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CHAPTER 3
Morphological Methods for Biomedical
Image Analysis

John Goutsias
The Johns Hopkins University
Sinan Batman
The Johns Hopkins University

This chapter is an introduction to an image processing and analysis tool
known as mathematical morphology. Our purpose is to provide an easy-
to-read overview of basic aspects of this area of research and illustrate its
applicability in image processing and analysis problems related to biomedical
imaging.

3.1 Introduction

In most image processing and analysis applications, a given image f is trans-
formed into an image g by means of an image operator 1, such that g = (f).
1) is designed to perform a specific task; for example, to remove noise from f
while preserving important image attributes (e.g., object boundaries). Usu-
ally, the image operator ¢ is limited to satisfy two fundamental and intu-
itive properties: distributivity and translation invariance. If f is an image
obtained by combining two images f; and fs with a given operation, then
a distributive operator i applied on f produces an image g that is the re-
sult of combining images g1 and g9, obtained by applying ¢ on f; and fo,
respectively, with the same operation. This property guarantees that the
effect of operator 1 on the combined image can be deduced from applying v
on the individual images. On the other hand, if f’ is an image obtained by
translating an image f, then v is a translation invariant operator if g = ¥(f)
implies that ¢’ = ¢ (f’). This property guarantees that operator ¢ produces
the same result (within a translation) when applied on translated versions
of the same image.

The class of distributive image operators clearly depends on the way
images are combined together. When images are combined by standard
addition (i.e., by adding the graylevel values at each pixel), a distributive
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3.1 Introduction 5

operator is called linear (provided that it also satisfies the scaling property
Y(ef) = e(f), for every image f and any constant c). For a linear and
translation invariant operator 1, we have that

ooy =v(P@y) = [ [ he-ey-nfEndd, @

at each pixel (z,y) € E, which is known as the convolution equation. Through-
out this chapter, F will either be the two-dimensional Euclidean space IR?
(for images defined over a continuous space), or the two-dimensional dis-
crete space Z* (for images that have been digitized). In (3.1), h(x,y) is the
point spread function of the linear operator . In this case, the design of
image operator 1 is equivalent to constructing an appropriate point spread
function h(z,y).

Image operators of the form (3.1) have been extensively used in image
processing and analysis (e.g., see [1-3]). The main reason for their popularity
is that (3.1) implies

G(wg,wy) = H(wg, wy) F(wg,wy), —00 < wg,wy < 00, (3.2)

where F'(wy,wy) denotes the 2D Fourier transform of an image f(z,y), and
H(wz,wy) is the frequency response of operator ¢. Equation (3.2) is much
simpler than (3.1), and dramatically simplifies mathematical calculations
and numerical implementations. However, the product form of (3.2) reveals
a major drawback for using operators (3.1) in image processing and analysis.
We illustrate this argument with a simple example.

Assume that f = fy + n, where fj is a noise-free image and 7 is additive
noise. We are interested in designing an image operator ¢ that removes
the noise n while preserving the image fy. From (3.2), and the fact that
F(wg,wy) = Fy(wz,wy) + N(wz,wy), where Fy(wg,wy) and N(wg,wy) are
the 2D Fourier transforms of fy(z,y) and n(x,y), respectively, it is clear
that

G(wa,wy) = H(wg,wy)F(wg,wy)
= H(wz,wy)Fo(wa,wy) + H(wz, wy) N (wz, wy).

If
|1, for (wg,wy) : N(wg,wy) =0
H{(wr, wy) = { 0, otherwise

)

then
Fo(wg,wy), for (wg,wy) : N(wg,wy) =0

G (W wy) = { 0, otherwise

If the Fourier transform N(wg,w,) of n is zero at low frequencies (which
occurs in many practical situations), the resulting image g will be a lowpass
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RUF, B\R=FNF

Q) ()

Figure 3.1: When we look at two overlapping objects Fy and Fy: (a) we
either perceive both objects as one (i.e., we perceive their union Fy U Fy),
or (b) we perceive the non-occluded part of each object individually (i.e., we
perceive their set difference Fy \ Fy = Ff N Fy).

version of the noise-free image fy and the most desirable attributes in fj
(e.g., object boundaries) will be smoothed out!

