CHAPTER 12

Basic Search Algorithms

Conti nuous speech recognition (CSR) is both
a pattern recognition and search problem. As described in previous chapters, the acoustic
and language models are built upon a statistical pattern recognition framework. In speech
recognition, making a search decision is also referred to as decoding. In fact, decoding got
its name from information theory (see chapter 3) where the idea is to decode a signal that
has presumably been encoded by the source process and has been transmitted through the
communication channel, as depicted in Figure 1.1. In this chapter, we first review the gen-
eral decoder architecture that is based on such a source-channel model.

The decoding process of a speech recognizer isto find a sequence of words whose cor-
responding acoustic and language models best match the input signal. Therefore, the process
of such a decoding process with trained acoustic and language models is often referred to as
just a search process. Graph search algorithms have been explored extensively in the fields
of artificia intelligence, operation research, and game theory. In this chapter we present
several basic search algorithms, which serve as the basic foundation for CSR.

585



586 Basic Search Algorithms

The complexity of a search algorithm is highly correlated with the search space, which
is determined by the constraints imposed by the language models. We discuss the impact of
different language models, including finite-state grammars, context-free grammars, and n-
grams.

Speech recognition search is usually done with the Viterbi or A* stack decoders. The
reasons for choosing the Viterbi decoder involve arguments that point to speech as a | eft-to-
right process and to the efficiencies afforded by a time-synchronous process. The reasons for
choosing a stack decoder involve its ability to more effectively exploit the A* criteria, which
holds out the hope of performing an optimal search as well as the ability to handle huge
search spaces. Both algorithms have been successfully applied to various speech recognition
systems. The relative meritsof both search algorithms were quite controversia in the 1980s.
Lately, with the help of efficient pruning techniques, Viterbi beam search (described in de-
tail in Chapter 13) has been the preferred method for almost all speech recognition tasks.
Stack decoding, on the other hand, remains an important strategy to uncover the n-best and
lattice structures.

12.1. BASIC SEARCH ALGORITHMS

Search is a subject of interest in artificial intelligence and has been well studied for
expert systems, game playing, and information retrieval. We discuss several general graph
search methods that are fundamental to spoken language systems. Although the basic con-
cept of graph search algorithms is independent of any specific task, the efficiency often de-
pends on how we exploit domain-specific knowledge.

The idea of search implies moving around, examining things, and making decisions
about whether the sought object has yet been found. In general, search problems can be rep-
resented using the state-space search paradigm. It is defined by atriplet (S, O, G), where S
isaset of initial states, O a set of operators (or rules) applied on a state to generate a transi-
tion with its corresponding cost to another state, and G a set of goal states. A solution in the
state-space search paradigm consists in finding a path from an initial state to a goal state.
The state-space representation is commonly identified with a directed graph in which each
node corresponds to a state and each arc to an application of an operator (or arule), which
transitions from one state to another. Thus the state-space search is equivalent to searching
through the graph with some objective function.

Before we present any graph search algorithms, we need to remind the readers of the
importance of the dynamic programming algorithm described in Chapter 8. Dynamic pro-
gramming should be applied whenever possible and as early as possible because (1) unlike
any heuristics, it will not sacrifice optimality; (2) it can transform an exponential search into
apolynomial search.

12.1.1. General Graph Searching Procedures

Although dynamic programming is a powerful polynomial search algorithm, many interest-
ing problems cannot be handled by it. A classical example is the traveling-salesman’ s prob-
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lem. We need to find a shortest-distance tour, starting at one of many cites, visiting each city
exactly once, and returning to the starting city. Thisis one of the most famous problems in
the NP-hard class [1, 32]. Another classical example is the N-queens problem (typically 8-
gueens), where the goal isto place N queenson an N xN chessboard in such away that no
gueen can capture any other queen; i.e., there is no more than one queen in any given row,
column, or diagonal. Many of these puzzles have the same characteristics. As we know, the
best algorithms currently known for solving the NP-hard problem are exponential in the
problem size. Most graph search algorithms try to solve those problems using heuristics to
avoid or moderate such a combinatorial explosion.

Figure 12.1 A highway distance map for cities S, A, B, C, D, E, F and G. The salesman needs
to find apath to travel from city Sto city G [42].

Let’'s start our discussion of graph search procedure with a simple city-traveling prob-
lem [42]. Figure 12.1 shows a highway distance map for al the cities. A salesman John
needs to travel from the starting city S to the end city G. One obvious way to find a path is
to derive a graph that allows orderly exploration of all possible paths. Figure 12.2 shows the
graph that traces out all possible paths in the city-distance map shown in Figure 12.1. Al-
though the city-city connection is bi-directional, we should note that the search graph in this
case must not contain cyclic paths, because they would not lead to any progress in this sce-
nario.

If we define the search space as the potential number of nodes (states) in the graph
search procedure, the search space for finding the optimal state sequence in the Viterbi algo-
rithm (described in Chapter 8) is N xT , where N is the number of states for the HMM and T
is length of the observation. Similary, the search space for John’s traveling problem will be
27.

Another important measure for a search graph is the branching factor, defined as the
average number of successors for each node. Since the number of nodes of a search graph
(or tree) grows exponentialy with base equal to this branching factor, we certainly need to
watch out for search graphs (or trees) with a large branching factor. Sometimes they can be
too big to handle (even infinite, asin game playing). We often trade the optimal solution for
improved performance and feasibility. That is, the goal for such search problems is to find
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one satisfactory solution instead of the optimal one. In fact, most Al (artifical intelligence)
search problems belong to this category.

The search tree in Figure 12.2 may be implemented either explicitly or implicitly. In
an explicit implementation, the nodes and arcs with their corresponding distances (or costs)
are explicitly specified by a table. However, an explicit implementation is clearly impracti-
cal for large search graphs and impossible for those with infinite nodes. In practice, most
parts of the graph may never be explored before a solution is found. Therefore, a sensible
strategy is to dynamically generate the search graph. The part that becomes explicit is often
referred to as an active search space. Throughout the discussion here, it isimportant to keep
in mind this distinction between the implicit search graph that is specified by the start node
S and the explicit partial search graphs that are actually constructed by the search algo-
rithm.

Figure 12.2 The search tree (graph) for the salesman problem illustrated in Figure 12.1. The
number next to each goal nodes is the accumulated distance from start city to end city [42].

To expand the tree, the term successor operator (or move generator, as it is often
called in game search) is defined as an operator that is applied to a node to generate all of
the successors of that node and to compute the distance associated with each arc. The suc-
cessor operator obviously depends on the topology (or rules) of the problem space. Expand-
ing the starting node S, and successors of S, ad infinitum, gradually makes the implicitly
defined graph explicit. This recursive procedure is straightforward, and the search graph
(tree) can be constructed without the extra book-keeping. However, this process would only
generate a search tree where the same node might be generated as a part of several possible
paths.

For example, node E is being generated in four different paths. If we are interested in
finding an optimal path to travel from Sto G, it is more efficient to merge those different
paths that lead to the same node E. We can pick the shortest path up to C, since everything
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following E is the same for the rest of the paths. This is consistent with the dynamic pro-
gramming principle — when looking for the best path from Sto G, al partia paths from Sto
any node E, other than the best path from Sto E, should be discarded. The dynamic pro-
gramming merge also eliminates cyclic paths implicitly, since a cyclic path cannot be the
shortest path. Performing this extra bookkeeping (merging different paths leading into the
same node) generates a search graph rather than a search tree.

Although a graph search has the potential advantage over a tree search of being more
efficient, it does require extra bookkeeping. Whether this effort is justified depends on the
individual problem one has to address.

Forward search explored area
_>

Backward search explored area

<4

Figure 12.3 A bad case for bi-directional search, where the forward search and the backward
search crossed each other [42].

Most search strategies search in a forward direction, i.e., build the search graph (or
tree) by starting with the initial configuration (the starting state S) from the root. In the gen-
eral Al literature, thisis referred to as forward reasoning [43], because it performs rule-base
reasoning by matching the left side of rules first. However, for some specific problem do-
mains, it might be more efficient to use backward reasoning [43], where the search graph is
built from the bottom up (the goal state G). Possible scenarios include:

[ There are moreinitial statesthan goal states. Obvioudly it is easy to start with a
small set of states and search for paths leading to one of the bigger sets of states.
For example, suppose the initial state S is the hometown for John in the city-
traveling problem in Figure 12.1 and the goa state G is an unfamiliar city for
him. In the absence of a map, there are certainly more locations (neighboring
cities) that John can identify as being close® to his home city Sthan those he can
identify as being close to an unfamiliar location. In asense, al of those locations
being identified as close to John’s home city S are equivalent to the initial state
S. This means John might want to consider reasoning backward from the unfa-
miliar goal city G for the trip planning.

! Being close means that, once John reaches one of those neighboring cities, he can easily remember the best path to
return home. It is similar to the killer book for chess play. Once the player reaches a particular board configuration,
he can follow the killer book for moves that can guarantee a victory.
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[0 The branching factor for backward reasoning is smaller than that for forward
reasoning. In this case it makes sense to search in the direction with lower
branching factor.

It is in principle possible to search from both ends simultaneously, until two partial
paths meet somewhere in the middle. This strategy is called bi-directional search [43]. Bi-
directional search seems particularly appealing if the number of nodes at each step grows
exponentially with the depth that needs to be explored. However, sometimes bi-directional
search can be devastating. The two searches may cross each other, as illustrated in Figure
12.3.

ALGORITHM 12.1: THE GRAPH-SEARCH ALGORITHM

1. Initialization: Put S in the OPEN list and create an initially empty CLOSE list

2. If the OPEN list is empty, exit and declare failure.

3. Pop up the first node N in the OPEN list, remove it from the OPEN list and put it into the
CLOSE list.

4. If node N is a goal node, exit successfully with the solution obtained by tracing back the path
along the pointers from Nto S,

5. Expand node N by applying the successor operator to generate the successor set SSN) of
node N. Be sure to eliminate the ancestors of N, from SN).

6. Jul SS(N) do

6a. (optional) If v O OPEN and the accumulated distance of the new path is smaller
than that for the one in the OPEN list, do
(i) change the traceback (parent) pointer of v to N and adjust the accumulated
distance for v .
(i) goto Step 7.
6b. (optional) If v OCLOSE and the accumulated distance of the new path is small
than the partial path ending atv in the CLOSE list, do
(i) change the trace back (parent) pointer of v to N and adjust the accumu-
lated distance for all paths that containv .
(i) goto Step 7.
6c. Create a pointer pointing to N and push it into the OPEN list
7. Reorder the OPEN list according to search strategy or some heuristic measurement.
8. Goto Step 2.

The process of explicitly generating part of an implicitly defined graph forms the es-
sence of our general graph search procedure. The procedure is summarized in Algorithm
12.1. It maintains two lists: OPEN, which stores the nodes waiting for expansion; and
CLOSE, which stores the already expanded nodes . Steps 6a and 6b are basically the book-
keeping process to merge different paths going into the same node by picking the one that
has the minimum distance. Step 6a handles the case where v isin the OPEN list and thusis
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not expanded. The merging process is straightforward, with a single comparison and change
of trace-back pointer if necessary. However, when v isin the CLOSE list and thus is al-
ready expanded in Step 6b, the merging requires additional forward propagation of the new
scoreif the current path is found to be better than the best subpath already in the CLOSE list.
This forward propagation could be very expensive. Fortunately, most of the search strategy
can avoid such a procedure if we know that the already expanded node must belong in the
best path leading to it. We discuss thisin Section 12.5.

