P f n x x n

� ≥ ∀ =�
��= = = + + =�
�
�
��

X x x p

� �

�

�

(3.66)
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Figure 3.8 A multinomial distribution with n=10, 1 0.2p = and 2 0.3p =

It can be shown that the mean, variance and covariance of the multinomial distribution
are:

( ) and ( ) (1 ) 1, ,i i i i iE X np Var X np p i k= = − ∀ = � (3.67)
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( , )i j i jCov X X np p= − (3.68)

Figure 3.8 shows a multinomial distribution with n = 10, 1 0.2p = and 2 0.3p = .

Since there are only two free parameters 1x and 2x , the graph is illustrated only using 1x

and 2x as axis. Multinomial distributions are typically used with the 2χ test that is one of

the most widely used goodness-of-fit hypotheses testing procedures described in Section
3.3.3.

3.1.6.5. Poisson Distributions

Another popular discrete distribution is Poisson distribution. The random variable X has a
Poisson distribution with mean ( 0)λ λ > if the p.f. of X has the following form:

( ) ( | ) for =0,1,2,
!

0 otherwise

xe
P X x f x x

x

λ λλ
−�

= = = �
�
�
�

� (3.69)

The mean and variance of a Poisson distribution are the same and equal λ :

( ) ( )E X Var X λ= = (3.70)
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Figure 3.9 Three Poisson distributions with λ = 1, 2, and 4.

Figure 3.9 illustrates three Poisson distributions with λ = 1, 2, and 4. The Poisson dis-
tribution is typically used in queuing theory, where x is the total number of occurrences of
some phenomenon during a fixed period of time or within a fixed region of space. Examples
include the number of telephone calls received at a switchboard during a fixed period of
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time. In speech recognition, the Poisson distribution is used to model the duration for a pho-
neme.

3.1.6.6. Gamma Distributions

A continuous random variable X is said to have a gamma distribution with parameters α
and β ( 0 and 0α β> > ) if X has a continuous p.d.f. of the following form:

1 >0
( | , ) ( )

0 0

xx e x
f x

x

α
α ββ

α β α
− −�

�= Γ�
� ≤�

(3.71)

where

1

0
( ) xx e dxαα

∞ − −Γ = � (3.72)

It can be shown that the function Γ is a factorial function when α is a positive integer.

( 1)! 2,3,
( )

1 =1

n n
n

n

− =�
Γ = �

�

�

(3.73)
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Figure 3.10 Three Gamma distributions with 1.0β = and α = 2.0, 3.0, and 4.0.

The mean and variance of a gamma distribution are:

2
( ) and ( )E X Var X

α α
β β

= = (3.74)
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Figure 3.10 illustrates three gamma distributions with 1.0β = and α = 2.0, 3.0, and

4.0. There is an interesting theorem associated with gamma distributions. If the random
variables 1, , kX X� are independent and each random variable iX has a gamma distribu-

tion with parameters iα and β , then the sum 1 kX X+ +� also has a gamma distribution

with parameters 1 kα α+ +� and β .

A special case of gamma distribution is called exponential distribution. A continuous
random variable X is said to have an exponential distribution with parameters β ( 0β > ) if

X has a continuous p.d.f. of the following form:

0
( | )

0 0

xe x
f x

x

βββ
−� >�= � ≤��

(3.75)

It is clear that the exponential distribution is a gamma distribution with 1α = . The mean
and variance of the exponential distribution are:

2

1 1
( ) and ( )E X Var X

β β
= = (3.76)
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Figure 3.11 Three exponential distributions with β = 1.0, 0.6 and 0.3.

Figure 3.11 shows three exponential distributions with β = 1.0, 0.6, and 0.3. The ex-

ponential distribution is often used in queuing theory for the distributions of the duration of
a service or the inter-arrival time of customers. It is also used to approximate the distribution
of the life of a mechanical component.
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3.1.7. Gaussian Distributions

Gaussian distribution is by far the most important probability distribution mainly because
many scientists have observed that the random variables studied in various physical experi-
ments (including speech signals), often have distributions that are approximately Gaussian.
The Gaussian distribution is also referred to as normal distribution. A continuous random
variable X is said to have a Gaussian distribution with mean µ and variance 2σ ( 0σ > ) if

X has a continuous p.d.f. in the following form:

2
2 2

2

1 ( )
( | , ) ( , ) exp

22

x
f x N

µµ σ µ σ
σπσ

� �−= = −� �
� �

(3.77)

It can be shown that µ and 2σ are indeed the mean and the variance for the Gaussian

distribution. Some examples of Gaussian can be found in Figure 3.4.
The use of Gaussian distributions is justified by the Central Limit Theorem, which

states that observable events considered to be a consequence of many unrelated causes with
no single cause predominating over the others, tend to follow the Gaussian distribution [6].

It can be shown from Eq. (3.77) that the Gaussian 2( | , )f x µ σ is symmetric with re-

spect to x µ= . Therefore, µ is both the mean and the median of the distribution. More-

over, µ is also the mode of the distribution, i.e., the p.d.f. 2( | , )f x µ σ attains its maximum

at the mean point x µ= .

Several Gaussian p.d.f.’s with the same mean µ , but different variances are illustrated

in Figure 3.4. Readers can see that the curve has a bell shape. The Gaussian p.d.f. with a
small variance has a high peak and is very concentrated around the mean µ , whereas the

Gaussian p.d.f., with a large variance, is relatively flat and is spread out more widely over
the x-axis.

If the random variable X is a Gaussian distribution with mean µ and variance 2σ ,

then any linear function of X also has a Gaussian distribution. That is, if Y aX b= + , where
a and b are constants and 0a ≠ , Y has a Gaussian distribution with mean a bµ + and vari-

ance 2 2a σ . Similarly, the sum 1 kX X+ +� of independent random variables 1, , kX X� ,

where each random variable iX has a Gaussian distribution, is also a Gaussian distribution.

3.1.7.1. Standard Gaussian Distributions

The Gaussian distribution with mean 0 and variance 1, denoted as (0,1)N , is called the

standard Gaussian distribution or unit Gaussian distribution. Since the linear transformation
of a Gaussian distribution is still a Gaussian distribution, the behavior of a Gaussian distri-
bution can be solely described using a standard Gaussian distribution. If the random variable
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X is a Gaussian distribution with mean µ and variance 2σ , that is, 2~ ( , )X N µ σ , it can be

shown that

~ (0,1)
X

Z N
µ

σ
−= (3.78)

Based on Eq. (3.78), the following property can be shown:

(| | ) (| | )P X k P Z kµ σ− ≤ = ≤ (3.79)

Equation (3.79) demonstrates that every Gaussian distribution contains the same total
amount of probability within any fixed number of standard deviations of its mean.

3.1.7.2. The Central Limit Theorem

If random variables 1, , nX X� are i.i.d. according to a common distribution function with

mean µ and variance 2σ , then as the random sample size n approaches ∞ , the following

random variable has a distribution converging to the standard Gaussian distribution:

2

( )
~ (0,1)n

n

n X
Y N

n

µ
σ
−

= (3.80)

where nX is the sample mean of random variables 1, , nX X� as defined in Eq. (3.41).

Based on Eq. (3.80), the sample mean random variable nX can be approximated by a

Gaussian distribution with mean µ and variance 2 / nσ .

The central limit theorem above is applied to i.i.d. random variables 1, , nX X� . A.

Liapounov in 1901 derived another central limit theorem for independent but not necessarily
identically distributed random variables 1, , nX X� . Suppose 1, , nX X� are independent

random variables and 3(| | )i iE X µ− < ∞ for 1 i n≤ ≤ ; the following random variable will

converge to standard Gaussian distribution when n → ∞ .

1/ 2

2

1 1 1

( ) /
n n n

n i i i
i i i

Y X µ σ
= = =

� �= − � �
� �

� � � (3.81)

In other words, the sum of random variables 1, , nX X� can be approximated by a

Gaussian distribution with mean
1

n

i
i

µ
=
� and variance

1/ 2

2

1

n

i
i

σ
=

� �
� �
� �
� .

Both central limit theorems essentially state that regardless of their original individual
distributions, the sum of many independent random variables (effects) tends to be distributed
like a Gaussian distribution as the number of random variables (effects) becomes large.
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3.1.7.3. Multivariate Mixture Gaussian Distributions

When 1( , , )nX X=X � is an n-dimensional continuous random vector, the multivariate

Gaussian p.d.f. has the following form:

( )
1

/ 2 1/ 2

1 1
( | , ) ( ; , ) exp ( ) ( )

22
t

n
f N

π
−� �= = = − − −� �

� �
X x µ Σ x µ Σ x µ Σ x µ

Σ
(3.82)

where µ is the n-dimensional mean vector, Σ is the n n× covariance matrix, and Σ is the

determinant of the covariance matrix Σ .

( )E=µ x (3.83)

( )( )tE � �= − −� �Σ x µ x µ (3.84)

More specifically, the i-jth element 2
ijσ of covariance matrix Σ can be specified as fol-

lows:

2 ( )( )ij i i j jE x xσ µ µ� �= − −� � (3.85)

Figure 3.12 A two-dimensional multivariate Gaussian distribution with independent random
variables 1x and 2x that have the same variance.
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If 1, , nX X� are independent random variables, the covariance matrix Σ is reduced

to diagonal covariance where all the off-diagonal entries are zero. The distribution can be
regarded as n independent scalar Gaussian distributions. The joint p.d.f. is the product of all
the individual scalar Gaussian p.d.f.. Figure 3.12 shows a two-dimensional multivariate
Gaussian distribution with independent random variables 1x and 2x with the same variance.

Figure 3.13 shows another two-dimensional multivariate Gaussian distribution with inde-
pendent random variables 1x and 2x that have different variances.

Although Gaussian distributions are unimodal,2 more complex distributions with mul-
tiple local maxima can be approximated by Gaussian mixtures:

1

( ) ( ; , )
K

k k k k
k

f c N
=

=�x x µ Σ (3.86)

where kc , the mixture weight associated with kth Gaussian component are subject to the

following constraint:

1

0 and 1
K

k k
k

c c
=

≥ =�

Gaussian mixtures with enough mixture components can approximate any distribution.
Throughout this book, most continuous probability density functions are modeled with
Gaussian mixtures.

Figure 3.13 Another two-dimensional multivariate Gaussian distribution with independent

2 A unimodal distribution has a single maximum (bump) for the distribution. For Gaussian distribution, the maxi-
mum occurs at the mean.
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random variable 1x and 2x which have different variances.