Another drawback of image operators of the form (3.1) is that they can-
not be applied on binary (black and white) images. The reason is that linear
operators of the form (3.1) assume that images are combined by standard
addition, which is not possible in the binary case. An obvious question that
arises here is: how do we superimpose binary images? A binary image (ob-
ject) f(z,y) can be either considered to be a function from E into {0,1} or
a set F' defined by F = {(z,y) € E | f(z,y) = 1}. In the latter case, the
set-complement F° of F is given by F° = {(z,y) € E | f(x,y) = 0}. Note
that, when we look at two overlapping objects F1 and F5, we either perceive
both objects as one (i.e., we perceive their union F} U F3), or we perceive
the non-occluded part of each object individually (i.e., we perceive their set
difference Fy \ F; or Fy \ Fi). This is illustrated in Fig. 3.1. Since F} \ F» =
Fy N Fy, this suggests that binary images are superimposed by either union
or intersection. In this framework, a distributive set operator ¥ satisfies

\I’(Fl N Fg) = ‘IJ(Fl) N ‘IJ(FQ), (33)

\I’(Fl U Fg) = ‘IJ(Fl) U ‘IJ(FQ) (34)

Any set operator that satisfies (3.3) is called a binary erosion, whereas any
set operator that satisfies (3.4) is called a binary dilation. Erosions and
dilations are the most elementary operators of mathematical morphology
[4-7]. We may therefore argue that mathematical morphology is a natural
algebraic framework for binary image processing and analysis.
Mathematical morphology was first introduced in a seminal book by
George Matheron, entitled Random Sets and Integral Geometry [4]. This
book laid down the foundation of mathematical morphology and introduced
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it as a novel technique for image processing and analysis. Mathematical mor-
phology was subsequently enriched and popularized by the highly inspiring
book Image Analysis and Mathematical Morphology by Jean Serra [5]. To-
day, mathematical morphology is considered to be a powerful tool for image
processing and analysis and has been used in numerous applications, includ-
ing industrial inspection, automatic target detection, biomedical imaging,
and remote sensing, just to mention a few.

From a theoretical point of view, mathematical morphology studies oper-
ators between complete lattices (i.e., nonempty sets furnished with a partial
order relationship for which every subset has an infimum and a supremum);
see [6,8-10] for a lattice theoretic approach to mathematical morphology.
Reasons why the theory of complete lattices is the right algebraic framework
for mathematical morphology can be found in [11]. The power of mathemat-
ical morphology stems from the fact that, any translation invariant operator
between complete lattices can be represented by means of elementary mor-
phological operators (e.g., see [12,13]). An image operator can be built
by composing elementary morphological operators. However, this approach
is not practical due to the need of using a prohibitively large number of
elementary operators. Fortunately, most applications can be satisfactorily
dealt with by restricting the number of morphological operators. The key
task of the image analyst is to identify the family of morphological operators
needed for a particular problem, whether it is for shape detection, extraction,
or filtering.

The concept of erosion (dilation) can be extended to the grayscale case in
a rather straightforward manner. As it will soon become clear, this is accom-
plished by means of the so-called threshold decomposition, which uniquely
represents a grayscale image as a collection of binary images, known as the
cross sections. Using threshold decomposition, the grayscale analogues of
union and intersection are supremum and infimum, respectively (or maxi-
mum and minimum in the case of a finite number of images). Therefore, and
as far as grayscale morphology is concerned, two grayscale images fi; and f
are combined by means of (pixelwise) minimum or maximum, in order to
produce images fi A fo and fi V fa, given by

(fl A fQ)(xay) = fl(may) A fQ(I,y)
(fl \ f2)(517,y) = fl(«T,y) \% f2($=y)7

where A and V denote infimum and supremum, respectively. In this frame-
work, a distributive grayscale operator 1 either satisfies

Y(f1 A f2) = (fr) ANY(fa), (3.5)

or

Y(f1V f2) =9(f1) VY(fa) (3.6)
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Any operator that satisfies (3.5) is called a grayscale erosion, whereas any
operator that satisfies (3.6) is called a grayscale dilation.