As described earlier, it may not be worthwhile to perform bookkeeping for a graph
search, so Steps 6a and 6b are optional. If both steps are omitted, the graph search algorithm
described above becomes a tree search algorithm. To illustrate different search strategies,
tree search is used as the basic graph search algorithm in the sections that follows. However,
you should note that all the search methods described here could be easily extended to graph
search with the extra bookkeeping (merging) process as illustrated in Steps 6a and 6b of
Algorithm 12.1.

12.1.2.  Blind Graph Search Algorithms

If the aim of the search problem is to find an acceptable path instead of the best path, blind
search is often used. Blind search treats every node in the OPEN list the same and blindly
decides the order to be expanded without using any domain knowledge. Since blind search
treats every node equally, it is often referred to as uniform search or exhaustive search, be-
cause it exhaustively tries out all possible paths. In Al, people are typically not interested in
blind search. However, it does provide a lot of insight into many sophisticated heuristic
search algorithms. Y ou should note that blind search does not expand nodes randomly. In-
stead, it follows some systematic way to explore the search graph. Two popular types of
blind search are depth-first search and breadth-first search.

12.1.2.1. Depth-First Search

When we are in a maze, the most natural way to find a way out is to mark the branch we
take whenever we reach a branching point. The marks allow us to go back to a choice point
with an unexplored alternative; withdraw the most recently made choice and undo all conse-
guences of the withdrawn choice whenever a dead end is reached. Once the aternative
choice is selected and marked, we go forward based on the same procedure. This intuitive
search strategy is called backtracking. The famous N-queens puzzle [32] can be handily
solved by the backtracking strategy.

Depth-first search picks an arbitrary aternative at every node visited. The search
sticks with this partial path and works forward from the partial path. Other aternatives at the
same level are ignored completely (for the time being) in the hope of finding a solution
based on the current choice. This strategy is equivalent to ordering the nodes in the OPEN
list by their depth in the search graph (tree). The deepest nodes are expanded first and nodes
of equal depth are ordered arbitrarily.
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Although depth-first search hopes the current choice leads to a solution, sometimes the
current choice could lead to a dead-end (a node which is neither a goal node nor can be ex-
panded further). In fact, it is desirable to have many short dead-ends. Otherwise the algo-
rithm may search for a very long time before it reaches a dead-end, or it might not ever
reach a solution if the search space is infinite. When the search reaches a dead-end, it goes
back to the last decision point and proceeds with another aternative.

Figure 12.4 shows all the nodes being expanded under the depth-first search algorithm
for the city-traveling problem illustrated in Figure 12.1. The only differences between the
graph search and the depth-first search algorithms are:

1. The graph search agorithm generates all successors at a time (although all
except one are ignored first), while backtracking generates only one succes-
sor at atime.

2. The graph search, when successfully finding a path, saves only one path from
the starting node to the goal node, while depth-first search in general saves
the entire record of the search graph.

Figure 12.4 The node-expanding procedure of the depth-first search for the path search prob-
lemin Figure 12.1. When it fails to find the god city in node C, it backtracks to the parent and
continues the search until it finds the goa city. The gray nodes are those that explored. The
dotted nodes are not visited during the search [42].

Depth-first search could be dangerous because it might search an impossible path that
is actually an infinite dead end. To prevent exploring of paths that are too long, a depth
bound can be placed to constraint the nodes to be expanded, and any node reaching that
depth limit istreated as aterminal node (asif it had no successor).

The general graph search algorithm can be modified into a depth-first search algorithm
asillustrated in Algorithm 12.2.
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ALGORITHM 12.2 THE DEPTH-FIRST SEARCH ALGORITHM

1. Initialization; Put S in the OPEN list and create an initially empty the CLOSE list
2. If the OPEN list is empty, exit and declare failure.
3. Pop up the first node N in the OPEN list, remove it from the OPEN list and put it into the
CLOSE list.
4. If node N is a goal node, exit successfully with the solution obtained by tracing back the path
along the pointers from N to S.
4a. If the depth of node N is equal to the depth bound, goto Step 2.
5. Expand node N by applying the successor operator to generate the successor set SS(N) of
node N. Be sure to eliminate the ancestors of N, from SS(N).
6. Ovl SS(N) do
6¢. Create a pointer pointing to N and push it into the OPEN list

7. Reorder the the OPEN list in descending order of the depth of the nodes.
8. Goto Step 2.

12.1.2.2. Breadth-first Search

One natural aternative to the depth frist search strategy is breadth-first search. Breadth-first
search examines all the nodes on one level before considering any of the nodes on the next
level (depth). As shown in Figure 12.5, node B would be examined just after node A. The
search moves on level-by-level, finally discovering G on the fourth level.

Figure 12.5 The node-expanding procedure of a breadth-first search for the path search prob-
lem in Figure 12.1. It searches through each level until the goa is identified. The gray nodes
are those that are explored. The dotted nodes are not visited during the search [42].
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Breadth-first search is guaranteed to find a solution if one exists, assuming that a finite
number of successors (branches) always follow any node. The proof is straightforward. If
there is a solution, its path length must be finite. Let’s assume the length of the solution is
M. Breadth-first search explores all paths of the same length increasingly. Since the number
of paths of fixed length N is always finite, it eventually explores all paths of length M. By
that time it should find the solution.

It is also easy to show that a breadth-first search can work on a search tree (graph)
with infinite depth on which an unconstrained depth-first search will fail. Although a
breadth-first might not find a shortest-distance path for the city-travel problem, it is guaran-
teed to find the one with fewest cities visited (minimum-length path). In some cases, it isa
very desirable solution. On the other hand, a breadth-first search may be highly inefficient
when al solutions leading to the goal node are at approximately the same depth. The
breadth-first search algorithm is summarized in Algorithm 12.3.

ALGORITHM 12.3: THE BREADTH-FIRST SEARCH ALGORITHM

1. Initialization; Put S in the OPEN list and create an initially empty the CLOSE list
2. If the OPEN list is empty, exit and declare failure.
3. Pop up the first node N in the OPEN list, remove it from the OPEN list and put it into the
CLOSE list.
4. If node N is a goal node, exit successfully with the solution obtained by tracing back the path
along the pointers from N to S.
5. Expand node N by applying the successor operator to generate the successor set SS(N) of
node N. Be sure to eliminate the ancestors of N, from SS(N).
6. 0vl SS(N) do
6c. Create a pointer pointing to N and push it into the OPEN list
7. Reorder the OPEN list in increasing order of the depth of the nodes
8. Goto Step 2.

12.1.3. Heuristic Graph Search

Blind search methods, like depth-first search and breadth-first search, have no sense (or
guidance) of where the goal node lies ahead. Consequently, they often spend a lot of time
searching in hopeless directions. If there is guidance, the search can move in the direction
that is more likely to lead to the goal. For example, you may want to find a driving route to
the World Trade Center in New Y ork. Without a map at hand, you can still use a straight-
line distance estimated by eye as a hint to see if you are closer to the goal (World Trade
Center). This hill-climbing style of guidance can help you to find the destination much more
efficiently.

Blind search only finds one arbitrary solution instead of the optimal solution. To find
the optimal solution with depth-first or breadth-first search, you must not stop searching
when the first solution is discovered. Instead, the search needs to continue until it reaches all
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the solutions, so you can compare them to pick the best. This strategy for finding the optimal
solution is called British Museum search or brute-force search. Obvioudly, it is unfeasible
when the search space islarge. Again, to conduct selective search and yet till be able to find
the optimal solution, some guidance on the search graph is necessary.

The guidance obviously comes from domain-specific knowledge. Such knowledge is
usually referred to as heuristic information, and search methods taking advantage of it are
called heuristic search methods. There is usually a wide variety of different heuristics for
the problem domain. Some heuristics can reduce search effort without sacrificing optimality,
while other can greatly reduce search effort but provide only sub-optimal solutions. In most
practical problems, the choice of different heuristicsis usually a tradeoff between the quality
of the solution and the cost of finding the solution.

Heuristic information works like an evaluation function h(N) that maps each node N
to a real number, and which serves to indicate the relative goodness (or cost) of continuing
the search path from that node. Since in our city-travel problem, straight-line distance is a
natural way of measuring the goodness of a path, we can use the heuristic function h(N) for

the distance evaluation as:
h(N)=Heuristic estimate of the remaining distance from node N to goal G (12.1)

Since g(N), the distance of the partial path to the current node N is generally known, we
have:

g(N)=The distance of the partial path already traveled fromroot StonodeN  (12.2)

We can define a new heuristic function, f(N), which estimates the total distance for the
path (not yet finished) going through node N.

f(N)=g(N)+h(N) (12.3)

A heuristic search method basically uses the heuristic function f(N) to re-order the

OPEN list in the Step 7 of Algorithm 12.1. The node with the best heuristic value is ex-
plored first (expanded first). Some heuristic search strategies also prune some unpromising
partial paths forever to save search space. Thisis why heuristic search is often referred to as
heuristic pruning.

The choice of the heuristic function is critical to the search results. If we use one that
overestimates the distance of some nodes, the search results may be suboptimal. Therefore,
heuristic functions that do not overestimate the distance are often used in search methods
aiming to find the optimal solution.

To close this section, we describe two of the most popular heuristic search methods: .
best-first (or A" Search) [32, 43] and beam search [43]. They are widely used in many com-
ponents of spoken language systems.
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12.1.3.1. Best-First (A" Search)

Once we have a reasonable heuristic function to evaluate the goodness of each node in the
OPEN list, we can explore the best node (the node with smallest f (N) value) first, since it
offers the best hope of leading to the best path. This natural search strategy is called best-
first search. To implement best-first search based on the Algorithm 12.1, we need to first
evaluate f(N) for each successor before putting the successors in the OPEN list in Step 6.

We also need to sort the elementsin the OPEN list based on f(N) in Step 7, so that the best

node is in the front-most position waiting to be expanded in Step 3. The modified procedure
for performing best-first search isillustrated in Algorithm 12.4. To avoid duplicating nodes
in the OPEN list, we include Steps 6a and 6b to take advantage of the dynamic programming
principle. They perform the needed bookkeeping process to merge different paths leading
into the same node.

ALGORITHM 12.4: THE BEST-FIRST SEARCH ALGORITHM

1. Initialization; Put S in the OPEN list and create an initially empty the CLOSE list
2. If the OPEN list is empty, exit and declare failure.
3. Pop up the first node N in the OPEN list, remove it from the OPEN list and put it into the
CLOSE list.
4. If node N is a goal node, exit successfully with the solution obtained by tracing back the path
along the pointers from N to S.
5. Expand node N by applying the successor operator to generate the successor set SS(N) of
node N. Be sure to eliminate the ancestors of N, from SS(N).
6. 0vl SS(N) do
6a. (optional) If v O OPEN and the accumulated distance of the new path is smaller

than that for the one in the the OPEN list, do

() Change the traceback (parent) pointer of v to N and adjust the
accumulated distance for v .

(i) Evaluate heuristic function f (v) for v and goto Step 7.

6b. (optional) If v OCLOSE and the accumulated distance of the new path is small
than the partial path ending atv in the the CLOSE list,
(i) Change the traceback (parent) pointer of v to N and adjust the accumu-
lated distance and heuristic function f for all the path containing v .