3.1.7.4. 2χ Distributions

A gamma distribution with parameters α and β is defined in Eq. (3.71). For any given

positive integer n, the gamma distribution for which 2nα = and 1 2β = is called the 2χ
distribution with n degrees of freedom. It follows from Eq. (3.71) that the p.d.f. for the 2χ
distribution is

( 2) 1 2
2

1
>0

2 ( 2)( | )

0 0

n x
n

x e x
nf x n

x

− −�
� Γ= �
� ≤�

(3.87)

2χ distributions are important in statistics because they are closely related to random

samples of Gaussian distribution. They are widely applied in many important problems of
statistical inference and hypothesis testing. Specifically, if the random variables 1, , nX X�

are independent and identically distributed, and if each of these variables has a standard
Gaussian distribution, then the sum of square 2 2

1 nX X+ +� can be proved to have a 2χ
distribution with n degree of freedom. Figure 3.14 illustrates three 2χ distributions with

n = 2, 3 and 4.
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Figure 3.14 Three 2χ distributions with n = 2, 3, and 4.

The mean and variance for the 2χ distribution are
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( ) and ( ) 2E X n Var X n= = (3.88)

Following the additivity property of the gamma distribution, the 2χ distribution also

has the additivity property. That is, if the random variables 1, , nX X� are independent and

if iX has a 2χ distribution with ik degrees of freedom, the sum 1 nX X+ +� has a 2χ
distribution with 1 nk k+ +� degrees of freedom.

3.1.7.5. Log-Normal Distribution

Let x, be a Gaussian random variable with mean xµ and standard deviation xσ , then

xy e= (3.89)

follows a log-normal distribution

2

2

(ln )1
( | , ) exp

22
x

x x
xx

y
f y

y

µµ σ
σσ π

� �−= −� �
� �

(3.90)

shown in Figure 3.15, and whose mean is given by
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� �
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(3.91)

where we have rearranged the quadratic form of x and made use of the fact that the total
probability mass of a Gaussian is 1. Similarly, the second order moment of y is given by

{ }

{ } { }

2
2

2

2 2
2 2

2

( )1
{ } exp 2 exp

22

( ( 2 )1
exp 2 2 exp exp 2 2

22

x

xx

x x
x x x x

xx

x
E y x dx

x
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σπσ

µ σµ σ µ σ
σπσ

∞

−∞

∞

−∞

� �−
= −� �

� �

� �− += + − = +� �
� �

�

�

(3.92)

and thus the variance of y is given by

( ) { }( )22 2 2 2{ } { } exp 1y y xE y E yσ µ σ= − = − (3.93)
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Figure 3.15 Lognormal distribution for 0xµ = and 3xσ = , 1 and 0.5 according to Eq. (3.90).

Similarly, if x is a Gaussian random vector with mean xµ and covariance matrix xΣ ,

then random vector e= xy is log-normal with mean and covariance matrix [8] given by

{ }
{ }( )

[ ] exp [ ] [ , ] / 2

[ , ] [ ] [ ] exp [ , ] 1

i i i i

i j i j i j

= +

= −
y x x

y y y x

µ µ Σ

Σ µ µ Σ
(3.94)

using a similar derivation as in Eqs. (3.91) to (3.93).

3.2. ESTIMATION THEORY

Estimation theory and significance testing are two most important theories and methods of
statistical inference. In this section, we describe estimation theory while significance testing
is covered in the next section. A problem of statistical inference is one in which data gener-
ated in accordance with some unknown probability distribution must be analyzed, and some
type of inference about the unknown distribution must be made. In a problem of statistical
inference, any characteristic of the distribution generating the experimental data, such as the
mean µ and variance 2σ of a Gaussian distribution, is called a parameter of the distribu-

tion. The set Ω of all possible values of a parameter Φ or a group of parameters

1 2, , , nΦ Φ Φ� is called the parameter space. In this section we focus on how to estimate the

parameter Φ from sample data.
Before we describe various estimation methods, we introduce the concept and nature

of the estimation problems. Suppose that a set of random variables 1 2{ , , , }nX X X=X � is
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i.i.d. according to a p.d.f. ( | )p x Φ where the value of the parameter Φ is unknown. Now,

suppose also that the value of Φ must be estimated from the observed values in the sample.
An estimator of the parameter Φ , based on the random variables 1 2, , , nX X X� , is a real-

valued function 1 2( , , , )nX X Xθ � that specifies the estimated value of Φ for each possible

set of values of 1 2, , , nX X X� . That is, if the sample values of 1 2, , , nX X X� turn out to be

1 2, , , nx x x� , then the estimated value of Φ will be 1 2( , , , )nx x xθ � .

We need to distinguish between estimator, estimate, and estimation. An estimator

1 2( , , , )nX X Xθ � is a function of the random variables, whose probability distribution can

be derived from the joint distribution of 1 2, , , nX X X� . On the other hand, an estimate is a

specific value 1 2( , , , )nx x xθ � of the estimator that is determined by using some specific

sample values 1 2, , , nx x x� . Estimation is usually used to indicate the process of obtaining

such an estimator for the set of random variables or an estimate for the set of specific sample
values. If we use the notation 1 2{ , , , }nX X X=X � to represent the vector of random vari-

ables and { }1 2, , , nx x x=x � to represent the vector of sample values, an estimator can be

denoted as ( )θ X and an estimate ( )θ x . Sometimes we abbreviate an estimator ( )θ X by

just the symbol θ .
In the following four sections we describe and compare three different estimators (es-

timation methods). They are minimum mean square estimator, maximum likelihood estima-
tor, and Bayes estimator. The first one is often used to estimate the random variable itself,
while the latter two are used to estimate the parameters of the distribution of the random
variables.

3.2.1. Minimum/Least Mean Squared Error Estimation

Minimum mean squared error (MMSE) estimation and least squared error (LSE) estimation
are important methods for random variable since the goal (minimize the squared error) is an
intuitive one. In general, two random variables X and Y are i.i.d. according to some p.d.f.

, ( , )X Yf x y . Suppose that we perform a series of experiments and observe the value of X. We

want to find a transformation ˆ ( )Y g X= such that we can predict the value of the random

variable Y. The following quantity can measure the goodness of such a transformation.

2 2ˆ( ) ( ( ))E Y Y E Y g X− = − (3.95)

This quantity is called mean squared error (MSE) because it is the mean of the
squared error of the predictor ( )g X . The criterion of minimizing the mean squared error is

a good one for picking the predictor ( )g X . Of course, we usually specify the class of func-

tion G, from which ( )g X may be selected. In general, there is a parameter vector Φ asso-

ciated with the function ( )g X , so the function can be expressed as ( , )g X Φ . The process to
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find the parameter vector ˆ
MMSEΦ that minimizes the mean of the squared error is called

minimum mean squared error estimation and ˆ
MMSEΦ is called the minimum mean squared

error estimator. That is,

2ˆ arg min ( ( , ))MMSE E Y g X
Φ

� �� �= −� �� �Φ Φ (3.96)

Sometimes, the joint distribution of random variables X and Y is not known. Instead,
samples of (x,y) pairs may be observable. In this case, the following criterion can be used
instead,

2

1

arg min ( , )
n

LSE i i
i

y g x
Φ =

= −� �� ��Φ Φ (3.97)

The argument of the minimization in Eq. (3.97) is called sum-of-squared-error (SSE) and

the process of finding the parameter vector ˆ
LSEΦ , which satisfies the criterion is called least

squared error estimation or minimum squared error estimation. LSE is a powerful mecha-
nism for curve fitting, where the function ( , )g x Φ describes the observation pairs ( , )i ix y . In

general, there are more points (n) than the number of free parameters in function ( , )g x Φ ,

so the fitting is over-determined. Therefore, no exact solution exists, and LSE fitting be-
comes necessary.

It should be emphasized that MMSE and LSE are actually very similar and share simi-
lar properties. The quantity in Eq. (3.97) is actually n times the sample mean of the squared
error. Based on the law of large numbers, when the joint probability , ( , )X Yf x y is uniform

or the number of samples approaches to infinity, MMSE and LSE are equivalent.

For the class of functions, we consider the following three cases:

� Constant functions, i.e.,

{ }( ) ,cG g x c c R= = ∈ (3.98)

� Linear functions, i.e.,

{ }( ) , ,lG g x ax b a b R= = + ∈ (3.99)

� Other non-linear functions nlG

3.2.1.1. MMSE/LSE for Constant Functions

When ˆ ( )Y g x c= = , Eq. (3.95) becomes

2 2ˆ( ) ( )E Y Y E Y c− = − (3.100)
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To find the MMSE estimate for c, we take the derivatives of both sides in Eq. (3.100)
with respect to c and equate it to 0. The MMSE estimate MMSEc is given as

( )MMSEc E Y= (3.101)

and the minimum mean squared error is exactly the variance of Y, ( )Var Y .

For the LSE estimate of c, the quantity in Eq. (3.97) becomes

[ ] 2

1

min
n

i
i

y c
=

−� (3.102)

Similarly, the LSE estimate LSEc can be obtained as follows:

1

1 n

LSE i
i

c y
n =

= � (3.103)

The quantity in Eq. (3.103) is the sample mean.

3.2.1.2. MMSE and LSE For Linear Functions

When ˆ ( )Y g x ax b= = + , Eq. (3.95) becomes

2 2ˆ( , ) ( ) ( )e a b E Y Y E Y ax b= − = − − (3.104)

To find the MMSE estimate of a and b, we can first set

0, and 0
e e

a b

∂ ∂= =
∂ ∂

(3.105)

and solve the two linear equations. Thus, we can obtain

cov( , )

( )
Y

XY
X

X Y
a

Var X

σρ
σ

= = (3.106)

( ) ( )Y
XY

X

b E Y E X
σρ
σ

= − (3.107)

For LSE estimation, we assume that the sample x is a d-dimensional vector for gener-
ality. Assuming we have n sample-vectors 1 2( , ) ( , , , , ), 1d

i i i i i iy x x x y i n= =x � � , a linear

function can be represented as
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(3.108)

The sum of squared error can then be represented as

( )22

1

ˆ( ) || ||
n

t
i i

i

e y
=

= − = −�A Y Y A x (3.109)

A closed-form solution of the LSE estimate of A can be obtained by taking the gradi-
ent of ( )e A ,

1

( ) 2( ) 2 ( )
n

t t
i i i

i

e y
=

∇ = − = −�A A x x X XA Y (3.110)

and equating it to zero. This yields the following equation:

t t=X XA X Y (3.111)

Thus the LSE estimate LSEA will be of the following form:

1( )t t
LSE

−=A X X X Y (3.112)

1( )t t−X X X in Eq. (3.112) is also refereed to as the pseudo-inverse of X and is sometimes

denoted as ⊥X .
When tX X is singular or some boundary conditions cause the LSE estimation in Eq.