Later in this chapter, we will see that, for a grayscale translation invariant
erosion ., we have

qjje(f)(:c,y) :/\[f(f,n)—b(ﬁ—%n—y)], (37)
&m

whereas, for a grayscale translation invariant dilation s, we have

Gs(f)(z,y) = (& n) + bz — &y —n), (3:8)
&n

where b(x,y) is a grayscale image known as the structuring function. No-
tice the striking similarity between (3.1) and (3.7), (3.8). For example, by
comparing (3.1) with (3.8), it is clear that (3.8) is obtained by replacing
the integral in (3.1) with the supremum, the point spread function with the
structuring function, and the product with an addition. For this reason,
(3.7) and (3.8) are sometimes called morphological convolutions.

Our purpose in this chapter is to provide an easy-to-read overview of
basic aspects of mathematical morphology and illustrate its use in image
processing and analysis problems related to biomedical imaging. The reader
is referred to [2,3,14,15] for an elementary treatment, and to [4-7,16-19] for
a more advanced exposition. The number of publications available on math-
ematical morphology has grown substantially. Due to space limitation, we
limit our references here to publications which complement our exposition.
For works using mathematical morphology in biomedical imaging applica-
tions, the reader is referred to [20-53], among many other publications.

In this chapter, we first choose to discuss mathematical morphology on
binary images. This is the subject of Sections 3.2 and 3.3. We then extend
our exposition to mathematical morphology on grayscale images. This is
the subject of Sections 3.4 and 3.5. Although such a route produces some
redundancy, we believe that is more pleasing to the reader for a very simple
reason: binary morphology can be easily visualized by means of geometry,
making the exposition very intuitive. In Section 3.6, we discuss the problem
of binary and grayscale morphological image reconstruction. In mathemat-
ical morphology, image reconstruction is the process of extracting desirable
parts from a given image, which have been marked by a set of markers.
Image reconstruction turns-out to be very effective in problems of object
detection and image segmentation. The problem of binary and grayscale
image segmentation by means of morphological operators and, in particular,
by means of the watershed transform, is discussed in Section 3.7. Finally,
Section 3.8 summarizes our concluding remarks and provides a brief discus-
sion on some recent developments in mathematical morphology. Moreover,
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this section gives a list of web sites where mathematical morphology software
and toolboxes can be found.

Throughout this chapter, we illustrate basic concepts by means of exam-
ples derived from biomedical imaging applications. Most of these examples
are used for illustration purposes only and they should not be thought of
as validated solutions to the biomedical imaging problems associated with
them.

Before we proceed, we would like to make some remarks regarding our no-
tation. Grayscale images (functions) are denoted with small letters f,g,.. ..
Capital letters F,G, ... denote binary images (sets). For simplicity of pre-
sentation, we limit ourselves to images defined over the two-dimensional
Euclidean plane IR? or the two-dimensional discrete plane Z2. However,
most of the concepts discussed here can be extended to higher dimensions
(e.g., see [31]). The pair (z,y) will denote a point (pixel) in R? or Z>.
However, we also use u, h, ... to denote points in E. Finally, set operators
(i.e., operators which apply on binary images and produce binary images)
will be denoted with capital Greek letters W, 11, ..., whereas grayscale oper-
ators (i.e., operators which apply on grayscale images and produce grayscale
images) will be denoted with small Greek letters ¥, , .. ..

3.2 Binary morphological operators

Mathematical morphology is a tool for extracting geometric information from
binary and grayscale images. A shape probe (known as a structuring ele-
ment) is used to build an image operator whose output depends on whether
or not this probe fits inside a given image. Clearly, the nature of the ex-
tracted information depends on the shape and size of the probe used. To
illustrate this concept, we initially restrict our discussion to the case of bi-
nary images.

3.2.1 Increasing and translation invariant operators

The most elementary set operators of interest to mathematical morphol-
ogy are operators which are increasing and/or translation invariant. A set
operator VU is increasing if

FLCF = ‘If(Fl) - \I’(Fg)

An increasing operator ¥ forbids an object F} that is occluded by an object
F, to become visible after processing (i.e., ¥(F}) will still be occluded by
U(F)).

On the other hand, translation invariance plays an important role in
image processing and analysis. In most applications, an image object should
be processed the same way no matter where it is located on the imaging
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plane. If F +h = {u+ h | u € F} denotes the translation of a set F' by
h € E, then a set operator V is translation invariant if

U(F +h) = U(F) + h,

for every translation h € E. A set operator may be increasing but not trans-
lation invariant and vice-versa. Most frequently however, we are interested
in operators which are both increasing and translation invariant.