(i) goto Step 7.
| 6c. Create a pointer pointing to N and push it into the OPEN list

7. Reorder the the OPEN list in the increasing order of the heuristic function f (N)
8. Goto Step 2.
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A search algorithm is said to be admissible if it can guarantee to find an optimal solu-
tion, if one exists. Now we show that if the heuristic function h(N) of estimating the re-

maining distance from N to goal node G is not an underestimate? of the true distance from
N to goal node G, the best-first search illustrated in Algorithm 12.4 is admissible. In fact,
when h(N) satisfies the above criterion, the best-first algorithm is called A” (pronounced as

/eh/-star) Search.
The proof can be carried out informally as follows. When the frontmost node in the
OPEN list isthe goal node G in Step 4, it immediately implies that

Oul OPEN (5 (& 9@ hG 9(G) (12.4)

Equation (12.4) says that the distance estimate of any incomplete path are no shorter
than the first found complete path. Since the distance estimate for any incomplete path is
underestimated, the first found complete path in Step 4 must be the optimal path. A similar
argument can also be used to prove that the Step 6b is actually not necessary for admissible
heuristic functions; that is, there cannot be another path with a shorter distance from the
starting node to a node that has been expanded. This is a very important feature since Step
6b isin general very expensive and it requires significant updates of many already expanded
paths.

The A" search method is actually a family of search algorithms. When h(N) =0 for

al N, the search degenerates into an uninformed search® [40]. In fact, this type of unin-
formed search is the famous branch-and-bound search agorithm that is often used in many
operations research problems. Branch-and-bound search always expands the shortest path
leading into an open node until there is a path reaching the goal that is of length no longer
than all incomplete paths terminating at open nodes. If g(N) is further defined as the depth

of the node N, the use of heuristic function f (N) makes the search method identical to

breadth-first search. In Section 12.1.2.2, we mention that breadth-first search is guaranteed
to find minimum length path. This can certainly be derived from the admissibility of the A
search method.

When the heuristic function is close to the true remaining distance, the search can usu-
ally find the optimal solution without too much effort. In fact, when the true remaining dis-
tances for all nodes are known, the search can be done in a totally greedy fashion without
any search at al; i.e., the only path explored is the solution. Any non-zero heuristic function
is then called an informed heuristic function, and the search using such a function is called
informed search. A heuristic function h, is said to be more informed than a heuristic func-

tion h, if the estimate h, is everywhere larger than h, and yet still admissible (underesti-

mate). Finding an informed admissible heuristic function (guaranteed to underestimate for
all nodes) isin general a difficult task. The heuristic often requires extensive analysis of the
domain-specific knowledge and knowledge representation.

2 For admissibility, we actually require only that the heuristic function not overestimate the distance from N to G.
Sinceit isvery rare to have an exact estimate, we use underestimate throughout this chapter without loss of general-
ity. Sometimes we refer to an underestimate function as a lower-bound estimate of the true value.

% In some literature an uninformed search is referred to as uniform-cost search.
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Figure 12.6 Initial and goal configurations for the 8-puzzle problem.

Let's look at a simple example — the 8-puzzle problem. The 8-puzzle consists of eight
numbered, movable tiles set ina 3x3 frame. One cell of this frame is aways empty, soitis
possible to move an adjacent numbered tile into the empty cell. A solution for the 8-puzzle
is to find a sequence of moves to change the initial configuration into a given goa configu-
ration as shown in Figure 12.6. One choice for an informed admissible heuristic function h,

is the number of misplaced tiles associated with the current configuration. Since each mis-
placed tile needs to move at least once to be in the right position, this heuristic function is
clearly alower bound of the true movements remaining. Based on this heuristic function, the
value for the initial configuration will be 7 in Figure 12.6. If we examine this problem fur-
ther, a more informed heuristic function h, can be defined as the sum of all row and column

distances of al misplaced tiles and their goal positions. For example, the row and column
distance between the tile 8 in the initia configuration and the goal positionis 2 + 1= 3 which
indicates that one must to move tile 8 at least 3 times in order for it to be in the right posi-
tion. Based on the heuristic function h,, the value for the initial configuration will be 16 in
Figure 12.6, s0 h, isagain admissible.

In our city-travel problem, one natural choice for the underestimating heuristic func-
tion of the remaining distance between node N and goal G is the straight-line distance since
the true distance must be no shorter than the straight-line distance.

Figure 12.7 shows an augmented city-distance map with straight-line distance to goal
node attached to each node. Accordingly, the heuristic search tree can be easily constructed
for improved efficiency. Figure 12.8 shows the search progress of applying the A" search
algorithm for the city-traveling problem by using the straight-line distance heuristic function
to estimate the remaining distances.
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Figure 12.7 The city-travel problem augmented with heuristic information. The numbers be-
side each node indicate the straight-line distance to the goa node G [42].

Figure 12.8 The search progress of applying A" search for the city-travel problem. The search
determines that path S-A-C-E-G is the optimal one. The number beside the node is f values on
which the sorting of the OPEN list is based [42].

12.1.3.2. Beam Search

Sometimes, it isimpossible to find any effective heuristic estimate, as required in A* search,
particularly when there is very little (or no) information about the remaining paths. For ex-
ample, in real-time speech recognition, there islittle information about what the speaker will
utter for the remaining speech. Therefore, an efficient uninformed search strategy is very
important to tackle this type of problem.
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Breadth-first style search is an important strategy for heuristic search. A breadth-first
search virtually explores al the paths with the same depth before exploring deeper paths. In
practice, paths of the same depth are often easier to compare. It requires fewer heuristics to
rank the goodness of each path. Even with uninformed heuristic function (h(N) =0), the

direct comparison of g (distance so far) of the paths with the same length should be a rea-

sonable choice.

Beam search isawidely used search technique for speech recognition systems [26, 31,
37]. It is a breadth-first style search and progresses along with the depth. Unlike traditional
breadth-first search, however, beam search only expands nodes that are likely to succeed at
each level. Only these nodes are kept in the beam, and the rest are ignored (pruned) for im-
proved efficiency.

In general, a beam search only keeps up to w best paths at each stage (level), and the
rest of the paths are discarded. The number w is often referred to as beam width. The num-
ber of nodes explored remains manageable in beam search even if the whole search space is
gigantic. If a beam width w is used in a beam search with an average branching factor b,
only wxb nodes need to be explored at any depth, instead of the exponential number
needed for breadth-first search. Suppose that a beam width of 2 is used for the city-travel
problem and the same kind of heuristic function (straight-line distance) is used; Figure 12.9
illustrates how beam search progresses to find the path. We can aso see that the beam
search saved alarge number of unneeded nodes, as shown by the dotted lines.

Figure 12.9 Beam search for the city-travel problem. The nodes with gray color are the ones
kept in the beam. The dashed nodes were explored but pruned because of higher cost. The dot-
ted nodes indicate all the savings because of pruning [42].

The beam search agorithm can be easily modified from the breadth-first search algo-
rithm and isillustrated in Algorithm 12.5. For simplicity, we do not include the merging step
here. In Algorithm 12.5, Step 4 obviously requires sorting, which is time consuming if the
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number wxb is huge. In practice, the beam is usually implemented as a flexible list where
nodes are expanded if their heuristic functions f (N) are within some threshold (a.k.a beam

threshold) of the best node (the smallest value) at the same level. Thus, we only need to
identify the best node and then prune away nodes that are outside of the threshold. Although
this makes the beam size change dynamically, it significantly reduces the effort for sorting
of the Beam-Candidate list. In fact, by adjusting the beam threshold, the beam size can be
controlled indirectly and yet kept manageable.

Unlike A" search, beam search is an approximate heuristic search method that is not
admissible. However, it has a number of unique merits. Because of its simplicity in both its
search strategy and its requirement of domain-specific heuristic information, it has become
one of the most popular methods for complicated speech recognition problems. It is particu-
larly attractive when integration of different knowledge sources is required in a time-
synchronous fashion. It has the advantages of providing a consistent way of exploring nodes
level by level and of offering minimally needed communication between different paths. It
isalso very suitable for parallel implementation because of its breath-first search nature.

ALGORITHM 12.5: THE BEAM SEARCH ALGORITHM

1. Initialization; Put S in the OPEN list and create an initially empty the CLOSE list
2. If the OPEN list is empty, exit and declare failure.
3. ONJ OPEN do
3a. Pop up node N in the OPEN list, remove it from the OPEN list and put it into the
CLOSE list.
3b. If node N is a goal node, exit successfully with the solution obtained by tracing back
the path along the pointers from N to S.
3c. Expand node N by applying a successor operator to generate the successor set
SS(N) of node N. Be sure to eliminate the successors, which are ancestors of N, from SS(N).
3d. Ou1 SS(N) Create a pointer pointing to N and push it into Beam-Candidate list

4. Sort the Beam-Candidate list according to the heuristic function f(N) so that the best w

nodes can be push into the the OPEN list. Prune the rest of nodes in the Beam-Candidate list.
5. Goto Step 2.

12.2. SEARCH ALGORITHMSFOR SPEECH RECOGNITION

As described in Chapter 9, the decoder is basically a search process to uncover the word
seguence W = W,w,..w,, that has the maximum posterior probability P(W|X) for the given
acoustic observation X = X, X,...X, . Thatis,

P(W)P(X W)

W =argmax P(W | X) =arg max
gn (W[X) gn PCX)

=argmax P(W)P(X |W) (12.5)
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One obvious way is to search all possible word sequences and select the one with best poste-
rior probability score.

The unit of acoustic model P(X|W) is not necessary a word model. For large-
vocabulary speech recognition systems, subword models, which include phonemes, demisyl-
lables, and syllable are often used. When subword models are used, the word model P(X|W)
is then obtained by concatenating the subword models according to the pronunciation tran-
scription of the wordsin alexicon or dictionary.

When word models are available, speech recognition becomes a search problem. The
goal for speech recognition is thus to find a sequence of word models that best describes the
input waveform against the word models. As neither the number of words nor the boundary
of each word or phoneme in the input waveform is known, appropriate search strategies to
deal with these variable-length nonstationary patterns are extremely important.

When HMMs are used for speech recognition systems, the states in the HMM can be
expanded to form the state-search space in the search. In this chapter, we use HMMs as our
speech models. Although the HMM framework is used to describe the search algorithms, all
techniques mentioned in this and the following chapter can be used for systems based on
other modeling techniques, including template matching and neural networks. In fact, many
search techniques had been invented before HMMs were applied to speech recognition.
Moreover, the HMMs dtate transition network is actually general enough to represent the
general search framework for all modeling approaches.

12.2.1. Decoder Basics

The lessons learned from dynamic programming or the Viterbi algorithm introduced in
Chapter 8 tell us that the exponential blind search can be avoided if we can store some in-
termediate optimal paths (results). Those intermediate paths are used for other paths without
being recomputed each time. Moreover, the beam search described in the previous section
shows you that efficient search is possible if appropriate pruning is employed to discard
highly unlikely paths. In fact, all the search techniques use two strategies: sharing and prun-
ing. Sharing means that intermediate results can be kept, so that they can be used by other
paths without redundant re-computation. Pruning means that unpromising paths can be dis-
carded reliably without wasting time in exploring them further.

Search strategies based on dynamic programming or the Viterbi algorithm with the
help of clever pruning, have been applied successfully to a wide range of speech recognition
tasks [31], ranging from small-vocabulary tasks, like digit recognition, to unconstraint large-
vocabulary (more than 60,000 words) speech recognition. All the efficient search algorithms
we discuss in this chapter and the next are considered as variants of dynamic programming
or the Viterbi search algorithm.