(3.112) to be unattainable, some numeric methods can be used to find an approximate solu-
tion. Instead of minimizing the quantity in Eq. (3.109), one can minimize the following
quantity:

2 2( ) || || || ||e α= − +A XA Y X (3.113)

Following a similar procedure, one can obtain the LSE estimate to minimize the quan-
tity above in the following form.

* 1( )t t
LSE α −= +A X X I X Y (3.114)

The LSE solution in Eq. (3.112) can be used for polynomial functions too. In the prob-
lem of polynomial curve fitting using the least square criterion, we are aiming to find the
coefficients 0 1 2( , , , , )t

da a a a=A � that minimize the following quantity:

0 1 2

2

, , , ,

ˆmin ( )
da a a a

E Y Y−
�

(3.115)
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where 2
0 1 2

ˆ d
dY a a x a x a x= + + + +�

To obtain the LSE estimate of coefficients 0 1 2( , , , , )t
da a a a=A � , simply change the

formation of matrix X in Eq. (3.108) to the following:

1 1

2 2

1

1

1

d

d

d
n n

x x

x x

x x

� �
� �
� �=
� �
� �� �
� �

X

�

�

� � �

�

(3.116)

Note that j
ix in Eq. (3.108) means the j-th dimension of sample ix , while j

ix in Eq.

(3.116) means j-th order of value ix . Therefore, the LSE estimate of polynomial coefficients

0 1 2( , , , , )t
LSE da a a a=A � has the same form as Eq. (3.112).

3.2.1.3. MMSE/LSE For Nonlinear Functions

As the most general case, consider solving the following minimization problem:

[ ] 2

( )
min ( )

nlg G
E Y g X

• ∈
− (3.117)

Since we need to deal with all possible nonlinear functions, taking a derivative does
not work here. Instead, we use the property of conditional expectation to solve this minimi-
zation problem. By applying Eq. (3.38) to (3.117), we get

[ ] [ ]{ }
[ ]

[ ]

2 2

, |

2

|-

2

|-

( ) ( ) |

= ( ) | ( )

= ( ) | ( )

X Y X Y X

Y X X

Y X X

E Y g X E E Y g X X x

E Y g X X x f x dx

E Y g x X x f x dx

∞

∞

∞

∞

� �− = − =
� �

� �− =
� �

� �− =
� �

�

�

(3.118)

Since the integrand is nonnegative in Eq. (3.118), the quantity in Eq. (3.117) will be
minimized at the same time the following equation is minimized.

[ ] 2

|
( )
min ( ) |Y X

g x R
E Y g x X x

∈
� �− =
� �

(3.119)

Since ( )g x is a constant in the calculation of the conditional expectation above, the

MMSE estimate can be obtained in the same way as the constant functions in Section
3.2.1.1. Thus, the MMSE estimate should take the following form:

|
ˆ ( ) ( | )MMSE Y XY g X E Y X= = (3.120)
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If the value X x= is observed and the value ( | )E Y X x= is used to predict Y, the

mean squared error (MSE) is minimized and specified as follows:

2

| | |( | ) | ( | )Y X Y X Y XE Y E Y X x X x Var Y X x� �� �− = = = =� �� �� �
(3.121)

The overall MSE, averaged over all the possible values of X, is:

{ }2 2

| | | |( | ) ( | ) | ( | )X Y X X Y X Y X X Y XE Y E Y X E E Y E Y X X E Var Y X x� �� � � � � �− = − = =� � � � � �� �� �

(3.122)

It is important to distinguish between the overall MSE | ( | )X Y XE Var Y X� �� � and the

MSE of the particular estimate when X x= , which is | ( | )Y XVar Y X x= . Before the value of

X is observed, the expected MSE for the process of observing X and predicting Y is

| ( | )X Y XE Var Y X� �� � . On the other hand, after a particular value x of X has been observed and

the prediction | ( | )Y XE Y X x= has been made, the appropriate measure of MSE of the pre-

diction is | ( | )Y XVar Y X x= .

In general, the form of the MMSE estimator for nonlinear functions depends on the
form of the joint distribution of X and Y. There is no mathematical closed-form solution. To
get the conditional expectation in Eq. (3.120), we have to perform the following integral:

ˆ( ) ( | )YY x yf y X x dy
∞

−∞
= =� (3.123)

It is difficult to solve this integral calculation. First, different measures of x could de-
termine different conditional p.d.f. for the integral. Exact information about the p.d.f. is of-
ten impossible to obtain. Second, there could be no analytic solution for the integral. Those
difficulties reduce the interest of the MMSE estimation of nonlinear functions to theoretical
aspects only. The same difficulties also exist for LSE estimation for nonlinear functions.
Some certain classes of well-behaved nonlinear functions are typically assumed for LSE
problems and numeric methods are used to obtain LSE estimate from sample data.

3.2.2. Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is the most widely used parametric estimation
method, largely because of its efficiency. Suppose that a set of random samples

1 2{ , , , }nX X X=X � is to be drawn independently according to a discrete or continuous dis-

tribution with the p.f. or the p.d.f. ( | )p x Φ , where the parameter vector Φ belongs to some

parameter space Ω . Given an observed vector 1( , , )nx x=x � , the likelihood of the set of

sample data vectors x with respect to Φ is defined as the joint p.f. or joint p.d.f. ( | )np x Φ ;

( | )np x Φ is also referred to as the likelihood function.
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MLE assumes the parameters of p.d.f.’s are fixed but unknown and aims to find the set
of parameters that maximizes the likelihood of generating the observed data. For example,
the p.d.f. ( | )np x Φ is assumed to be a Gaussian distribution ( , )N µ Σ , the components of

Φ will then include exactly the components of mean-vector µ and covariance matrix Σ .

Since 1 2, , , nX X X� are independent random variables, the likelihood can be rewritten as

follows:

1

( | ) ( | )
n

n k
k

p p x
=

= ∏x Φ Φ (3.124)

The likelihood ( | )np x Φ can be viewed as the probability of generating the sample

data set x based on parameter set Φ . The maximum likelihood estimator of Φ is denoted as

MLEΦ that maximizes the likelihood ( | )np x Φ . That is,

argmax ( | )MLE np
Φ

=Φ x Φ (3.125)

This estimation method is called the maximum likelihood estimation method and is of-
ten abbreviated as MLE. Since the logarithm function is a monotonically increasing func-
tion, the parameter set MLEΦ that maximizes the log-likelihood should also maximize the

likelihood. If ( | )np Φx is differentiable function of Φ , MLEΦ can be attained by taking the

partial derivative with respect to Φ and setting it to zero. Specifically, let Φ be a k-
component parameter vector 1 2( , , , )t

k= Φ Φ ΦΦ � and ∇ Φ be the gradient operator:

1

k

∂� �
� �∂Φ
� �

∇ = � �
� �∂� �
� �∂Φ� �

Φ � (3.126)

The log-likelihood becomes:

1

( ) log ( | ) log ( | )
n

n k
k

l p p x
=

= =�Φ x Φ Φ (3.127)

and its partial derivative is:

1

( ) log ( | )
n

k
k

l p x
=

∇ = ∇�Φ ΦΦ Φ (3.128)

Thus, the maximum likelihood estimate of Φ can be obtained by solving the follow-
ing set of k equations:

( ) 0l∇ =Φ Φ (3.129)
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Example 1

Let’s take a look at the maximum likelihood estimator of a univariate Gaussian p.d.f., given
as the following equation:

2

2

1 ( )
( | ) exp

22

x
p x

µ
σπσ

� �−= −� �
� �

Φ (3.130)

where µ and 2σ are the mean and the variance respectively. The parameter vector Φ de-

notes 2( , )µ σ . The log-likelihood is:

1

2

2
1

2 2
2

1

log ( | ) log ( | )

( )1
log exp

22

1
log(2 ) ( )

2 2

n

n k
k

n
k

k

n

k
k

p p x

x

n
x

µ
σπσ

πσ µ
σ

=

=

=

=

� �� �−= −� �� �� �
	 
� �

= − − −

�

�

�

x Φ Φ

(3.131)

and the partial derivative of the above expression is:

2
1

2

2 2 4
1

1
log ( | ) ( )

( )
log ( | )

2 2

n

n k
k

n
k

n
k

p x x

xn
p x

µ
µ σ

µ
σ σ σ

=

=

∂ = −
∂

−∂ = − +
∂

�

�

Φ

Φ
(3.132)

We set the two partial differential derivatives to zero,

2
1

2

2 4
1

1
( ) 0

( )
0

n

k
k

n
k

k

x

xn

µ
σ

µ
σ σ

=

=

− =

−
− + =

�

�

(3.133)

The maximum likelihood estimates for µ and 2σ are obtained by solving the above equa-

tions:

1

2 2 2

1

1
( )

1
( ) ( )

n

MLE k
k

n

MLE k MLE MLE
k

x E x
n

x E x
n

µ

σ µ µ

=

=

= =

� �= − = −� �

�

�

(3.134)

Equation (3.134) indicates that the maximum likelihood estimation for mean and vari-
ance is just the sample mean and variance.
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Example 2

For the multivariate Gaussian p.d.f. ( )p x

( )
1

/ 2 1/ 2

1 1
( | ) exp ( ) ( )

22
t

d
p

π
−� �= − − Σ −� �

� �
x Φ x µ x µ

Σ
(3.135)

The maximum likelihood estimates of m and Σ can be obtained by a similar procedure.

1

1

1
ˆ

1ˆ ˆ ˆ ˆ ˆ( )( ) ( )( )

n

MLE k
k

n
t t

MLE k MLE k MLE k MLE k MLE
k

n

E
n

=

=

=

� �= − − = − −� �

�

�

µ x

Σ x µ x µ x µ x µ
(3.136)

Once again, the maximum likelihood estimation for mean vector and co-variance matrix is
the sample mean vector and sample covariance matrix.

In some situations, a maximum likelihood estimation of Φ may not exist, or the
maximum likelihood estimator may not be uniquely defined, i.e., there may be more than
one MLE of Φ for a specific set of sample values. Fortunately, according to Fisher’s theo-
rem, for most practical problems with a well-behaved family of distributions, the MLE ex-
ists and is uniquely defined [4, 25, 26].