3.2.2 FErosion and dilation

As we discussed in Section 3.1, a set operator ¥, for which
\Ife(Fl N Fg) = \Ife(Fl) N \IJE(FQ), (39)

for every pair (F1, Fy) of binary images, is a binary erosion, whereas, a set
operator ¥, for which

Us(F1UFy) =Us(F) UYs(Fy), (3.10)

for every pair (Fp, F3) of binary images, is a binary dilation. As a direct
consequence of (3.9) and (3.10), both erosion and dilation are increasing
operators (e.g., if F; C Fy, then (3.9) implies U (F}) = U (F1 N Fy) =
‘Ile(Fl) N \IJE(FQ) - \Ife(FQ))

Every translation invariant erosion is of the form

V.(F)= () F-b=FoB,
beB

for some elementary subset B of the two-dimensional space, known as a
structuring element (e.g., see [6]). In set theory, the translation invariant
erosion is known as the Minkowski subtraction. It can be shown that

FoB={heE|(B+h)CF}

This formula provides a geometric interpretation for the translation invariant
erosion. It suggests that the translation invariant erosion of a set (shape)
F by a structuring element B comprises all points h of E such that the
structuring element B located at h fits entirely inside F.

The effect of the translation invariant erosion, using a disk structuring
element, is illustrated in Fig. 3.2(a). Notice that F'is “shrunk” (i.e., F&6B C
F) in a manner determined by the shape and size of the structuring element
B. This is always true when the structuring element contains the origin. In
general, a set operator ¥ for which U(F') C F, for every image F, is called
anti-extensive.
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Figure 3.2: The effect of translation invariant erosion, in (a), and translation
invariant dilation, in (b), on a shape F. Notice that F is “shrunk” in (a)
whereas it is “expanded” in (b).

Similarly, every translation invariant dilation is of the form

Us(F)=|J F+b=F & B,
beB

for some structuring element B. In set theory, the translation invariant
dilation is known as the Minkowski addition. It can be shown that

Fa&B={heE|(B+h)NF +0},

where B = {—b | b € B} is the reflection of B with respect to the origin.
This formula suggests that the dilation of a set (shape) F' by a structuring
element B comprises all points h such that the reflected structuring element

B translated to h hits (intersects) F. Moreover, F & B = (F° & B), which
is a form of duality between erosion and dilation. This relationship simply
says that the dilation of a shape F' by a structuring element B is the set
complement of the erosion of the set complement of F' with structuring

element B.

The effect of the translation invariant dilation, using a disk structuring
element, is illustrated in Fig. 3.2(b). Notice that F' is “expanded” (i.e.,
F C F @ B) in a manner determined by the shape and size of B. This is
always true when B contains the origin. In general, a set operator ¥ for
which ¥(F') D F, for every image F, is called extensive.

Some properties of erosion and dilation are listed in Tables 3.1 and 3.2.
In these tables, rF' = {ru | u € F'} is the scaled version of F. Throughout
this chapter, we simply refer to translation invariant erosion and dilation as
erosion and dilation, respectively.
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Fe{hy=F—h

(F+heB=Fe(B—h)=(FoB)+h | Translation invariance

Fo(B,UB,)=(FeB)\(FeB,) Parallel composition
(FFNF,)eB=(FeB)\(F,©B) Distributivity of intersection
Fo(B,/NB,)o(FeB)U(FeB,) Parallel composition inequality
(FFUF,)eB o (FeB)U(F,eB) Parallel composition inequality
(FeB))eB, =Fe(B, ® B,) Serial composition
FcF,=FKeBcF,eB Increasingness with respect to shape
rFFerB=r(FoB) Homogeneity

FeBc F if B contains the origin Anti-extensitivity

FoOB=(F°® B)° Duality

Table 3.1: Some properties of binary erosion.

The effect of erosion and dilation on a binarized image of a histological
breast sample is shown in Fig. 3.3. Notice that erosion by a disk structuring
element with a diameter of 3 pixels, effectively removes debris, producing
the clean image depicted in Fig. 3.3(c). However, when a larger disk is
used, significant portions of the image are removed as well. This is depicted
in Fig. 3.3(d). Clearly, the erosion is very sensitive to “pepper” noise (i.e.,
small black dots) in the image, which tends to get larger in size. Reciprocally,
dilation effectively “expands” the main features in an image, as depicted in
Figs. 3.3(e),(f).