In Section 12.1, cost (distance) is used as the measure of goodness for graph search al-
gorithms. With Bayes' formulation, searching the minimum-cost path (word sequence) is
equivalent to finding the path with maximum probability. For the sake of consistency, we
use the inverse of Bayes' posterior probability as our objective function. Furthermore, loga-
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rithms are used on the inverse posterior probability to avoid multiplications. That is, the fol-
lowing new criterion is used to find the optimal word sequence W :

C(W |X) = Iog{ = ~log[ P(W)P(X | W)] (12.6)

1
P(W)P(X W) }

W = argmin C(W |X) (12.7)
W

For simplicity, we also define the following cost measures to mirror the likelihood for
acoustic models and language models:

C(X |W) = ~log[P(X | W)] (12.8)

C(W) = ~log[P(W)] (12.9)

12.2.2. Combining Acoustic And L anguage Models

Although Bayes' equation [Eq. (12.5)] suggests that the acoustic model probability (condi-
tional probability) and language model probability (prior probability) can be combined
through simple multiplication, in practice some weighting is desirable. For example, when
HMMs are used for acoustic models, the acoustic probability is usually underestimated, ow-
ing to the fallacy of the Markov and independence assumptions. Combining the language
model probability with an underestimated acoustic model probability according to Eq. (12.5)
would give the language model too little weight. Moreover, the two quantities have vastly
different dynamic ranges particularly when continuous HMMs are used. One way to balance
the two probability quantities is to add a language model weight LW to raise the language
model probability P(W) to that power P(W)"" [4, 25]. The language model weight LW is
typically determined empirically to optimize the recognition performance on a development
set. Since the acoustic model probabilities are underestimated, the language model weight
LW istypicaly >1.

Language model probability has another function as a penalty for inserting a new word
(or existing words). In particular, when a uniform language model (every word has a equal
probability for any condition) is used, the language model probability here can be viewed as
purely the penalty of inserting a new word. If this penalty is large, the decoder will prefer
fewer longer words in general, and if this penalty is small, the decoder will prefer a greater
number of shorter words instead. Since varying the language model weight to match the
underestimated acoustic model probability will have some side effect of adjusting the pen-
alty of inserting a new word, we sometimes use another independent insertion penalty to
adjust the issue of longer or short words. Thus the language model contribution will be-
COMmes:
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P(W)-W 1PN (12.10)

where IP is the insertion penalty (generally 0< 1P <1.0) and N(W) is the number of words
in sentence W. According to Eqg. (12.10), insertion penalty is generally a constant that is
added to the negative-logarithm domain when extending the search to another new word. In
Chapter 9, we described how to compute errors in a speech recognition system and intro-
duced three types of error: substitutions, deletions and insertions. Insertion penalty is so
named because it usually affects only insertions. Similar to language model weight, the in-
sertion penalty is determined empirically to optimize the recognition performance on a de-
velopment set.

12.2.3. Isolated Word Recognition

With isolated word recognition, word boundaries are known. If word HMMs are available,
the acoustic model probability P(X|W) can be computed using the forward algorithm intro-
duced in Chapter 8. The search becomes a simple pattern recognition problem, and the word

W with highest forward probability is then chosen as the recognized word. When subword
models are used, word HMMs can be easily constructed by concatenating corresponding
phoneme HMMs or other types of subword HMMs according to the procedure described in
Chapter 9.

12.2.4.  Continuous Speech Recognition

Search in continuous speech recognition is rather complicated, even for a small vocabulary,
since the search algorithm has to consider the possibility of each word starting at any arbi-
trary time frame. Some of the earliest speech recognition systems took a two-stage approach
towards continuous speech recognition, first hypothesizing the possible word boundaries and
then using pattern matching techniques for recognizing the segmented patterns. However,
due to significant cross-word co-articulation, there is no reliable segmentation algorithm for
detecting word boundaries other than doing recognition itself.

Let's illustrate how you can extend the isolated-word search technique to continuous
speech recognition by a simple example, as shown in Figure 12.10. This system contains
only two words, w; and w,. We assume the language model used here is an uniform unigram
(P(w) =P(w,) =/2).

It is important to represent the language structures in the same HMM framework. In
Figure 12.10, we add one starting state S and one collector state C. The starting state has a
null transition to the initial state of each word HMM with corresponding language model
probability (1/2 in this case). The fina state of each word HMM has a null transition to the
collector state. The collector state then has a null transition back to the starting state in order
to allow recursion. Similar to the case of embedding the phoneme (subword) HMMs into the
word HMM for isolated speech recognition, we can embed the word HMMs for w; and w,
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into a new HMM corresponding to structure in Figure 12.10. Thus, the continuous speech
search problem can be solved by the standard HMM formulations.

HMM of

Figure 12.10 A simple example of continuous speech recognition task with two words w; and
w,. A uniform unigram language model is assumed for these words. State S is the starting state
while state C isacollector state to save full expanded links between every word pairs.
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Figure 12.11 HMM trellis for continuous speech recognition example in Figure 12.10. When
the fina state of the word HMM s reached, a null arc (indicated by a dashed line) is linked
fromit to theinitial state of the following word.

The composite HMMs shown in Figure 12.10 can be viewed as a stochastic finite state
network with transition probabilities and output distributions. The search algorithm is essen-
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tially producing a match between the acoustic the observation X and a path* in the stochastic
finite state network. Unlike isolated word recognition, continuous speech recognition needs

to find the optimal word sequence W . The Viterbi algorithm is clearly a natural choice for

this task since the optimal state sequence S corresponds to the optimal word sequence W.
Figure 12.11 shows the HMM Viterbi trellis computation for the two-word continuous
speech recognition example in Figure 12.10. There is a cell for each state in the stochastic
finite state network and each time frame t in the trellis. Each cell C,, in the trellis can be

connected to a cell corresponding to timet or t+1 and to states in the stochagtic finite state
network that can be reached from s. To make a word transition, there is a null transition to
connect the final state of each word HMM to the initial state of the next word HMM that can
be followed. The trellis computation is done time-synchronously from left to right; i.e., the
each cell for timet is completely computed before proceeding to time t+1.

12.3. LANGUAGE MODEL STATES

The state-space is a good indicator of search complexity. Since the HMM representation for
each word in the lexicon is fixed, the state-space is determined by the language models. Ac-
cording to Chapter 11, every language model (grammar) is associated with a state machine
(automata). Such a state machine is expanded to form the state-space for the recognizer. The
states in such a state machine are referred to as language models states. For simplicity, we
will use the concepts of state-space and language model states interchangeably. The expan-
sion of language model states to HMM states will be done implicitly. The language model
states for isolated word recognition are trivial. They are just the union of the HMM states of
each word. In this section we look at the language model states for various grammars for
continuous speech recognition.

12.3.1.  Search Spacewith FSM and CFG

As described in Chapter 8, the complexity for the Viterbi algorithm is O(N°T)where N is

the total numberof states in the composite HMM and T is the length of input observation. A
full time-synchronous Viterbi search is quite efficient for moderate tasks (vocabulary <
500). We have already demonstrated in Figure 12.11 how to search for a two-word continu-
ous speech recognition task with a uniform language model. The uniform language model,
which alows al words in the vocabulary to follow every word with the same probability, is
suitable for connected-digit task. In fact, most small vocabulary tasks in speech recognition
applications usually use a finite state grammar (FSG).

Figure 12.12 shows a simple example of an FSM. Similar to the process described in
Section 12.2.3 and 12.2.4, each of the word arcs in an FSG can be expanded as a network of
phoneme (subword) HMMs. The word HMMs are connected with null transitions with the

4 A path here means a sequence of states and transitions.
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grammar state. A large finite state HMM network that encodes all the legal sentences can be
constructed based on the expansion procedure. The decoding process is achieved by per-
forming time-synchronous Viterbi search on this composite finite state HMM.

In practice, FSGs are sufficient for simple tasks. However, when an FSG is made to
satisfy the congtraints of sharing of different sub-grammars for compactness and support for
dynamic modifications, the resulting non-deterministic FSG is very similar to context-free
grammar (CFG) in terms of implementation. The CFG grammar consists of a set of produc-
tions or rules, which expand nonterminals into a sequence of terminals and nonterminals.
Nonterminals in the grammar tend to refer to high-level task specific concepts such as dates,
names, and commands. The terminals are words in the vocabulary. A grammar aso has a
non-terminal designated asits start state.

Although efficient parsing algorithms, like chart parsing (described in Chapter 11), are
available for CFG, they are not suitable for speech recognition, which requires left-to-right
processing. A context-free grammar can be formulated with a recursive transition network
(RTN). RTNs are more powerful and complicated than the finite state machines described in
Chapter 11 because they allow arc labels to refer to other networks as well as words. We use
Figure 12.13 to illustrate how to embed HMMs into a recursive transition network.

Wi It/
fah/ /silence/

o-8-8-8-0

/silence/
Iwl+fah/+ ff ————  (optional)

weather
population
/ : lattitude :

Figure 12.12 An illustration of how to compile a speech recognition task with finite state
grammar into acomposite HMM.

Figure 12.13 isan RTN representation of the following CFG:
S- NP VP
NP_ sam | sam davis
VP - VERB tom
VERB - likes | hates
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There are three types of arcsin an RTN, as shown in Figure 12.13: CAT(X), PUSH (),
and POP(x). The CAT(X) arc indicates that x is a termina node (which is equivalent to a
word arc). Therefore, all the CAT(X) arcs can be expanded by the HMM network for x. The
word HMM can again be a composite HMM built from phoneme (or subword) HMMs.
Similar to the finite state grammar case in Figure 12.12, each grammar state acts as a state
with incoming and outgoing null transitions to connect word HMMs in the CFG.

PUSH(NP) PUSH(VP)
S

CAT (sam) CAT (davis) /mp\
NOEROE-O

CAT (Sam) CAT
CAT (likes) CAT (tom) pop
(X Ay Ty

VP:

CAT (hates)

Figure 12.13 An simple RTN example with three types of arcs: CAT(X), PUSH (x), POP.

During decoding, the search pursues several paths through the CFG at the same time.
Associated with each of the pathsis a grammar state that describes completely how the path
can be extended further. When the decoder hypothesizes the end of the current word of a
path, it asks the CFG module to extend the path further by one word. There may be several
alternative successor words for the given path. The decoder considers all the successor word
possibilities. This may cause the path to be extended to generate several more paths to be
considered ,each with its own grammar state.

Readers should note that the same word might be under consideration by the decoder
in the context of different paths and grammar states at the same time. For example, there are
two word arcs CAT (Sam) in Figure 12.13. Their HMM states should be considered as dis-
tinct states in the trellis because they are in completely different grammar states. Two differ-
ent states in the trellis also means that different paths going into these two states cannot be
merged. Since these two partial paths will lead to different successive paths, the search deci-
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sion needs to be postponed until the end of search. Therefore, when embedding HMMs into
word arcs in the grammar network, the HMM state will be assigned a new state identity,
although the HMM parameters (transition probabilities and output distributions) can till be
shared across different grammar arcs.

Each path consists of a stack of production rules. Each element of the stack also con-
tains the position within the production rule of the symbol that is currently being explored.
The search graph (trellis) started from the initial state of CFG (state S). When the path needs
to be extended, we look at the next arc (symbol in CFG) in the production. When the search
enters a CAT(X) arc (terminal), the path gets extended with the terminal, and the HMM trel-
lis computation is performed on the CAT(X) arc to match the model x against the acoustic
data. When the final state of the HMM for x is reached, the search moves on via the null
transition to the destination of the CAT(X) arc. When the search enters a PUSH(X) arc, it
indicates a nonterminal symbol x is encountered. In effect, the search is about to enter a sub-
network of x, the destination of the PUSH(X) arc is stored in alast-in first-out (LIFO) stack.
When the search reaches a POP arc that signals the end of the current network, the control
should jump back to the calling network. In the other words, the search returns to the state
extracted from the top of the LIFO stack. Finally, when we reach the end of the production
rule at the very bottom of the stack, we have reached an accepting state in which we have
seen a complete grammatical sentence. For our decoding purpose, that is the state we want
to pick asthe best score at the end of time frame T to get the search result.

The problem of connected word recognition by finite state or context-free grammarsis
that the number of states increases enormoudly when it is applied to more complex gram-
mars. Moreover it remains a challenge to generate such FSGs or CFGs from a large corpus,
either manually or automatically. As mentioned in Chapter 11, it is questionable whether
FSG or CFG is adequate to describe natural languages or unconstrained spontaneous lan-
guages. Instead, n-gram language models are often used for natural languages or uncon-
strained spontaneous languages. In the next section we investigate how to integrate various
n-grams into continuous speech recognition.