In fact, the maximum likelihood estimator can be proven to be sound under certain
conditions. As mentioned before, the estimator ( )θ X is a function of the vector of random

variables X that represent the sample data. ( )θ X itself is also a random variable, with a

distribution determined by joint distributions of X . Let Φ� be the parameter vector of true
distribution ( | )p x Φ from which the samples are drawn. If the following three conditions

hold:

1. The sample x is a drawn from the assumed family of distribution,

2. The family of distributions is well behaved,

3. The sample x is large enough,

then maximum likelihood estimator, MLEΦ , has a Gaussian distribution with a meanΦ� and

a variance of the form 21/ nBx [26], where n is the size of sample and Bx is the Fisher infor-

mation, which is determined solely by Φ� and x . An estimator is said to be consistent, iff
the estimate will converge to the true distribution when there is infinite number of training
samples.

MLE
n
lim
−>∞

=Φ Φ� (3.137)
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MLEΦ is a consistent estimator based on the analysis above. In addition, it can be

shown that no consistent estimator has a lower variance than MLEΦ . In other words, no es-

timator provides a closer estimate of the true parameters than the maximum likelihood esti-
mator.

3.2.3. Bayesian Estimation and MAP Estimation

Bayesian estimation has a different philosophy than maximum likelihood estimation. While
MLE assumes that the parameter Φ 3 is fixed but unknown, Bayesian estimation assumes
that the parameter Φ itself is a random variable with a prior distribution ( )p Φ . Suppose we

observe a sequence of random samples { }1 2, , , nx x x=x � , which are i.i.d. with a p.d.f.

( | )p x Φ . According to Bayes’ rule, we have the posterior distribution of Φ as:

( | ) ( )
( | ) ( | ) ( )

( )

p p
p p p

p

Φ ΦΦ = ∝ Φ Φx
x x

x
(3.138)

In Eq. (3.138), we dropped the denominator ( )p x here because it is independent of the
parameter Φ . The distribution in Eq. (3.138) is called the posterior distribution of Φ be-
cause it is the distribution of Φ after we observed the values of random variables

1 2, , , nX X X� .

3.2.3.1. Prior and Posterior Distributions

For mathematical tractability, conjugate priors are often used in Bayesian estimation. Sup-
pose a random sample is taken of a known distribution with p.d.f. ( | )p Φx . A conjugate

prior for the random variable (or vector) is defined as the prior distribution for the parame-
ters of the probability density function of the random variable (or vector), such that the
class-conditional p.d.f. ( | )p Φx , the posterior distribution ( | )p Φ x , and the prior distribu-

tion ( )p Φ belong to the same distribution family. For example, it is well known that the

conjugate prior for the mean of a Gaussian p.d.f. is also a Gaussian p.d.f. [4]. Now, let’s
derive such a posterior distribution ( | )p Φ x from the widely used Gaussian conjugate prior.

Example

Suppose 1 2, , , nX X X� are drawn from a Gaussian distribution for which the mean Φ is a

random variable and the variance 2σ is known. The likelihood function ( | )p Φx can be

written as:

3 For simplicity, we assume the parameter Φ is a scalar instead of a vector here. However, the extension to a pa-
rameter vector Φ can be derived according to a similar procedure.
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( )

2 2

/ 2
1 1

1 1 1
( | ) exp exp

2 22

n n
i i

n n
i i

x x
p

σ σπ σ = =

� � � �− Φ − Φ� � � �Φ = − ∝ −� � � �� � � �
	 
 	 
� � � �� � � �

� �x (3.139)

To further simply Eq. (3.139), we could use Eq. (3.140)

2 2 2

1 1

( ) ( ) ( )
n n

i n i n
i i

x n x x x
= =

− Φ = Φ − + −� � (3.140)

where { }1 2
1

1
the sample mean of , , ,

n

n i n
i

x x x x x
n =

= = =� x � .

Let’s rewrite ( | )p Φx in Eq. (3.139) into Eq. (3.141):

( ) ( )2 2

2 2
1

1
( | ) exp exp

2 2

n

n i n
i

n
p x x x

σ σ =

� �� �Φ ∝ − Φ − − −� �� �
� � � �

�x (3.141)

Now supposed the prior distribution of Φ is also a Gaussian distribution with mean
µ and variance 2ν , i.e., the prior distribution ( )p Φ is given as follows:

( )

2 2

1/ 2

1 1 1
( ) exp exp

2 22
p

µ µ
ν νπ ν

� � � �Φ − Φ −� � � �Φ = − ∝ −� � � �� � � �
	 
 	 
� � � �� � � �

(3.142)

By combining Eqs. (3.141) and (3.142) while dropping the second term in Eq. (3.141)
we could attain the posterior p.d.f. ( | )p Φ x in the following equation:

( ) ( )2 2

2 2

1 1
( | ) exp

2 n

n
p x µ

σ ν
� �� �Φ ∝ − Φ − + Φ −� �� �

	 
� �
x (3.143)

Now if we define ρ and τ as follows:

2 2

2 2
nn x

n

σ µ νρ
σ ν

+
=

+
(3.144)

2 2
2

2 2n

σ ντ
σ ν

=
+

(3.145)

We can rewrite Eq. (3.143) can be rewritten as:

( ) ( )2 2

2 2 2

1 1
( | ) exp

2 n

n
p x

n
ρ µ

τ σ ν
� �� �Φ ∝ − Φ − + −� �� �+	 
� �

x (3.146)

Since the second term in Eq. (3.146) does not depend on Φ , it can be absorbed in the
constant factor. Finally, we have the posterior p.d.f. in the following form:
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( )2

2

1 1
( | ) exp

22
p ρ

τπτ
−� �Φ = Φ −� �

� �
x (3.147)

Equation (3.147) shows that the posterior p.d.f. ( | )p Φ x is a Gaussian distribution

with mean ρ and variance 2τ as defined in Eqs. (3.144) and (3.145). The Gaussian prior

distribution defined in Eq. (3.142) is a conjurgate prior.

3.2.3.2. General Bayesian Estimation

The foremost requirement of a good estimator θ is that it can yield an estimate of Φ
( ( )θ X ) which is close to the real value Φ . In other words, a good estimator is one for

which it is highly probable that the error ( )θ − ΦX is close to 0. In general, we can define a

loss function4 ( , )R Φ Φ . It measures the loss or cost associated with the fact that the true

value of the parameter is Φ while the estimate is Φ . When only the prior distribution
( )p Φ is available and no sample data has been observed, if we choose one particular esti-

mate Φ , the expected loss is:

( , ) ( , ) ( )E R R p d� �Φ Φ = Φ Φ Φ Φ� � � (3.148)

The fact that we could derive posterior distribution from the likelihood function and
the prior distribution [as shown in the derivation of Eq. (3.147)] is very important here be-
cause it allows us to compute the expected posterior loss after sample vector x is observed.
The expected posterior loss associated with estimate Φ is:

( , ) | ( , ) ( | )E R R p d� �Φ Φ = Φ Φ Φ Φ� � �x x (3.149)

The Bayesian estimator of Φ is defined as the estimator that attains minimum Bayes
risk, that is, minimizes the expected posterior loss function (3.149). Formally, the Bayesian
estimator is chosen according to:

[ ]( ) argmin ( , ( )) |Bayes E R
θ

θ θ= Φx x x (3.150)

The Bayesian estimator of Φ is the estimator Bayesθ for which Eq. (3.150) is satisfied

for every possible value of x of random vector X . Therefore, the form of the Bayesian es-
timator Bayesθ should depend only on the loss function and the prior distribution, but not the

sample value x .

4 The Bayesian estimation and loss function are based on Bayes’ decision theory, which will be described in detail
in Chapter 4.
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One of the most common loss functions used in statistical estimation is the mean
squared error function [20]. The mean squared error function for Bayesian estimation should
have the following form:

2( , ( )) ( ( ))R θ θΦ = Φ −x x (3.151)

In order to find the Bayesian estimator, we are seeking Bayesθ to minimize the expected pos-

terior loss function:

[ ] 2 2 2( , ( )) | ( ( )) | ( | ) 2 ( ) ( | ) ( )E R E E Eθ θ θ θ� �Φ = Φ − = Φ − Φ −� �x x x x x x x x (3.152)

The minimum value of this function can be obtained by taking the partial derivative of
Eq. (3.152) with respect to ( )θ x . Since the above equation is simply a quadratic function of

( )θ x , it can be shown that the minimum loss can be achieved when Bayesθ is chosen based

on the following equation:

( ) ( | )Bayes Eθ = Φx x (3.153)

Equation (3.153) translates into the fact that the Bayesian estimate of the parameter Φ
for mean squared error function is equal to the mean of the posterior distribution of Φ . In
the following section, we discuss another popular loss function (MAP estimation) that also
generates the same estimate for certain distribution functions.

3.2.3.3. MAP Estimation

One intuitive interpretation of Eq. (3.138) is that a prior p.d.f. ( )p Φ represents the relative

likelihood before the values of 1 2, , , nX X X� have been observed; while the posterior p.d.f.

( | )p Φ x represents the relative likelihood after the values of 1 2, , , nX X X� have been ob-

served. Therefore, choosing an estimate Φ that maximizes posterior probability is consis-
tent with out intuition. This estimator is in fact the maximum posterior probability (MAP)
estimator and is the most popular Bayesian estimator.

The loss function associated with the MAP estimator is the so-called uniform loss
function [20]:

0, if | ( ) |
( , ( )) where 0

1, if | ( ) |
R

θ
θ

θ
− Φ ≤ ∆�

Φ = ∆ >� − Φ > ∆�

x
x

x
(3.154)

Now let’s see how this uniform loss function results in MAP estimation. Based on loss
function defined above, the expected posterior loss function is:

( )

( )

( ( , ( )) | ) (| ( ) | | )

1 (| ( ) | | ) 1 ( | )

E R P

P p
θ

θ

θ θ

θ
+∆

−∆

Φ = − Φ > ∆

= − − Φ ≤ ∆ = − Φ�
x

x

x x x x

x x x
(3.155)
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The quantity in Eq. (3.155) is minimized by maximizing the shaded area under
( | )p Φ x over the interval [ ]( ) , ( )θ θ− ∆ + ∆x x in Figure 3.16. If ( | )p Φ x is a smooth curve

and ∆ is small enough, the shaded area can be computed roughly as:

( )

( )( )
( | ) 2 ( | )p p

θ

θθ

+∆

Φ=−∆
Φ ≅ ∆ Φ�

x

xx
x x | (3.156)

Thus, the shaded area can be approximately maximized by choosing ( )θ x to be the maxi-

mum point of ( | )p Φ x . This concludes our proof the using the error function in Eq. (3.154)

indeed will generate MAP estimator.
1 - E( R(Φ,θ(x)) | x )

P( Φ | x )

θ(x) + Λθ(x) - Λ
θ(x)

Figure 3.16 Illustration of finding the minimum expected posterior loss function for MAP es-
timation [20].