12.3.2.  Search Space with the Unigram

The simplest n-gram is the unigram that is memory-less and only depends on the current
word.

P(W) = |‘J P(w) (12.11)

Figure 12.14 shows such a unigram grammar network. The final state of each word
HMM is connected to the collector state by a null transition, with probability 1.0. The col-
lector state is then connected to the starting state by another null transition, with transition
probability equal to 1.0. For word expansion, the starting state is connected to the initial
state of each word HMM by a null transition, with transition probability equal to the corre-
sponding unigram probability. Using the collector state and starting state for word expansion
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alows efficient expansion because it first merges all the word-ending paths® (only the best
one survives) before expansion. It can cut the total cross-word expansion from N? to N.

Figure 12.14 A unigram grammar network where the unigram probability is attached as the
transition probability from starting state Sto the first state of each word HMM.

12.3.3.  Search Spacewith Bigrams

When the bigram is used, the probability of a word depends only on the immediately preced-
ing word. Thus, the language model scoreis:

P(W) = P(w, [<S >)|j P(W [ w.,) (12.12)

where <'s > represents the symbol of starting of a sentence.

Figure 12.15 shows a grammar network using a bigram language model. Because of
the bigram constraint, the merge-and-expand framework for unigram search no longer ap-
plies here. Instead, the bigram search needs to perform expand-and-merge. Thus, bigram
expansion is more expensive than unigram expansion. For a vocabulary size N, the bigram
would need N? word-to-word transitions in comparison to N for the unigram. Each word
transition has a transition probability equal to the correspondent bigram probability. Fortu-
nately, the total number of states for bigram search is till proportional to the vocabulary
sizeN.

® In graph search, a partial path still under consideration is also referred as a theory, although we will use paths
instead of theories in this book.
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PW, [W,)

P(W, |Wy)

PWy W)

Figure 12.15 A bigram grammar network where the bigram probability P(w; [w) is at-
tached as the transition probability fromword w to w; [19].

Because the search space for bigram is kept manageable, bigram search can be imple-
mented very efficiently. Bigram search is a good compromise between efficient search and
effective language models. Therefore, bigram search is arguably the most widely used
search technique for unconstrained large-vocabulary continuous speech recognition. Particu-
larly for the multiple-pass search techniques described in Chapter 13, a bigram search is
often used in the first pass search.

12.3.3.1. Backoff Paths

When the vocabulary size N is large, the total bigram expansion N® can become computa-
tionally prohibitive. As described in Chapter 11, only a limited number of bigrams are ob-
servable in any practical corpora for a large vocabulary size. Suppose the probabilities for
unseen bigrams are obtained through Katz's backoff mechanism. That is, for unseen bigram
P(w; [w),

P(w, [w) =a(w)P(w,) (12.13)

where a(w) isthe backoff weight for word w; .

Using the backoff mechanism for unseen bigrams, the bigram expansion can be sig-
nificantly reduced [12]. Figure 12.16 shows the new word expansion scheme. Instead of full
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bigram expansion, only observed bigrams are connected by direct word transitions with cor-
respondent bigram probabilities. For backoff bigrams, the last state of word w; is first con-

nected to a central backoff node with transition probability equal to backoff weight a(w;) .
The backoff node is then connected to the beginning of each word w; with transition prob-
ability equal to its corresponding unigram probability P(w;) . Readers should note that there
are now two paths from w to w; for an observed bigram P(w, |w) . One s the direct link
representing the observable bigram P(w; [w), and the other is the two-link backoff path
representing a(w;)P(w;) . For aword pair whose bigram exists, the two-link backoff path is

likely to be ignored since the backoff unigram probability is almost always smaller than the
observed bigram P(w; |w) . Suppose there are only N, different observable bigrams, this

scheme requires N, +2N instead of N? word transitions. Since under normal circum-
stance, N, << N?, this backoff scheme significantly reduce the cost of word expansion.

backoff node

i

Figure 12.16 Reducing bigram expansion in a search by using the backoff node. In additional
to normal bigram expansion arcs for all observed bigrams, the last state of word W is first

connected to a central backoff node with transition probability equal to backoff weight a(w) .
The backoff node is then connected to the beginning of each word w; with its corresponding
unigram probability P(w;) [12].

12.3.4. Search Spacewith Trigrams

For atrigram language model, the language model scoreis:

P(W) = P(w, [< s )P(w, |<s >,wl>|j P(W, | Wy, W) (12.14)



Language M odel States 613

The search space is considerably more complex, as shown in Figure 12.17. Since the equiva-
lence grammar class is the previous two words w andw. , the total number of grammar

statesis N?. From each of these grammar states, there is a transition to the next word [19].

Obvioudly, it is very expensive to implement large-vocabulary trigram search given
the complexity of the search space. It becomes necessary to dynamically generate the tri-
gram search graph (trellis) via a graph search algorithm. The other aternative isto perform a
multiple-pass search strategy, in which the first-pass search uses less detailed language
models, like bigrams to generate an n-best list or word lattice, and then a second pass de-
tailed search can use trigrams on a much smaller search space. Multiple-pass search strategy
is discussed in Chapter 13.

Figure 12.17 A trigram grammar network where the trigram probability P(w, [w,w;) is a-
tached to transition from grammar state word w; , w; to the next word w . lllustrated hereisa
two-word vocabulary, so there are four grammar states in the trigram network [19].

12.3.5. How to Handle Silences Between Words

In continuous speech recognition, there are unavoidable pauses (silences) between words or
sentences. The pause is often referred to as silence or a non-speech event in continuous
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speech recognition. Acoustically, the pause is modeled by a silence model® that models
background acoustic phenomena. The silence model is usually modeled with a topology
flexible enough to accommodate a wide range of lengths, since the duration of a pause is
arbitrary.

It can be argued that silences (pauses) are actually linguistic distinguishable events,
which contribute to prosodic and meaning representation. For example, people are likely to
pause more often in phrasal boundaries. However, these patterns are so far not well under-
stood for unconstrained natural speech (particularly for spontaneous speech). Therefore, the
design of almost al automatic speech recognition systems today allows silences (pauses)
occurring just about anywhere between two lexical tokens or between sentences. It is rela
tively safe to assume that people pause a little bit between sentences to catch breath, so the
silences between sentences are assumed mandatory while silences between words are op-
tional. In most systems, silence (any pause) is often modeled as a specia lexicon entry with
specia language model probability. This special language model probability is also referred
to as silence insertion penalty that is set to adjust the likelihood of inserting such an optional
silence between words.

Figure 12.18 Incorporating optiona silence (a non-speech event) in the grammar search net-
work where the grammar state connecting different words are replaced by two parallel paths.
Oneisthe origina null transition directly from one word to the other, while the other first goes
through the silence word to accommodate the optional silence.

It isrelatively straightforward to handle the optional silence between words. We need
only to replace al the grammar states connecting words with a small network like the one
shown in Figure 12.18. This arrangement is similar to that of the optional silence in training
continuous speech, described in Chapter 9. The small network contains two paralel paths.
One is the original null transition acting as the direct transition from one word to another,
while the other path will need to go through a silence model with the silence insertion pen-
alty attached in the transition probability before going to the next word.

¢ Some researchers extend the context-dependent modeling to silence models. In that case, there are severa silence
models based on surrounding contexts.
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One thing to clarify in the implementation of Figure 12.18 is that this silence expan-
sion needs to be done for every grammar state connecting words. In the unigram grammar
network of Figure 12.14, since there is only one collector node to connect words, the silence
expansion is required only for this collector node. On the other hand, in the bigram grammar
network of Figure 12.15, there is a collector node for every word before expanding to the
next word. In this case, the silence expansion is required for every collector node. For a vo-
cabulary size |V |, this means there are |V | numbers of silence networks in the grammar

search network. This requirement lies in the fact that in bigram search we cannot merge
paths before expanding into the next word. Optional silence can then be regarded as part of
the search effort for the previous word, so the word expansion needs to be done after finish-
ing the optional silence. Therefore, we treat each word having two possible pronunciations,
one with the silence at the end and one without. This viewpoint integrates silence in the
word pronunciation network like the example shown in Figure 12.19.

Jiv) Juw/

O »O

Figure 12.19 An example of treating silence is part of the pronunciation network of word
TWO. The shaded nodes represent possible word-ending nodes; one without silence and the
other one with silence.

For efficiency reasons, a single silence is sometimes used for large-vocabulary con-
tinuous speech recognition using higher order n-gram language model. Theoretically, this
could be a source of pruning errors.” However, the error could turn out to be so small asto
be negligible because there are, in general, very few pauses between word for continuous
speech. On the other hand, the overhead of using multiple silences should be very minimal
becauseitislesslikey to visit those silence models at the end of words due to pruning.

12.4. TIME-SYNCHRONOUSVITERBI BEAM SEARCH

When HMMs are used for acoustic models, the acoustic model score (likelihood) used in
search is by definition the forward probability. That is, all possible state sequences must be
considered. Thus,

PXIW)= > P(X,5 |W) (12.15)

all possibles)

where the summation is to be taken over all possible state sequences S with the word se-
guence W under consideration. However, under the trellis framework (as in Figure 12.11),

" Speech recognition errors due to sub-optimal search or heuristic pruning are referred to as pruning errors, which
will be described in detailsin Chapter 13.
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more bookkeeping must be performed since we cannot add scores with different word se-
guence history. Since the goal of decoding is to uncover the best word sequence, we could
approximate the summation with the maximum to find the best state sequence instead. The
Bayes decision rule, Eg. (12.5) becomes

\;V =argmax P(W)P(X | W) Oarg max[P(W) max P(X,s) | W) (12.16)
w w S]r

Equation (12.16) is often referred to as the Viterbi approximation. It can be literally
trandated to “the most likely word sequence is approximated by the most likely state se-
guence’. Viterbi search is then sub-optimal. Although the search results by using forward
probability and Viterbi probability could in principle be different, in practice this is rarely
the case. We use this approximation for the rest of this chapter.

The Viterbi search has already been discussed as a solution to one of the three funda-
mental HMM problems in Chapter 8. It can be executed very efficiently via the same trellis
framework. To briefly reiterate, the Viterbi search is a time-synchronous search algorithm
that completely processes time t before going on to time t+1. For time t, each state is up-
dated by the best score (instead of the sum of all incoming paths) from all statesin at time t-
1. Thisiswhy it is often called time-synchronous Viterbi search. When one update occurs, it
also records the backtracking pointer to remember the most probable incoming state. At the
end of search, the most probable state sequence can be recovered by tracing back these
backtracking pointers. The Viterbi algorithm provides an optimal solution for handling
nonlinear time warping between hidden Markov models and acoustic observation, word
boundary detection and word identification in continuous speech recognition. This unified
Viterbi search algorithm serves as the basis for all search algorithms as described in the rest
of the chapter.

It is necessary to clarify the backtracking pointer for time-synchronous Viterbi search
for continuous word recognition. We are generally not interested in the optimal state se-
quence for speech recognition.? Instead, we are only interested in the optimal word sequence
indicated by Eq. (12.16). Therefore, we use the backtrack pointer just to remember the word
history for the current path, so the optimal word sequence can be recovered at the end of
search. To be more specific, when we reach the fina state of a word, we create a history
node containing the word identity and current time index and append this history node to the
existing backtrack pointer. This backtrack pointer isthen passed onto the successor nodeiif it
is the optimal path leading to the successor node for both intra-word and inter-word transi-
tion. The side benefit of keeping this backtrack pointer isthat we no longer need to keep the
entire trellis during the search. Instead, we only need space to keep two successive time
dlices (columns) in the trellis computation (the previous time dlice and the current time slice)
because al the backtracking information is now kept in the backtrack pointer. This simplifi-
cation is asignificant benefit in the implement of atime-synchronous Viterbi search.