MAP estimation is to find the parameter estimate MAPΦ or estimator ( )MAPθ x that

maximizes the posterior probability,

( ) argmax ( | ) argmax ( | ) ( )MAP MAP p p pθ
Φ Φ

Φ = = Φ = Φ Φx x x (3.157)

MAPΦ can also be specified in the logarithm form as follows:

argmax log ( | ) log ( )MAP p p
Φ

Φ = Φ + Φx (3.158)

MAPΦ can be attained by solving the following partial differential equation:

log ( | ) log ( )
0

p p∂ Φ ∂ Φ+ =
∂Φ ∂Φ

x
(3.159)

Thus the MAP equation for finding MAPΦ can be established.

log ( | ) log ( )
MAP MAP

p p
Φ=Φ Φ=Φ

∂ Φ −∂ Φ=
∂Φ ∂Φ

x | | (3.160)

There are interesting relationships between MAP estimation and MLE estimation. The
prior distribution is viewed as the knowledge of the statistics of the parameters of interest
before any sample data is observed. For the case of MLE, the parameter is assumed to be
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fixed but unknown. That is, there is no preference (knowledge) of what the values of pa-
rameters should be. The prior distribution ( )p Φ can only be set to constant for the entire

parameter space, and this type of prior information is often referred to as non-informative
prior or uniform prior. By substituting ( )p Φ with a uniform distribution in Eq. (3.157),

MAP estimation is identical to MLE. In this case, the parameter estimation is solely deter-
mined by the observed data. A sufficient amount of training data is often a requirement for
MLE. On the other hand, when the size of the training data is limited, the use of the prior
density becomes valuable. If some prior knowledge of the distribution of the parameters can
be obtained, the MAP estimation provides a way of incorporating prior information in the
parameter learning process.

Example

Now, let’s formulate MAP estimation for Gaussian densities. As described in Section
3.2.3.1, the conjugate prior distribution for a Gaussian density is also a Gaussian distribu-
tion. Similarly, we assumed random variables 1 2, , , nX X X� drawn from a Gaussian distri-

bution for which the mean Φ is unknown and the variance 2σ is known, while the conju-
gate prior distribution of Φ is a Gaussian distribution with mean µ and variance 2ν . It is

shown in Section 3.2.3.1 that the posterior p.d.f. can be formulated as in Eq. (3.147). The
MAP estimation for Φ can be solved by taking the derivative of Eq. (3.147) with respect to
Φ :

2 2

2 2
n

MAP

n x

n

σ µ νρ
σ ν

+
Φ = =

+
(3.161)

where n is the total number of training samples and nx the sample mean.

The MAP estimate of the mean Φ is a weighted average of the sample mean nx and

the prior mean. When n is zero (when there is no training data at all), the MAP estimate is
simply the prior mean µ . On the other hand, when n is large ( n → ∞ ), the MAP estimate

will converge to the maximum likelihood estimate. This phenomenon is consistent with our
intuition and is often referred to as asymptotic equivalence or asymptotic convergence.
Therefore, in practice, the difference between MAP estimation and MLE is often insignifi-
cant when a large amount of training data is available. When the prior variance 2ν is very

large (e.g., 2 2 / nν σ>> ), the MAP estimate will converge to the ML estimate because a
very large 2ν translated into a non-informative prior.

It is important to note that the requirement of learning prior distribution for MAP es-
timation is critical. In some cases, the prior distribution is very difficult to estimate and MLE
is still an attractive estimation method. As mentioned before, the MAP estimation frame-
work is particularly useful for dealing with sparse data, such as parameter adaptation. For
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example, in speaker adaptation, the speaker-independent (or multiple speakers) database can
be used to first estimate the prior distribution [9]. The model parameters are adapted to a
target speaker through a MAP framework by using limited speaker-specific training data as
discussed in Chapter 9.

3.3. SIGNIFICANCE TESTING

Significance testing is one of the most important theories and methods of statistical infer-
ence. A problem of statistical inference, or, more simply, a statistics problem, is one in
which data that have been generated in accordance with some unknown probability distribu-
tion must be analyzed, and some type of inference about the unknown distribution must be
made. Hundreds of test procedures have developed in statistics for various kinds of hypothe-
ses testing. We focus only on tests that are used in spoken language systems.

The selection of appropriate models for the data or systems is essential for spoken lan-
guage systems. When the distribution of certain sample data is unknown, it is usually appro-
priate to make some assumptions about the distribution of the data with a distribution func-
tion whose properties are well known. For example, people often use Gaussian distributions
to model the distribution of background noise in spoken language systems. One important
issue is how good our assumptions are, and what the appropriate values of the parameters
for the distributions are, even when we can use the methods in Section 3.2 to estimate
parameters from sample data. Statistical tests are often applied to determine if the
distribution with specific parameters is appropriate to model the sample data. In this section,
we describe the most popular testing method for the goodness of distribution fitting – the

2χ goodness-of-fit test.

Another important type of statistical tests is designed to evaluate the excellence of two
different methods or algorithms for the same tasks when there is uncertainty regarding the
results. To assure that the two systems are evaluated on the same or similar conditions, ex-
perimenters often carefully choose similar or even the exactly same data sets for testing.
This is why we refer to this type of statistical test as a paired observations test. In both
speech recognition and speech synthesis, the paired observations test is a very important tool
for interpreting the comparison results.

3.3.1. Level of Significance

We now consider statistical problems involving a parameter φ whose value is unknown but

must lie in a certain parameter space Ω . In statistical tests, we let 0H denote the hypothesis

that 0φ∈Ω and let 1H denote the hypothesis that 1φ∈Ω . The subsets 0Ω and 1Ω are dis-

joint and 0 1Ω ∪ Ω = Ω , so exactly one of the hypotheses 0H and 1H must be true. We

must now decide whether to accept 0H or 1H by observing a random sample 1, , nX X�

drawn from a distribution involving the unknown parameter φ . A problem like this is called
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hypotheses testing. A procedure for deciding whether to accept 0H or 1H is called a test

procedure or simply a test. The hypothesis 0H is often referred to as the null hypothesis and

the hypothesis 1H as the alternative hypothesis. Since there are only two possible decisions,

accepting 0H is equivalent to rejecting 1H and rejecting 0H is equivalent to accepting 1H .

Therefore, in testing hypotheses, we often use the terms accepting or rejecting the null hy-
pothesis 0H as the only decision choices.

Usually we are presented with a random sample 1( , , )nX X=X � to help us in making

the test decision. Let S denote the sample space of n-dimensional random vector X. The test-
ing procedure is equivalent to partitioning the sample space S into two subsets. One subset
specifies the values of X for which one will accept 0H and the other subset specifies the

values of X for which one will reject 0H . The second subset is called the critical region and

is often denoted as C.
Since there is uncertainty associated with the test decision, for each value of φ∈Ω ,

we are interested in the probability ( )ρ φ that the testing procedure rejects 0H . The function

( )ρ φ is called the power function of the test and can be specified as follows:

( ) ( | )P Cρ φ φ= ∈X (3.162)

For 0φ∈Ω , the decision to reject 0H is incorrect. Therefore, if 0φ∈Ω , ( )ρ φ is the

probability that the statistician will make an incorrect decision (false rejection). In statistical
tests, an upper bound 0 0(0 1)α α< < is specified, and we only consider tests for which

0( )ρ φ α≤ for every value of 0φ∈Ω . The upper bound 0α is called the level of signifi-

cance. The smaller 0α is, the less likely it is that the test procedure will reject 0H . Since 0α
specifies the upper bound for false rejection, once a hypothesis is rejected by the test proce-
dure, we can be 0(1 )α− confident the decision is correct. In most applications, 0α is set to

be 0.05 and the test is said to be carried out at the 0.05 level of significance or 0.95 level of
confidence.

We define the size α of a given test as the maximum probability, among all the values
of φ which satisfy the null hypothesis, of making an incorrect decision.

0

max ( )
θ

α ρ φ
∈Ω

= (3.163)

Once we obtain the value of α , the test procedure is straightforward. First, the statisti-
cian specifies a certain level of significance 0α in a given problem of testing hypotheses,

then he or she rejects the null hypothesis if the size α is such that 0α α≤ .

The size α of a given test is also called the tail area or the p-value corresponding to
the observed value of data sample X because it corresponds to tail area of the distribution.
The hypothesis will be rejected if the level of significance 0α is such that 0α α> and

should be accepted for any value of 0α α< . Alternatively, we can say the observed value of
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X is just significant at the level of significance α without using the level of significance

0α . Therefore, if we had found that the observed value of one data sample X was just sig-

nificant at the level of 0.0001, while the other observed value of data sample Y was just sig-
nificant at the level of 0.001, then we can conclude the sample X provides much stronger
evidence against 0H . In statistics, an observed value of one data sample X is generally said

to be statistically significant if the corresponding tail area is smaller than the traditional
value 0.05. For case requiring more significance (confidence), 0.01 can be used.

A statistically significant observed data sample X that provides strong evidence
against 0H does not necessary provide strong evidence that the actual value of φ is signifi-

cantly far away from parameter set 0Ω . This situation can arise, particularly when the size

of random data sample is large, because a test with larger sample size will in general reject
hypotheses with more confidence, unless the hypothesis is indeed the true one.

3.3.2. Normal Test (Z-Test)

Suppose we need to find whether a coin is fair or not. Let p be the probability of the head.
The hypotheses to be tested are as follows:

0H : 1
2p =

1H : 1
2p ≠

We assume that a random sample size n is taken, and let random variable M denote the
number of times we observe heads as the result. The random variable M has a binomial dis-
tribution 1

2( , )B n . Because of the shape of binomial distribution, M can lie on either side of

the mean. This is why it is called a typical two-tailed test. The tail area or p-value for the
observed value k can be computed as:

2 ( ) for 2

2 (0 ) for 2

1.0 for 2

P k M n k n

p P M k k n

k n

≤ ≤ >�
�= ≤ ≤ <�
� =�

(3.164)

The p-value in Eq. (3.164) can be computed directly using the binomial distribution.
The test procedure will reject 0H when p is less than the significance level 0α .