Time-synchronous Viterbi search can be considered as a breadth-first search with dy-
namic programming. Instead of performing a tree search algorithm, the dynamic program-

8 While we are not interested in optimal state sequences for ASR, they are very useful to derive phonetic segmenta-
tion, which could be provide important information for developing ASR systems.
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ming principle helps create a search graph where multiple paths leading to the same search
state are merged by keeping the best path (with minimum cost). The Viterbi trellisisarepre-
sentation of the search graph. Therefore, al the efficient techniques for graph search algo-
rithms can be applied to time-synchronous Viterbi search. Although so far we have de-
scribed the trellisin an explicit fashion — the whole search space needs to be explored before
the optimal path can be found, it is not hecessary to do so. When the search space contains
an enormous number of states, it becomes impractical to pre-compile the composite HMM
entirely and store it in the memory. It is preferable to dynamically build and allocate por-
tions of the search space sufficient to search the promising paths. By using the graph search
algorithm described in Section 12.1.1, only part of the entire Viterbi trellis is generated ex-
plicitly. By constructing the search space dynamically, the computation cost of the search is
proportional only to the number of active hypotheses, independent of the overall size of the
potential search space. Therefore, dynamically generated trellises are key to heuristic Viterbi
search for efficient large-vocabulary continuous speech recognition, as described in Chapter
13.

124.1. TheUseof Beam

Based on Chapter 8, the search space for Viterbi search is O(NT) and the complexity is

O(N?T), where N is the total number of HMM states and T is the length of the utterance.

For large-vocabulary tasks these numbers are astronomically large even with the help of
dynamic programming. In order to avoid examining the overwhelming number of possible
cellsinthe HMM trellis, a heuristic search is clearly needed. Different heuristics generate or
explore portions of the trellisin different ways.

A simple way to prune the search space for breadth-first search is the beam search de-
scribed in Section 12.1.3.2. Instead of retaining all candidates (cells) at every time frame, a
threshold T is used to keep only a subset of promising candidates. The state at timet with the
lowest cost D,,, is first identified. Then each state at time t with cost > D, +T is dis-

carded from further consideration before moving on to the next time frame t+1. The use of
the beam alleviates the need to process al the cells. In practice, it can lead to substantial
savings in computation with little or no loss of accuracy.

Although beam search is a simple idea, the combination of time-synchronous Viterbi
and beam search agorithms produces the most powerful search strategy for large-
vocabulary speech recognition. Comparing paths with equal length under a time-
synchronous search framework makes beam search possible. That is, for two different word

sequences W, and W, , the posterior probability P(W, |x;) and P(W, |x;) are aways

min

compared based on the same partial acoustic observation X . This makes the comparison

straightforward because the denominator P(xp) in Eq. (12.5) is the same for both terms and
can be ignored. Since the score comparison for each time frame is fair, the only assumption
of beam search is that an optimal path should have good enough partial-path score for each
time frame to survive under beam pruning.
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The time-synchronous framework is one of the aspects of Viterbi beam search that is
critical to its success. Unlike the time-synchronous framework, time-asynchronous search
algorithms such as stack decoding require the normalization of likelihood scores over fea-
ture streams of different time lengths. This, as we will see in Section 12.5, is the Achilles
heel of that approach.

The straightforward time-synchronous Viterbi beam search is ineffective in dealing
with the gigantic search space of high perplexity tasks. However, with a better understand-
ing of the linguistic search space and the advent of techniques for obtaining n-best lists from
time-synchronous Viterbi search, described in Chapter 13, time-synchronous Viterbi beam
search has turned out to be surprisingly successful in handling tasks of all sizes and al dif-
ferent types of grammars, including FSG, CFG, and n-gram [2, 14, 18, 28, 34, 38, 44].
Therefore, it has become the predominant search strategy for continuous speech recognition.

12.4.2. Viterbi Beam Search

To explain the time-synchronous Viterbi beam search in a formal way [31], we first define
some quantities:
D(t; s;w) = total cost of the best path up to timet that endsin state 5 of gram-
mar word state w.
h(t; 5;w) = backtrack pointer for the best path up to timet that ends in state § of
grammar word state w.

Readers should be aware that w in the two quantities above represents a grammar
word state in the search space. It is different from just the word identity since the same word
could occur in many different language model states, as in the trigram search space shown in
Figure 12.17.

There are two types of dynamic programming (DP) transition rules [30], namely intra-
word and inter-word transition. The intra-word transition is just like the Viterbi rule for
HMMs and can be expressed as follows:

D(t;5;w) = min{d(x.,§ [8.4;W) + Dt -1 54w} (12.17)

h(t;s;w) = h(t —Lb,;, (t;s; w); W) (12.18)

where d(x,,s|S_;;w) is the cost associated with taking the transition from state §_, to
state s while generating output observation x,, and b, (t;5;w) isthe optimal predecessor
state of cell D(t;s;w) . To be specific, they can be expressed as follows:

d(x,8 |84;W) = —log P(s | §.,;W) ~log P(x, | §;W) (12.19)

b (t: 85 W) = argmin{d(x,,§ |§4;W) + D(t -1 5_,; W)} (12.20)
S1
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The inter-word transition is basically a null transition without consuming any observa-
tion. However, it needs to dea with creating a new history node for the backtracking
pointer. Let'sdefine F(w) asthefina state of word HMM wand | (w) astheinitial state of

word HMM w. Moreover, state 7 is denoted as the pseudo initia state. The inter-word tran-
sition can then be expressed as follows:

D(t;7;w) = mvin{log P(w|v) + D(t; F (v); v)} (12.21)

h(trn!W) = <Vmin ’t> " h(tr F(Vmin);vmin) (1222)
where v,;, = argmin{log P(w|v) + D(t; F(v);v)} and :: isalink appending operator.

The time-synchronous Viterbi beam search algorithm assumes that al the intra-word
transitions are evaluated before inter-word null transitions take place. The same time index
is used intentionally for inter-word transition since the null language model state transition
does not consume an observation vector. Since theinitial state 1 (w) for word HMM w could

have a self-transition, the cell D(t; 1 (w);w) might already have active path. Therefore, we
need to perform the following check to advance the inter-word transitions.

if D(t;77;w) < D(t; 1 (w); W)

(12.23)
D(t;1 (W);w) = D(t/7;w) and h(t; | (w);w) = h(t;7; )

The time-synchronous Viterbi beam search can be summarized as in Algorithm 12.6.
For large-vocabulary speech recognition, the experimental results shows that only a small
percentage of the entire search space (the beam) needs to be kept for each time interval t
without increasing error rates. Empirically, the beam size has typically been found to be
between 5% and 10% of the entire search space. In Chapter 13 we describe strategies of
using different level of beams for more effectively pruning.

12.5. STACK DECODING (A" SEARCH)

If some reliable heuristics are available to guide the decoding, the search can be done in a
depth-first fashion around the best path early on, instead of wasting efforts on unpromising
paths via the time-synchronous beam search. Stack decoding represents the best attempt to
use A* search instead of time-synchronous beam search for continuous speech recognition.
Unfortunately, as we will discover in this section, such a heuristic function h(¢) (defined in

Section 12.1.3) is very difficult to attain in continuous speech recognition, so search algo-
rithms based on A* search are in general less efficient than time-synchronous beam search.
Sack decoding is a variant of the heuristic A* search based on the forward algorithm,
where the evaluation function is based on the forward probability. It is a tree search ago-
rithm, which takes a dightly different viewpoint than the time-synchronous Viterbi search.
Time-synchronous beam search is basically a breadth-first search, so it is crucia to control
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the number of al possible language model states as described in Section 12.3. In a typica
large-vocabulary Viterbi search with n-gram language models, this number is determined by
the equivalent classes of language model histories. On the other hand, stack decoding as a
tree search algorithm treats the search as a task for finding a path in a tree whose branches
correspond to words in the vocabulary V, non-terminal nodes correspond to incomplete sen-
tences, and terminal nodes correspond to complete sentences. The search tree has a constant
branching factor of ||, if we alow every word to be followed by every word. Figure 12.20
illustrated such a search tree for a vocabulary with three words[19].

ALGORITHM 12.6 TIME-SYNCHRONOUS VITERBI BEAM SEARCH
Initialization: For all the grammar word states w which can start a sentence,
D(0;1(w);w) =0
h(0; I (w); w) = null
Induction: For timet =1to T do

For all active states do
Intra-word transitions according to Eq. (12.17) and (12.18)

D(t;5;w) = min{d(x.,§ [8.4;W) +D(t -1 54w}

h(t;s;w) = h(t =L b, (t; 55 W); w)
For all active word-final states do

| Inter-word transitions according to Eq. (12.21), (12.22) and (12.23)
D(t;7;w) = min{log P(w|v) +D(t; F (v);v)}

h(tv’7aW) = <Vmin ’t> " h(t1 F(Vmin);vmin)
if D(t;7;w) < D(t; 1 (w); W)
D(t; 1 (w);w) = D(t;7;w) and ht; 1 (w); w) = h(t;r7;w)
Pruning: Find the cost for the best path and decide the beam threshold
Prune unpromising hypotheses
Termination: Pick the best path among all the possible final states of grammar at time T
Obtain the optimal word sequence according to the backtracking pointer h(t;7; w)

An important advantage of stack decoding is its consistency with the forward-
backward training algorithm. Viterbi search is a graph search, and paths cannot be easily
summed because they may have different word histories. In general, the Viterbi search finds
the optimal state sequence instead of optimal word sequence. Therefore, Viterbi approxima-
tion is necessary to make the Viterbi search feasible, as described in Section 12.4. Stack
decoding is a tree search, so each node has a unique history, and the forward algorithm can
be used within word model evaluation. Moreover, al possible beginning and ending times
(shaded areas in Figure 12.21) beginning and ending times are considered [24]. With stack
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decoding, it is possible to use an objective function that searches for the optimal word string,
rather than the optimal state sequence. Furthermore, it isin principle natural for stack decod-
ing to accommodate long-range language models if the heuristics can guide the search to
avoid exploring the overwhelmingly large unpromising grammar states.

—
Wy \O
L

Q
O\

Figure 12.20 A stack decoding search tree for avocabulary size of three [19].

By formulating stack decoding in a tree search framework, the graph search algo-
rithms described in Section 12.1 can be directly applied to stack decoding. Obviously, blind-
search methods, like depth-first and breadth-first search, that do not take advantage of good-
ness measurement of how close we are getting to the goal, are usually computationaly in-
feasible in practical speech recognition systems. A* search is clearly attractive for speech
recognition given the hope of a sufficient heuristic function to guide the tree search in a fa-
vorable direction without exploring too many unpromising branches and nodes. In contrast
to the Viterbi search, it is not time-synchronous and extends paths of different lengths.

The search begins by adding all possible one-word hypotheses to the OPEN list. Then
the best path is removed from the OPEN list, and al paths from it are extended, evaluated,
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and placed back in the OPEN list. This search continues until a complete path that is guaran-
teed to be better than all pathsin the OPEN list has been found.

e —

Figure 12.21 The forward trellis space for stack decoding. Each grid point corresponds to a
trellis cell in the forward computation. The shaded area represents the values contributing to

the computation of the forward score for the optimal word sequence W, W, , W;,... [24].