In many situations, the p-value for the distribution of data sample X is difficult to ob-
tain due to the complexity of the distribution. Fortunately, if some statistic Z of the data
sample X has some well-known distribution, the test can then be done in the Z domain in-
stead. If n is large enough ( 50n > ), a normal test (or Z-test) can be used to approximate a
binomial probability. Under 0H , the mean and variance for M are ( ) 2E M n= and

( ) 4Var M n= . The new random variable Z is defined as,

| 2 | 1 2

4

M n
Z

n

− −= (3.165)
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which can be approximated as standard Gaussian distribution (0,1)N under 0H . The p-

value can now be computed as 2 ( )p P Z z= ≥ where z is the realized value of Z after M is

observed. Thus, 0H is rejected if 0p α< , where 0α is the level of significance.

3.3.3. 2χ Goodness-of-Fit Test

The normal test (Z-test) can be extended to test the hypothesis that a given set of data came
from a certain distribution with all parameters specified. First let’s look at the case of dis-
crete distribution fitting.

Suppose that a large population consists of items of k different types and let ip be the

probability that a random selected item belongs to type i. Now, let 1, , kq q� be a set of spe-

cific numbers satisfying the probabilistic constraint (
1

0 for 1, , and 1
k

i ii
q i k q

=
≥ = =�� ).

Finally, suppose that the following hypotheses are to be tested:

0H : for 1, ,i ip q i k= = �

1H : for at least one value ofi ip q i≠
Assume that a random sample of size n is to be taken from the given population. For

1, ,i k= � , let iN denote the number of observations in the random sample which are of

type i. Here, 1, , kN N� are nonnegative numbers and
1

k

ii
N n

=
=� . Random variables

1, , kN N� have a multinomial distribution. Since the p-value for the multinomial distribu-

tion is hard to obtain, instead we use another statistic about 1, , kN N� . When 0H is true, the

expected number of observations of type i is inq . In other words, the difference between the

actual number of observations iN and the expected number inq should be small when 0H

is true. It seems reasonable to base the test on the differences i iN nq− and to reject 0H

when the differences are large. It can be proved [14] that the following random variable λ
2

1

( )k
i i

i i

N nq

nq
λ

=

−
=� (3.166)

converges to the 2χ distribution with 1k − degrees of freedom as the sample size n → ∞ .

A 2χ test of goodness-of-fit can be carried out in the following way. Once a level of

significance 0α is specified, we can use the following p-value function to find critical point

c5:

2 0( ) 1 ( )P c F x c
χ

λ α> = − = = (3.167)

5 Since 2χ pdf is a monotonic function, the test is a one-tail test. Thus, we only need to calculate one tail area.
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where 2 ( )F x
χ

is the distribution function for 2χ distribution. The test procedure simply

rejects 0H when the realized value λ is such that cλ > . Empirical results show that the 2χ
distribution will be a good approximation to the actual distribution of λ as long as the value
of each expectation inq is not too small ( 5≥ ). The approximation should still be satisfac-

tory if 1.5 for 1, ,inq i k≥ = � .

For continuous distributions, a modified 2χ goodness-of-fit test procedure can be ap-

plied. Suppose that we would like to hypothesize a null hypothesis 0H in which continuous

random sample data 1, , kX X� are drawn from a certain continuous distribution with all

parameters specified or estimated. Also, suppose the observed values of random sample

1, , kx x� are bounded within interval Ω . First, we divide the range of the hypothesized

distribution into m subintervals within interval Ω such that the expected number of values,
say iE , in each interval is at least 5. For 1, ,i k= � , we let iN denote the number of obser-

vations in the ith subintervals. As in Eq. (3.166), one can prove that the following random
variable λ

2

1

( )m
i i

i i

N E

E
λ

=

−=� (3.168)

converges to the 2χ distribution with 1m k− − degrees of freedom as the sample size

n → ∞ , where k is the number of parameters that must be estimated from the sample data in

order to calculate the expected number of values, iE . Once the 2χ distribution is estab-

lished, the same procedure can be used to find the critical c in Eq. (3.167) to make test deci-
sion.

Example
Suppose we are given a random variable X of sample size 100 points and we want to deter-
mine whether we can reject the following hypothesis:

0 : ~ (0,1)H X N (3.169)

To perform 2χ goodness-of-fit test, we first divide the range of X into 10 subintervals.

The corresponding probability falling in each subinterval, the expected number of points
falling in each subinterval and the actual number of points falling in each subintervals [10]
are illustrated in Table 3.1.

Table 3.1 The probability falling in each subinterval of an N(0,1), and 100 sample points, the
expected number of points falling in each subinterval, and the actual number of points falling
in each subintervals [10].

Subinterval iI ( )iP X I∈ 100 ( )i iE P X I= ∈ iN

[- , -1.6]∞ 0.0548 5.48 2



Significance testing 119

[-1.6, -1.2] 0.0603 6.03 9
[-1.2, -0.8] 0.0968 9.68 6
[-0.8, -0.4] 0.1327 13.27 11
[-0.4, 0.0] 0.1554 15.54 19
[0.0, 0.4] 0.1554 15.54 25
[0.4, 0.8] 0.1327 13.27 17
[0.8, 1.2] 0.0968 9.68 2
[1.2, 1.6] 0.0603 6.03 6
[-1.6, ]∞ 0.0548 5.48 3

The value for λ can then be calculated as follows:

2

1

( )
18.286

m
i i

i i

N E

E
λ

=

−= =�

Since λ can be approximated as a 2χ distribution with 1 10 0 1 9m k− − = − − = de-

grees of freedom, the critical point c at the 0.05 level of significance is calculated6 to be
16.919 according to Eq. (3.167). Thus, we should reject the hypothesis 0H because the cal-

culated λ is greater than the critical point c.

The 2χ goodness-of-fit test at the 0.05 significance level is in general used to deter-

mine when a hypothesized distribution is not an adequate distribution to use. To accept the
distribution as a good fit, one needs to make sure the hypothesized distribution cannot be
rejected at the 0.4 to 0.5 level-of-significance. The alternative is to use the 2χ goodness-of-

fit test for a number of potential distributions and select the one with smallest calculated 2χ .

When all the parameters are specified (instead of estimated), the Kolmogorov-
Smirnov test [5] can also be used for the goodness-of-fit test. The Kolmogorov-Smirnov test
in general is a more powerful test procedure when the sample size is relatively small.

3.3.4. Matched-Pairs Test

In this section, we discuss experiments in which two different methods (or systems) are to
be compared to learn which one is better. To assure the two methods are evaluated under
similar conditions, two closely resemble data samples or ideally the same data sample
should be used to evaluate both methods. This type of hypotheses test is called matched-
paired test [5].

6 In general, we use cumulative distribution function table to find the point with specific desired cumulative prob-

ability for complicated distributions, like 2χ distribution.
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3.3.4.1. The Sign Test

For 1, ,i n= � , let ip denote the probability that method A is better than method B when

testing on the ith paired data sample. We shall assume that the probability ip has the same

value p for each of the n pairs. Suppose we wish to test the null hypothesis that method A is
no better than method B. That is, the hypotheses to be tested have the following form:

0H : 1
2p ≤

1H : 1
2p >

Suppose that, for each pair of data samples, either one method or the other will appear
to be better, and the two methods cannot tie. Under these assumptions, the n pairs represent
n Bernoulli trials, for each of which there is probability p that method A yields better per-
formance. Thus the number of pairs M in which method A yields better performance will
have a binomial distribution ( , )B n p . For the simple sign test where one needs to decide

which method is better, p will be set to 1 2 . Hence a reasonable procedure is to reject 0H if

M c> , where c is a critical point. This procedure is called a signed test. The critical point
can be found according to.

0( ) 1 ( )BP M c F x c α> = − = = (3.170)

where ( )BF x is the distribution for binomial distribution. Thus, for observed value M c> ,

we will reject 0H .

3.3.4.2. Magnitude-Difference Test

The only information that the sign test utilizes from each pair of data samples, is the sign of
the difference between two performances. To do a sign test, one does not need to obtain a
numeric measurement of the magnitude of the difference between the two performances.
However, if the measurement of magnitude of the difference for each pair is available, a test
procedure based on the relative magnitudes of the differences can be used [11].

We assume now that the performance of each method can be measured for any data
samples. For 1, ,i n= � , let iA denote the performance of the method A on the ith pair of

data samples and iB denote the performance of the method B on the ith pair of data sample.

Moreover, we shall let i i iD A B= − . Since 1, , nD D� are generated on n different pairs of

data samples, they should be independent random variables. We also assume that 1, , nD D�

have the same distribution. Suppose now we are interested in testing the null hypothesis that
method A and method B have on the average the same performance on the n pairs of data
samples.

Let Dµ be the mean of iD . The MLE estimate of Dµ is:

1

n
i

D
i

D

n
µ

=

=� (3.171)
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The test hypotheses are:

0H : 0Dµ =

1H : 0Dµ ≠
The MLE estimate of the variance of iD is

2 2

1

1
( )

n

D i D
i

D
n

σ µ
=

= −� (3.172)

We define a new random variable Z as follows:

D

D

Z
n

µ
σ

= (3.173)

If n is large enough (> 50), Z is proved to have a standard Gaussian distribution
(0,1)N . The normal test procedure described in Section 3.3.2 can be used to test 0H . This

type of matched-paired tests usually depends on having enough pairs of data samples for the
assumption that Z can be approximated with a Gaussian distribution. It also requires enough
data samples to estimate the mean and variance of the iD .

3.4. INFORMATION THEORY

Transmission of information is a general definition of what we call communication. Claude
Shannon’s classic paper of 1948 gave birth to a new field in information theory that has be-
come the cornerstone for coding and digital communication. In the paper titled A Mathe-
matical Theory of Communication, he wrote:

The fundamental problem of communication is that of re-
producing at one point either exactly or approximately a 
message selected at another point. 

Information theory is a mathematical framework of approaching a large class of problems
related to encoding, transmission, and decoding information in a systematic and disciplined
way. Since speech is a form of communication, information theory has served as the under-
lying mathematical foundation for spoken language processing.