Unlike Viterbi search, where the acoustic probabilities being compared are always
based on the same partial input, it is necessary to compare the goodness of partial paths of
different lengths to direct the A* tree search. Moreover, since stack decoding is done asyn-
chronoudly, we need an effective mechanism to determine when to end a phone/word
evaluation and move on to the next phone/word. Therefore, the heart and soul of the stack
decodingisclearly in

1. Finding an effective and efficient heuristic function for estimating the future

remaining input feature stream and

2. Determining when to extend the search to the next word/phone.

In the following section we describe these two critical components. Readers will note that
the solution to these two issues are virtually the same - using a nhormalization scheme to
compare paths of different lengths.

125.1. Admissible Heuristicsfor Remaining Path

The key issue in heuristic search is the selection of an evaluation function. As described in
Section 12.1.3, the heuristic function of the path H,, going through node N includes the cost

up to the node and the estimate of the cost to the target node from node N. Suppose path H
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is going through node N at time t; then the evaluation for path H,, can be expressed as fol-
lows:

f(Hy) =9(Hy) +h(HL") (12.24)

where g(H,) is the evaluation function for the partial path of H, up to time t, and
h(H)") is the heuristic function of the remaining path from t+1 to T for path H, . The

challenge for stack decodersis to devise an admissible function for h(e).

According to Section 12.1.3.1, an admissible heuristic function is one that always un-
der estimates the true cost of the remaining path from t+1 to T for path H, . A trivialy

admissible function is the zero function. In this case, it results in a very large OPEN list. In
addition, since the longer paths tend to have higher cost because of the gradually accumu-
lated cost, the search is likely to be conducted in a breadth-first fashion, which functions
very much like a plain Viterbi search. The evaluation function g(«) can be obtained easily by

using the HMM forward score as the true cost up to current time t. However, how can we
find an admissible heuristic function h(e) ? We present the basic concept here [19, 35].

The goal of h(e)isto find the expected cost for the remaining path. If we can obtain
the expected cost per frame ¢ for the remaining path, the total expected cost, (T —t) [y , is
simply the product of ¢ and the length of the remaining path. One way to find such ex-
pected cost per frameis to gather statistics empirically from training data.

1. After the final training iteration, perform Viterbi forced alignment® with each

training utterance to get an optimal time alignment for each word.

2. Randomly select an interval to cover the number of words ranging from two

to ten. Denote thisinterva as [i... j]

3. Compute the average acoustic cost per frame within this selected interval ac-
cording to the following formulaand save thevalueinaset A .

logP(x] [w, ) (1225)
]I

where w; ; isthe word string corresponding to interval [i... j]
4. Repeat Steps 2 and 3 for the entire training set.
5. Define ¢

min

and ¢,,, asthe minimum and average value found in set A .

° Viterbi forced alignment means that the Viterbi is performed on the HMM mode constructed from the known
word transcription. The term “forced” is used because the Viterbi alignment is forced to be performed on the cor-
rect model. Viterbi forced alignment is a very useful tool in spoken language processing as it can provide the opti-
mal state-time alignment with the utterances. This detailed alignment can then be used for different purposes, in-
cluding discriminant training, concatenated speech synthesis, etc.
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Clearly, . should be a good under-estimate of the expected cost per frame for the
future unknown path. Therefore, the heuristic functionh(H,;") can be derived as:

min

h(H{") = (T =0, (12.26)

Although ¢, is obtained empirically, stack decoding based on Eq. (12.26) will generaly
find the optimal solution. However, the search using ¢, usually runs very slowly, since
Eqg. (12.26) always under-estimates the true cost for any portion of speech. In practice, a
heuristic function like ¢,,, that may over-estimate has to be used to prune more hypotheses.
This speeds up the search at the expense of possible search errors, because ¢,,, should rep-
resent the average cost per frame for any portion of speech. In fact, thereis an argument that
one might be able to use a heuristic function even less than ¢, . The argument is that ¢,
is derived from the correct path (training data) and the average cost per frame for all paths
during search should be less than ¢,,, because the paths undoubtedly include correct and
incorrect ones.

125.2. When to Extend New Words

Since stack decoding is executed asynchronoudly, it becomes necessary to detect when a
phone/word ends, so that the search can extend to the next phone/word. If we have a cost
measure that indicates how well an input feature vector of any length matches the eval uated
model sequence, this cost measure should drop slowly for the correct phone/word and rise
sharply for an incorrect phone/word. In order to do so, it implies we must be able to compare
hypotheses of different lengths.

The first thing that comes to mind for this cost measure is simply the forward score

—logP(x},s |W), which represents the likelihood of producing acoustic observation x|

based on word sequence W and ending at state s . However, it is definitely not suitable

because it is deemed to be smaller for a shorter acoustic input vector. This causes the search
to almost always prefer short phones/words, resulting in many insertion errors. Therefore,
we must derive some normalized score that satisfies the desired property described above.

The normalized cost (E(x;,sl |w) can be represented as follows [6, 24]:

80 W) = —Iog[”x%'wﬂ = ~log[ P05 |w)] +tlogy (12.27)

where y (0< y <1) isaconstant normalization factor.
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Suppose the search is now evaluating a particular word w, ; we can define C (t) as

'min

the minimum cost for é(xi,a |w) for al the states of w, , and a,, (t) as the maximum
forward probability for P(x},s |w) for all the statesof w, . That is,

Coun(t) = ggiwrg[é(xtl.a I\Nf)] (12.28)
O (1) = MaX[ P | W) | (12.29)
5 Owg
We want émm (t) to benear Ojust so long as the phone/word we are evaluating is the correct

one and we have not gone beyond its end. On the other hand, if the phone/word we are
evaluating is the incorrect one or we have already passed its end, we want the émin (t) to be
rising sharply. Similar to the procedure of finding the admissible heuristic function, we can

set the normalized factor y empirically during training so that C (T) =0 when we know

min

the correct word sequence W that produces acoustic observation sequence x; . Based on Eq.
(12.27), y should be set to:

Y= (T) (12.30)

Most likely
word-ending

N\

cEmin (t)
Significant
““““““ threshold

_______ v
t

C(x,§ = FS(w) [w)

S

é

Significant range
of ending time

Figure 12.22 émin (t) and é(x},g =FS(w, ) |W) asfunctions of timet. The valley region
represents possible ending times for the correct phone/word.
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Figure 12.22 shows a plot of C

tion, the cost for the final state FS(w,) of word w, é(x‘l,q =FS(w, ) [w) , which is the
score for w, -ending path, is also plotted. There should be a valley centered around O for

(t) asafunction of time for correct match. In addi-

'min

é(xi,st =FS(w, ) |w}), which indicates the region of possible ending time for the correct

phone/word. Sometimes a stretch of acoustic observations match may better than the aver-
age cogt, pushing the curve below 0. Similarly, a stretch of acoustic observations may match
worse than the average cost, pushing the curve above 0.

There is an interesting connection between the normalized factor y and the heuristic

estimate of the expected cost per frame, ¢ , defined in Eq. (12.25). Since the cost is ssimply
the logarithm on the inverse posterior probability, we get the following equation.

@ =10gP(x] W) = -log[ @, (T)" ] = -logy (1231)

Equation (12.31) reveals that these two quantities are basically the same estimate. In fact, if
we subtract the heuristic function f(H ) defined in Eq. (12.24) by the constant Iog(eT),
we get exactly the same quantity as the one defined in Eq. (12.27). Decisions on which path

to extend first based on the heuristic function and when to extend the search to the next
word/phone are basically centered on comparing partial theories with different lengths.

Therefore, the normalized cost é(xi,a |W)) can be used for both purposes.

optimal path

] Q W5
1 4
/7 W,
7/
?Q W, ’
// s~

/
/
i W,

Figure 12.23 Unnormalized cost C(x},s |w) for optimal path and other competing paths as a
function of time.

Based on the connection we have established, the heuristic function, f(H,), which
estimate the goodness of a path is simply replaced by the normalized evaluation function
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é(xi,a | W) . If we plot the un-normalized cost C(x!,s |w) for the optimal path and other

competing paths as the function time t, the cost values increase as paths get longer (illus-
trated in Figure 12.23) because every frame adds some non-negative cost to the overall cost.

It is clear that using un-normalized cost function C(x},s |w)) generally resultsin a breadth-

first search. What we want is an evaluation that decreases dlightly along the optimal path,
and hopefully increases along other competing paths. Clearly, the normalized cost function

é(xi,a |wf) fulfillsthisrole, asshown in Figure 12.24.

W T~

optimal path

Figure 12.24 Normalized cost CA:(x‘l,st |w¥) for the optimal path and other competing paths as
afunction of time.

Equation (12.30) is a context-less estimation of the normalized factor, whichisalso re-
ferred to as zero-order estimate. To improve the accuracy of the estimate, you can use con-
text-dependent higher-order estimates like [24]:

Y = n(x,) first-order estimate
Vi = (X, X_,) second-order estimate
Vi = VX Xizgse s Xiona) n-order estimate

Since the normalized factor e is estimated from the training data that is aso used to
train the parameters of the HMMs, the normalized factor ¢ tendsto be an over estimate. As
aresult, a,, (t) might rise Sowly for test data even when the correct phone/word mode! is
evaluated. This problem is aleviated by introducing some other scaling factor 6 <1 so that
a,.,. (t) falls slowly for test data for when evaluating the correct phone/word model. The

best solution for this problem is to use an independent data set other than the training data to
derive the normalized factor y; .
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125.3. Fast Match

Even with an efficient heuristic function and mechanism to determine the ending time for a
phone/word, stack decoding could still be too slow for large-vocabulary speech recognition
tasks. As described in Section 12.5.1, an effective underestimated heuristic function for the
remaining portion of speech is very difficult to derive. On the other hand, a heuristic esti-
mate for the immediate short segment that usually corresponds to the next phone or word
may be feasible to attain. In this section, we describe the fast-match mechanism that reduces
phone/word candidates for detailed match (expansion).

In asynchronous stack decoding, the most expensive step is to extend the best subpath.

For a large-vocabulary search, it implies the calculation of P(x{™ |w) over the entire vo-

cabulary size |V |. It is desirable to have a fast computation to quickly reduce the possible

words starting at a given time t to reduce the search space. This process is often referred to
as fast match [15, 35]. In fact, fast match is crucial to stack decoding, of which it becomes
an integral part. Fast match is a method for the rapid computation of alist of candidates that
congtrain successive search phases. The expensive detailed match can then be performed
after fast match. In this sense, fast match can be regarded as an additional pruning threshold
to meet before new word/phone can be started.

Fast match, by definition, needs to use only a small amount of computation. However,
it should also be accurate enough not to prune away any word/phone candidates that partici-
pate in the best path eventually. Fast match isin general characterized by the approximations
that are made in the acoustic/language models in order to reduce computation. There is an
obvious trade-off between these two objectives. Fortunately, many systems [15] have dem-
onstrated that one needs to sacrifice very little accuracy in order to speed up the computation
considerably.

Similar to admissibility in A” search, there is also an admissibility property in fast
match. A fast match method is called admissible if it never prunes away the word/phone
candidates that participate in the optimal path. In order words, a fast match is admissible if
the recognition errors that appear in a system using the fast match followed by a detailed
match are those that would appear if the detailed match was carried out for all words/phones
in the vocabulary. Since fast match can be applied to either word or phone level, as we de-
scribe in the next section, we explain the admissibility for the case of word-level fast match
for simplicity. The same principle can be easily extended to phone-level fast match.