3.4.1. Entropy

Three interpretations can be used to describe the quantity of information: (1) the amount of
uncertainty before seeing an event, (2) the amount of surprise when seeing an event, and (3)
the amount of information after seeing an event. Although these three interpretations seem
slightly different, they are virtually the same under the framework of information theory.
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According to information theory, the information derivable from outcome xi depends
on its probability. If the probability ( )iP x is small, we can derive a large degree of informa-

tion, because the outcome that it has occurred is very rare. On the other hand, if the prob-
ability is large, the information derived will be small, because the outcome is well expected.
Thus, the amount of information is defined as follows:

1
( ) log

( )i
i

I x
P x

= (3.174)

The reason to use a logarithm can be interpreted as follows. The information for two
independent events to occur (where the joint probability is the multiplication of both indi-
vidual probabilities) can be simply carried out by the addition of the individual information
of each event. When the logarithm base is 2, the unit of information is called a bit. This
means that one bit of information is required to specify the outcome. In this probabilistic
framework, the amount of information represents uncertainty. Suppose X is a discrete ran-
dom variable taking value xi (referred to as a symbol) from a finite or countable infinite sam-
ple space 1 2{ , , , , }iS x x x= � � (referred to as an alphabet). The symbol xi is produced from

an information source with alphabet S, according to the probability distribution of the
random variable X. One of the most important properties of an information source is the
entropy H(S) of the random variable X, defined as the average amount of information (ex-
pected information):

[ ]1
( ) [ ( )] ( ) ( ) ( ) log log ( )

( )i i i
S S i

H X E I X P x I x P x E P X
P x

= = = = −� � (3.175)

This entropy ( )H X is the amount of information required to specify what kind of

symbol has occurred on average. It is also the averaged uncertainty for the symbol. Suppose
that the sample space S has an alphabet size S N= . The entropy ( )H X attains the maxi-

mum value when the p.f. has a uniform distribution, i.e.:

1
( ) ( ) for all andi jP x P x i j

N
= = (3.176)

Equation (3.176) can be interpreted to mean that uncertainty reaches its maximum
level when no outcome is more probable than any other. It can be proved that the entropy

( )H X is nonnegative and becomes zero only if the probability function is a deterministic

one, i.e.,

( ) 0 with equality i.f.f. ( ) 1 for somei iH X P x x S≥ = ∈ (3.177)

There is another very interesting property for the entropy. If we replace the p.f. of
generating symbol xi in Eq. (3.175) with any other arbitrary p.f., the new value is no smaller
than the original entropy. That is,
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[ ]( ) log ( ) ( ) log ( )i i
S

H X E Q X P x Q x≤ − = −� (3.178)

Equation (3.178) has a very important meaning. It shows that we are more uncertain
about the data if we misestimate the distribution governing the data source. The equality for
Eq. (3.178) occurs if and only if ( ) ( ) 1i iP x Q x i N= ≤ ≤ . Equation (3.178), often referred to

as Jensen’s inequality, is the basis for the proof of EM algorithm in Chapter 4. Similarly,
Jensen’s ineqality can be extended to continuous pdf:

( ) log ( ) ( ) log ( )x x x xf x f x dx g x f x dx− ≤ −� � (3.179)

with equality occurring if and only if ( ) ( )x xf x g x x= ∀ .

The proof of Eq. (3.178) follows from the fact log( ) 1,x x x≤ − ∀ , so the following

quantity must have an non-positive value.

( ) ( )
( ) log ( ) log 1 0

( ) ( )
i i

i i
S Si i

Q x Q x
P x P x

P x P x

� �
≤ − =� �

� �
� � (3.180)

Based on this property, the negation of the quantity in Eq. (3.180) can be used for the
measurement of the distance of two probability distributions. Specifically, the Kullback-
Leibler (KL) distance (relative entropy, discrimination, or divergence) is defined as:

( )( )
( || ) log ( ) log

( ) ( )
i

i
S i

P xP X
KL P Q E P x

Q X Q x

� �
= =� �

� �
� (3.181)

As discussed in Chapter 11, the branching factor of a grammar or language is an im-
portant measure of degree of difficulty of a particular task in spoken language systems. This
relates to the size of the word list from which a speech recognizer or a natural language
processor needs to disambiguate in a given context. According to the entropy definition
above, this branching factor estimate (or average choices for an alphabet) is defined as fol-
lows:

( )( ) 2H XPP X = (3.182)

( )PP X is called the perplexity of source X, since it describes how confusing the

grammar (or language) is. The value of perplexity is equivalent to the size of an imaginary
equivalent list, whose words are equally probable. The bigger the perplexity, the higher
branching factor. To find out the perplexity of English, Shannon devised an ingenious way
[22] to estimate the entropy and perplexity of English words and letters. His method is simi-
lar to a guessing game where a human subject guesses sequentially the words of a text hid-
den from him, using the relative frequencies of her/his guesses as the estimates of the prob-
ability distribution underlying the source of the text. Shannon’s perplexity estimate of Eng-
lish comes out to be about 2.39 for English letters and 130 for English words. Chapter 11
has a detailed description on the use of perplexity for language modeling.
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3.4.2. Conditional Entropy

Now let us consider transmission of symbols through an information channel. Suppose the
input alphabet is 1 2( , , , )sX x x x= � , the output alphabet is 1 2( , , , )tY y y y= � , and the in-

formation channel is defined by the channel matrix ( | )ij j iM P y x= , where ( | )j iP y x is the

conditional probability of receiving output symbol yj when input symbol xi is sent. Figure
3.17 shows an example of an information channel.

Figure 3.17 Example of information channel. The source is described by source p.f. P(X) and
the channel is characterized by the conditional p.f. P(Y|X).

Before transmission, the average amount of information, or the uncertainty of the in-
put alphabet X, is the prior entropy H(X).

1
( ) ( ) log

( )i
X i

H X P X x
P X x

= =
=� (3.183)

where ( )iP x is the prior probability. After transmission, suppose yj is received; then the

average amount of information, or the uncertainty of the input alphabet A, is reduced to the
following posterior entropy.

( | ) ( | ) log ( | )j i j i j
X

H X Y y P X x Y y P X x Y y= = − = = = =� (3.184)

where the ( | )i jP x y are the posterior probabilities. Averaging the posterior entropy

( | )jH X y over all output symbols yj leads to the following equation:

( | ) ( ) ( | )

( ) ( | ) log ( | )

( , ) log ( | )

j j
Y

j i j i j
Y X

i j i j
X Y

H X Y P Y y H X Y y

P Y y P X x Y y P X x Y y

P X x Y y P X x Y y

= = =

= − = = = = =

= − = = = =

�

� �

��

(3.185)

This conditional entropy, defined in Eq. (3.185), is the average amount of information
or the uncertainty of the input alphabet X given the outcome of the output event Y. Based on
the definition of conditional entropy, we derive the following equation:

P(X) P(Y|X)

X Y

Source Channel
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{ }

( , ) ( , ) log ( , )

= ( , ) log ( ) log ( | )

= ( ) ( | )

i i i i
X Y

i i i i i
X Y

H X Y P X x Y y P X x Y y

P X x Y y P X x P Y y X x

H X H Y X

= − = = = =

− = = = + = =

+

��

�� (3.186)

Equation (3.186) has an intuitive meaning – the uncertainty about two random vari-
ables equals the sum of uncertainty about the first variable and the conditional entropy for
the second variable given the first variable is known. Equations (3.185) and (3.186) can be
generalized to random vectors X and Y where each contains several random variables.

It can be proved that the chain rule [Eq. (3.16)] applies to entropy.

1 1 1 2 1 1( , , ) ( | , , ) ( | ) ( )n n nH X X H X X X H X X H X−= + + +� � � (3.187)

Finally, the following inequality can also be proved:

( | , ) ( | )H X Y Z H X Y≤ (3.188)

with equality i.f.f. X and Z being independent when conditioned on Y. Equation (3.188) ba-
sically confirms the intuitive belief that uncertainty decreases when more information is
known.

3.4.3. The Source Coding Theorem

Information theory is the foundation for data compressing. In this section we describe Shan-
non's source coding theorem, also known as the first coding theorem. In source coding, we
are interested in lossless compression, which means the compressed information (or sym-
bols) can be recovered (decoded) perfectly. The entropy serves as the upper bound for a
source lossless compression.

Consider an information source with alphabet { }0,1, , 1S N= −� . The goal of data

compression is to encode the output symbols into a string of binary symbols. An interesting
question arises: What is the minimum number of bits required, on the average, to encode the
output symbols of the information source?

Let’s assume we have a source that can emit four symbols {0,1,2,3} with equal prob-
ability (0) (1) (2) (3) 1/ 4P P P P= = = = . Its entropy is 2 bits as illustrated in Eq. (3.189):

3

2
0

1
( ) ( ) log 2

( )i

H S P i
P i=

= =� (3.189)

It is obvious that 2 bits per symbol is good enough to encode this source. A possible
binary code for this source is {00, 01, 10, 11}. It could happen, though some symbols are
more likely than others, for example, (0) 1/ 2, (1) 1/ 4, (2) 1/ 8, (3) 1/8P P P P= = = = . In

this case the entropy is only 1.75 bits. One obvious idea is to use fewer bits for lower values
that are frequently used and more bits for larger values that are rarely used. To represent this
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source we can use a variable-length code {0,10,110,111}, where no codeword is a prefix for
the rest and thus a string of 0’s and 1’s can be uniquely broken into those symbols. The en-
coding scheme with such a property is called uniquely decipherable (or instantaneous) cod-
ing, because as soon as the decoder observes a sequence of codes, it can decisively deter-
mine the sequence of the original symbols. If we let ( )r x be the number of bits (length)

used to encode symbol x, the average rate R of bits per symbol used for encoding the infor-
mation source is:

( ) ( )
x

R r x P x=� (3.190)

In our case, R is 1.75 bits as shown in Eq. (3.191):

0.5 1 0.25 2 0.125 3 0.125 3 1.75R = × + × + × + × = (3.191)

Such variable-length coding strategy is called Huffman coding. Huffman coding be-
longs to entropy coding because it matches the entropy of the source. In general, Shannon’s
source coding theorem says that a source cannot be coded with fewer bits than its entropy.
We will skip the proof here. Interested readers can refer to [3, 15, 17] for the detailed proof.
This theorem is consistent with our intuition because the entropy measure is exactly the in-
formation content of the information measured in bits. If the entropy increases, then uncer-
tainty increases, resulting in a large amount of information. Therefore, it takes more bits to
encode the symbols. In the case above, we are able to match this rate, but, in general, this is
impossible, though we can get arbitrarily close to it. The Huffman code for this source offers
a compression rate of 12.5% relative to the code designed for the uniform distribution.