Let V be the vocabulary and C(X |w) be the cost of a detailed match between input X

and word w. Now F(X |w) isan estimator of C(X |w) that is accurate enough and fast to

compute. A word list selected by fast match estimator can be attained by first computing
F(X|w) for each word w of the vocabulary. Suppose w, is the word for which the fast

match has a minimum cost value:

w, =argminF (X | w) (12.32)
wiv
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After computing C(X |w,) , the detailed match cost for w;,, we form the fast match word
list, A, from the word w in the vocabulary such that F(X |w) isno greater than C(X |w,) .
In other words,

A={wDV |F(X|wg C(X|w,)} (12.33)
Similar to the admissibility condition for A” search [3, 33], the fast match estimator

F(*) conducted in the way described above is admissible if and only if F(X |w) isaways
an under-estimator (lower bound) of detailed match C(X |w) . That is,

FIX W) <C(X|w) OX,w (12.34)

The proof is straightforward. If the word w, has alower detailed match cost C(X |w,) , you
can prove that it must be included in the fast match list A because

C(X|w) = C(X|w,) and F(X [w) < C(X|w;) = F(X[w)=<C(X|w,)

Therefore, based on the definition of A, w, [\

Now thetask isto find an admissible fast match estimator. Bahl et al. [6] proposed one
fast match approximation for discrete HMMs. As we will see later, this fast match approxi-
mation is indeed equivalent to a simplification of the HMM structure. Given the HMM for

word w and an input sequence x, of codebook symbols describing the input signal, the

probability that the HMM w produces the VQ sequence X is given by (according to Chap-
ter 8):

POY (W)= {Pw(sl,%,---sr)lj Pw(xls)} (12.35)

S5 .-5r

Since we often use Viterbi approximation instead of the forward probability, the equation
above can be approximated by:

P(x |w) O_max {PW(S_L-SZ---&)” P.(% Is)} (12.36)
S80S -

The detailed match cost C(X |w) can now be represented as:
T
C(X W) = ﬁg;ynsf{—Iog[Pw(sl.sz,-.-saD R.(% Is)}} (12.37)

Since the codebook sizeisfinite, it is possible to compute, for each model w, the high-
est output probability for every VQ label ¢ among all states s, in HMM w. Let’'s define

m,(c) to bethe following:
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m,(c) = max R.(cls) = max b (c) (12.38)

We can further definethe g, (W) asthe maximum state sequence with respect to T, i.e., the
maximum probability of any complete pathin HMM w.

O (W) = MaX[ R, (81,5, 5 )] (12.39)

Now let’s define the fast match estimator F (A |w) as the following:

F0x 1) = 105 6 (W ] ()| (12.40

It is easy to show the fast match estimator F(X |w) < C(X |w) is admissible based on Eq.
(12.38) to Eq. (12.40).

_____ .’O
M)~ (W)

Figure 12.25 The equivaent one-state HMM corresponding to fast match computation defined
in Eq. (12.40) [15].

The fast match estimator defined in Eq. (12.40) requires T+ 1 additions for a vector se-
guence of length T. The operation can be viewed as equivalent to the forward computation
with a one-state HMM of the form shown in Figure 12.25. This correspondence can be in-
terpreted as a simplification of the original multiple-state HMM into such a one-state HMM.
It thus explains why fast match can be computed much faster than detailed match. Readers
should note that this HMM is not actually a true HMM by strict definition, because the out-
put probability distribution m,(c) and the transition probability distribution do not add up
to one.

The fast match computation defined in Eq. (12.40) discards the sequence information
with the model unit since the computation is independent of the order of input vectors.
Therefore, one needs to decide the acoustic unit for fast match. In general, the longer the
unit, the faster the computation is, and, therefore, the larger the under-estimation of detailed
match scores C(X |w) . It thus becomes a trade-off between accuracy and speed.

Now let's analyze the real speedup by using fast match to reduce the vocabulary V to
thelist A, followed by the detailed match. Let V| and | A | be the sizes for the vocabulary V

and the fast match short list A. Suppose t, and t, are the times required to compute one

fast match score and one detailed match score for one word, respectively. Then, the total
time required for the fast match followed by the detailed match is t, |V | +t, | A| whereas
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the time required in doing the detailed match alone for the entire vocabulary is t, |V |. The
speed up ratio isthen given as follows:

1
[
ty VI

We need t, to be much smaller than t, and | | to be much smaller than |V| to have asig-

nificant speed-up using fast match. Using our admissible fast match estimator in Eq. (12.40),
the time complexity of the computation for F(X |w) is T instead of NT for D(X|w),

where N is the number of states in the detailed acoustic model. Therefore, the t /t, saving

isabout N?.
In general, in order to make | A | much smaller than |V, one needs a very accurate fast
match estimator that could result in t, =t, . This is why we often relax the constraint of

admissibility, although it is a nice principle to adhere to. In practice, most real-time speech
recognition systems don’t necessarily obey the admissibility principle with the fast match.
For example, Bahl et al. [10], Laface et al., [22] and Roe et al., [36] used several techniques
to construct off-line groups of acoustically similar words. Armed with this grouping, they
can use an aggressive fast match to select only a very short list of words and words acousti-
cally similar to the words in thislist are added to form the NV list for further detailed match
processing. By doing so, they are able to report a very efficient fast match method that
misses the correct word only 2% of the time. When non-admissible fast match is used, one
needs to minimize the additional search error introduced by fast match empirically.

Bahl et a. [6] use a one-state HMM as their fast match units and a tree-structure lexi-
con similar to the lexical tree structures introduced in Chapter 13 to construct the short word
list A for next-word expansion in stack decoding. Since the fast match tree search is also
done in an asynchronous way, the ending time of each phone is detected using normalized
scores similar to those described in Section 12.5.2. It is based on the same idea that this
normalized score rises slowly for the correct phone, while it drops rapidly once the end of
phone is encountered (so the model is starting to go toward the incorrect phones). During the
asynchronous lexical tree search, the unpromising hypotheses are also pruned away by a
pruning threshold that is constantly changing once a complete hypothesis (a leaf node) is
obtained. On a 20,000-word dictation task, such a fast match scheme was about 100 times
faster than detailed match and achieved real-time performance on a commercial workstation
with only 0.34% increase in the word error rate being introduced by the fast match process.

(12.41)

125.4. Stack Pruning

Even with efficient heuristic functions, mechanism to determine the ending time for
phone/word, and fast match, stack decoding might till be too slow for large-vocabulary
speech recognition tasks. A beam within the stack, which saves only a small number of
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promising hypotheses in the OPEN list, is often used to reduce search effort. This stack
pruning is very similar to beam search. A predetermined threshold £ is used to eliminate
hypotheses whose cost score is much worse than the best path so far.

Both fast match and stack pruning could introduce search errors where the eventual
optimal path is thrown away prematurely. However, the impact could be reduced to a mini-
mum by empirically adjusting the thresholds in both methods.

The implementation of stack decoding is, in general, more complicated, particularly
when some inevitable pruning strategies are incorporated to make the search more efficient.
The difficulty of devising both an effectively admissible heuristic function for h(e) and an

effective estimation of normalization factors for boundary determination have limited the
advantage that stack decoders have over Viterbi decoders. Unlike stack decoding, time-
synchronous Viterbi beam search can use an easy comparison of same-length path without
heuristic determination of word boundaries. As described in the earlier sections, these sim-
ple and unified features of Viterbi beam search allows researchers to incorporate various
sound techniques to improve the efficiency of search. Therefore, time-synchronous Viterbi
Beam search enjoys a much broader popularity in the speech community. However, the
principle of stack decoding is essential particularly for n-best and lattice search. As we de-
scribe in Chapter 13, stack decoding plays a very crucial part in multiple-pass search strate-
gies for n-best and lattice search because the early pass is able to establish a near-perfect
estimate of the remaining path.

1255. Multistack Search

Even with the help of normalized factor ) or heuristic function h(e), it is still more effec-

tive to compare hypotheses of the same length than those of different lengths, because hy-
potheses with the same length are compared based on the true forward matching score. In-
spired by the time-synchronous principle in Viterbi beam search, researchers [8, 35] propose
avariant stack decoding based on multiple stacks.

Multistack search is equivalent to a best-first search agorithm running on multiple
stacks time-synchronously. Basically, the search maintains a separate stack for each time
framet, so it never needs to compare hypotheses of different lengths. The search runs time-
synchronoudly from left to right just like time-synchronous Viterbi search. For each time
frame t, multistack search extracts the best path out the t-stack, computes one-word exten-
sions, and places all the new theories into the corresponding stacks. When the search fin-
ishes, the top path in the last stack is our optimal path. Algorithm 12.7 illustrates the mutlis-
tack search algorithm.

This time-synchronous multistack search is designed based on the fact that by the time

the t" stack is extended; it already contains the best path that could ever be placed into it.
This phenomenon is virtually a variant of the dynamic programming principle introduced in
Chapter 8. To make multistack more efficient, some heuristic pruning can be applied to re-
duce the computation. For example, when the top path of each stack is extended for one
more word, we could only consider extensions between minimum and maximum duration.
On the other hand, when some heuristic pruning is integrated into the multistack search, one
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might need to use a small beam in Step 2 of Algorithm 12.7 to extend more than just the best
path to guarantee the admissibility.

ALGORITHM 12.7 MULTISTACK SEARCH

1. Initialization: for each word vin vocabularyV
fort=12,...,T
Compute C(x! |v) andinsertitto t" stack
2. lteration: for t =1,2,...,T -1
Sort the t" stack and pop the top path C(x! |wX) out the stack

for each word v in vocabularyV
for r=t+Lt+2,...,T

Extend the path C(x} |wi) by word v to get C(x! |w*")
where w** = w || v and || means string concatenation
Place C(x] |wf*™) in 7™ stack
3. Termination: Sortthe T™ stack and the top path is the optimal word sequence

12.6. HISTORICAL PERSPECTIVE AND FURTHER READING

Search has been one of the most important topicsin artificial intelligence (Al) since the ori-
gins of the field. It plays the central role in genera problem solving [29] and computer
games. [43], Nilsson's Principles of Artificial Intelligence [32] and Barr and Feigenbaum’s
The Handbook of Artificial Intelligence [11] contain a comprehensive introduction to state-
space search algorithms. A* search was first proposed by Hart et al. [17]. A* was thought to
be derived from Dijkstra’s algorithm [13] and Moore's algorithm [27]. A* search is similar
to the branch-and-bound algorithm [23, 39], widely used in operations research. The proof
of admissibility of A* search can be foundin[32].

The application of beam search in speech recognition was first introduced by the
HARPY system [26]. It wasn’t widely popular until BBN used it for their BY BLOS system
[37]. There are some excellent papers with detailed description of the use of time-
synchronous Viterbi beam search for continuous speech recognition [24, 31]. Over the years,
many efficient implementations and improvements have been introduced for time-
synchronous Viterbi beam search, so real-time large-vocabulary continuous speech recogni-
tion can be realized on a general-purpose persona computer.

On the other hand, stack decoding was first developed by IBM [9]. It is successfully
used in IBM’s large-vocabulary continuous speech recognition systems [3, 16]. Lacking of
time-synchronous framework, comparing theories of different lengths and extending theo-
riesis more complex as described in this chapter. Because of the complexity of stack decod-
ing, far fewer publications and systems are based on it than on Viterbi beam search [16, 19,
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20, 35]. With the introduction of multi-stack search [8], stack decoding in essence has actu-
ally come very close to time-synchronous Viterbi beam search.

Stack decoding is typically integrated with fast match methods to improve its effi-
ciency. Fast match was first implemented for isolated word recognition to obtain a list of
potential word candidates [5, 7]. The paper by Gopalakrishnan et al.’s paper [15] contains a
comprehensive description of fast match techniques to reduce the word expansion for stack
decoding. Besides the fast match techniques described in this chapter , there are a number of
alternative approaches [5, 21, 41]. Waast' s fast match [41], for example, is based on a binary
classification tree built automatically from data that comprise both phonetic transcription
and acoustic sequence.
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