Shannon's source coding theorem establishes not only the lower bound for lossless
compression but also the upper bound. Let x� �� � denote the smallest integer that greater or

equal to x. As in the similar procedure above, we can make the code length assigned to
source output x equal to

( ) log ( )l x P x= −� �� � (3.192)

The average length L satisfies the following inequality:

[ ]( ) ( ) 1 log ( ) ( ) 1 ( )
x x

L l x P x P x P x H X= < − = +� � (3.193)

Equation (3.193) means that the average rate R only exceeds the value of entropy by less
than one bit.

L can be made arbitrary close to the entropy by block coding. Instead of encoding sin-
gle output symbols of the information source, one can encode each block of length n. Let’s
assume the source is memoryless, so 1 2, , , nX X X� are independent. According to Eq.

(3.193), the average rate R for this block code satisfies:

1 21 ( , , , ) 1 ( )nL H X X X nH X< + = +� (3.194)

This makes the average number of bits per output symbol, /L n , satisfy
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1
lim ( )
n

L H X
n→∞

≤ (3.195)

In general, Huffman coding arranges the symbols in order of decreasing probability,
assigns the bit 0 to the symbol of highest probability and the bit 1 to what is left, and pro-
ceeds the same way for the second highest probability value (which now has a code 10) and
iterate. This results in 2.25 bits for the uniform distribution case, which is higher than the 2
bits we obtain with equal-length codes.

Lempel-Ziv coding is a coding strategy that uses correlation to encode strings of sym-
bols that occur frequently. Although it can be proved to converge to the entropy, its conver-
gence rate is much slower [27]. Unlike Huffman coding, Lempel-Ziv coding is independent
of the distribution of the source; i.e., it needs not be aware of the distribution of the source
before encoding. This type of coding scheme is often referred to as universal encoding
scheme.

3.4.4. Mutual Information and Channel Coding

Let’s review the information channel illustrated in Figure 3.17. An intuitively plausible
measure of the average amount of information provided by the random event Y about the
random event X is the average difference between the number of bits it takes to specify the
outcome of X when the outcome of Y is not known and the outcome of Y is known. Mutual
information is defined as the difference in the entropy of X and the conditional entropy of X
given Y:

( ; ) ( ) ( | )

1 1
( ) log ( , ) log

( ) ( | )
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i i j
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� �

� ��

�� ��
(3.196)

( ; )I X Y is referred to as the mutual information between X and Y. ( ; )I X Y is sym-

metrical; i.e., ( ; ) ( ; )I X Y I Y X= . The quantity ( , ) ( ) ( )P x y P x P y is often referred to as the

mutual information between symbol x and y. ( ; )I X Y is bounded:

[ ]0 ( ; ) min ( ), ( )I X Y H X H Y≤ ≤ (3.197)

( ; )I X Y reaches the minimum value (zero) when the random variables X and Y are in-

dependent.
Mutual information represents the information obtained (or the reduction in uncer-

tainty) through a channel by observing an output symbol. If the information channel is
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noiseless, the input symbol can be determined definitely by observing an output symbol. In
this case, the conditional entropy H(X|Y) equals zero and it is called a noiseless channel. We
obtain the maximum mutual information I(X; Y) = H(X). However, the information channel
is generally noisy so that the conditional entropy H(X|Y) is not zero. Therefore, maximizing
the mutual information is equivalent to obtaining a low-noise information channel, which
offers a closer relationship between input and output symbols.

Figure 3.18 A binary channel with two symbols.

Let’s assume that we have a binary channel, a channel with a binary input and output.
Associated with each output are a probability p that the output is correct, and a probability
(1 )p− that it is not, so that the channel is symmetric.

If we observe a symbol Y = 1 at the output, we don’t know for sure what symbol X
was transmitted, though we know ( 1| 1)P X Y p= = = and ( 0 | 1) (1 )P X Y p= = = − , so

that we can measure our uncertainty about X by its conditional entropy:

( | 1) log (1 ) log(1 )H X Y p p p p= = − − − − (3.198)

If we assume that our source X has a uniform distribution, ( | ) ( | 1)H X Y H X Y= = as

shown in Eq. (3.198) and H(X) = 1. The mutual information between X and Y is given by

( , ) ( ) ( | ) 1 log (1 ) log(1 )I X Y H X H X Y p p p p= − = + + − − (3.199)

It measures the information that Y carries by about X. The channel capacity C is the maxi-
mum of the mutual information over all distributions of X. That is,

( )
max ( ; )

P x
C I X Y= (3.200)

The channel capacity C can be attained by varying the distribution of the information
source until the mutual information is maximized for the channel. The channel capacity C
can be regarded as a channel that can transmit at most C bits of information per unit of time.
Shannon’s channel coding theorem says that for a given channel there exists a code that
permits error-free transmission across the channel, provided that R C≤ , where R is the rate
of the communication system, which is defined as the number of bits per unit of time being
transmitted by the communication system. Shannon’s channel coding theorem states the fact
that arbitrarily reliable communication is possible at any rate below channel capability.

Figure 3.19 illustrates a transmission channel with the source decoder and destination
decoder. The source encoder will encode the source symbol sequence 1 2, , , nx x x=x � into

channel input sequence 1 2, , , ky y y� . The destination decoder takes the output sequence

1 2, , , kz z z� from the channel and converts it into the estimates of the source output

X=0

X=1

Y=0

Y=1

p

p

1- p 1- p
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1 2, , , nx x x=x � . The goal of this transmission is to make the probability of correct decoding

( )P =x x asymptotically close to 1 while keeping the compression ratio n kℜ = as large as

possible. Shannon’s source-channel coding theorem (also referred to as Shannon’s second
coding theorem) says that it is possible to find an encoder-decoder pair of rate ℜ for a noisy
information channel, provided that ( )H X Cℜ× ≤ .

Figure 3.19 Transmission of information through a noisy channel [15].

Because of channel errors, speech coders need to provide error correction codes that
will decrease the bit rate allocated to the speech. In practice, there is a tradeoff between the
bit rate used for source coding and the bit rate for channel coding. In Chapter 7 we will de-
scribe speech coding in great detail.

3.5. HISTORICAL PERSPECTIVE AND FURTHER READING

The idea of uncertainty and probability can be traced all the way back to about 3500 B.C.,
when games of chance played with bone objects were developed in Egypt. Cubical dice with
markings virtually identical to modern dice have been found in Egyptian tombs dating in
around 2000 B.C. Gambling with dice played an important part in the early development of
probability theory. Modern mathematical theory of probability is believed to have been
started by the French mathematicians Blaise Pascal (1623-1662) and Pierre Fermat (1601-
1665) when they worked on certain gambling problems involving dice. English mathemati-
cian Thomas Bayes (1702-1761) was first to use probability inductively and established a
mathematical basis for probability inference, leading to what is now known as Bayes' theo-
rem. The theory of probability has developed steadily since then and has been widely ap-
plied in diverse fields of study. There are many good textbooks on probability theory. The

, , ,x x x�
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P(x) Encoder

Channel
P(z|y)
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, , ,y y y�
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book by DeGroot [6] is an excellent textbook for both probability and statistics which covers
all the necessary elements for engineering majors. The authors also recommend [14], [19],
or [24] for interested readers.

Estimation theory is a basic subject in statistics covered in textbooks. The books by
DeGroot [6], Wilks [26] and Hoel [13] offer excellent discussions of estimation theory.
They all include comprehensive treatments for maximum likelihood estimation and Bayes-
ian estimation. Maximum likelihood estimation was introduced by in 1912 R. A. Fisher
(1890-1962) and has been applied to various domains. It is arguably the most popular pa-
rameter estimation method due to its intuitive appeal and excellent performance with large
training samples. The EM algorithm in Chapter 4 and the estimation of hidden Markov
models in Chapter 8 are based on the principle of MLE. The use of prior distribution in
Bayesian estimation is very controversial in statistics. Some statisticians adhere to the
Bayesian philosophy of statistics by taking the Bayesian estimation' view of the parameter
Φ having a probability distribution. Others, however, believe that in many problems Φ is
not a random variable but rather a fixed number whose value is unknown. Those statisticians
believe that a prior distribution can be assigned to a parameter Φ only when there is exten-
sive prior knowledge of the past; thus the non-informative priors are completely ruled out.
Both groups of statisticians agree that whenever a meaningful prior distribution can be ob-
tained, the theory of Bayesian estimation is applicable and useful. The books by DeGroot [6]
and Poor[20] are excellent for learning the basics of Bayesian and MAP estimations. Bayes-
ian and MAP adaptation are particularly powerful when the training samples are sparse.
Therefore, they are often used for adaptation where the knowledge of prior distribution can
help to adapt the model to a new but limited training set. The speaker adaptation work done
by Brown et al. [2] first applied Bayesian estimation to speech recognition and [9] is another
good paper on using MAP for hidden Markov models. References [4], [16] and [14] have
extensive studies of different conjugate prior distributions for various standard distributions.
Finally, [1] has an extensive reference for Bayesian estimation.

Significance testing is an essential tool for statisticians to interpret all the statistical
experiments. Neyman and Person provided some of the most important pioneering work in
hypotheses testing [18]. There are many different testing methods presented in most statis-
tics book. The 2χ test, invented in 1900 by Karl Pearson, is arguably the most widely used

testing method. Again, the textbook by DeGroot [6] is an excellent source for the basics of
testing and various testing methods. The authors recommend [7] as an interesting book that
uses many real-world examples to explain statistical theories and methods, particularly the
significance testing.

Information theory first appeared in Claude Shannon's historical paper: A Mathemati-
cal Theory of Communication [21]. In it, Shannon, analyzed communication as the transmis-
sion of a message from a source through a channel to a receiver. In order to solve the prob-
lem he created a new branch of applied mathematics - information and coding theory. IEEE
published a collection of Shannon's papers [23] containing all of his published works, as
well as many that have never been published. Those published include his classic papers on
information theory and switching theory. Among the unpublished works are his once-secret
wartime reports, his Ph.D. thesis on population genetics, unpublished Bell Labs memoranda,
and a paper on the theory of juggling. The textbook by McEliece [17] is excellent for learn-
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ing all theoretical aspects of information and coding theory. However, it might be out of
print now. Instead, the books by Hamming [12] and Cover [3] are two current great refer-
ences for information and coding theory. Finally, F. Jelinek's Statistical Methods for Speech
Recognition [15] approaches the speech recognition problem from an information-theoretic
aspect. It is a useful book for people interested in both topics.
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