3.2.3 Representational power of erosions and dilations

A celebrated theorem by George Matheron states that, every translation in-
variant and increasing set operator can be expressed as a union of erosions or
intersection of dilations [4]. To be more precise, for any translation invariant
and increasing set operator ¥, we have that

¥(F) = |JFoB = () FaB, (3.11)
BeK(¥) Bek(v~)

where () is the kernel of operator ¥, defined by
K(¥) ={B | ¥(B) contains the origin}, (3.12)

and ¥* is the dual of operator ¥, given by ¥*(F) = [¥(F*)]¢. This result
however is mainly of theoretical interest since, in practice, the kernel is highly
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FOh=F+h

F®B=B®F Commutativity

(F+h)®B=F®(B+h)=(F®B)+h | Translation invariance

F®B CF®B. if BB Increasingness with respect to
1= 2 1="2 structuring element

F® (B UB,)=(F®B)UF @ B,) Parallel composition

(FUE,)® B=(F, ®B)U(F,® B) Distributivity of union

F®(BNB,)c(F®B)N(F®B,) Parallel composition inequality

(F®B)®B,=F®(B ®B,) Serial composition

FcF=>F®BCF,®B Increasingness with respect to shape

rF®rB=r(F®B) Homogeneity

F®BoF if B contains the origin Extensitivity

F®B=(F‘eB)° Duality

Table 3.2: Some properties of binary dilation.

redundant. Usually, a subset B(¥) of the kernel (V) is found, known as
the basis of ¥, which is much smaller than the kernel and can still represent
the operator [54]. We illustrate this for the case of a median filter.

The median filter is an increasing and translation invariant operator,
and as such, it is amenable to the representation dictated by (3.11). Indeed,
the median filter over the cross mask {(0,0),(1,0),(—1,0),(0,1),(0,—-1)},
centered at the origin (0,0), has a basis that consists of the following ten
structuring elements [55]:

0 0 0 0
1 0 0 1
0 0 0 0
0 0 0 0 0 0
1 1 1 0 1 1
0 0 0 0 0 0

where the underlined digit denotes the center of the structuring element.
Notice that the cross mask contains five elements. The output of the me-
dian filter, with the mask placed at a pixel (z,y) of an image F, is 1, if
at least three of the pixels in the mask have value 1, and is zero otherwise.
This is equivalent to at least one of the structuring elements in the basis,
shifted at pixel (z,y), being a subset of F. According to (3.11), with /C(J)
being replaced by B(¥), the median filter over the cross mask can be im-
plemented as the union of ten erosions with the structuring elements listed
above. Notice that the erosion of F' by any of these structuring elements can
be implemented by an AND operation, whereas the union of erosions can

-
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()

Figure 3.3: Binary erosion and dilation: (a) original grayscale image of
the histologic appearance of fibrocystic changes in breast; (b) original image
after binarization; (c) erosion of (b) by a disk structuring element with a
diameter of 3 pizels; (d) erosion of (b) by a disk structuring element with a
diameter of 7 pizels; (e) dilation of (c) by a disk structuring element with
a diameter of 15 pizels; (f) dilation of (c) by a disk structuring element
with a diameter of 27 pizels. — Data courtesy of K. C. Klatt, Department of
Pathology, University of Utah. Used with permission.
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be implemented by an OR operation. Therefore, the representation (3.11)
on one hand provides a link between erosions and median filters, and on the
other hand provides a way of implementing median filters by means of AND
and OR operations.

3.2.4 Opening and closing

In general, the erosion and dilation operators do not enjoy an often desirable
property, known as idempotence: an idempotent shape operator excerpts all
information from a single application, while consecutive applications of the
same operator will not have any effect. The ideal bandpass filter is an exam-
ple of a linear operator that shares this property. The erosion and dilation
operators on the other hand keep modifying the image at each successive ap-
plication. However, when a translation invariant erosion F'© B is composed
with a translation invariant dilation F'® B, the resulting operator is idempo-
tent, regardless of the order of composition. The composition (F'S B)® B is
called an opening, whereas the composition (F' @ B) © B is called a closing.
The notions of opening and closing are however more general: a set op-
erator U that is increasing (i.e., F; C Fy = ¥(F}) C U(Fy)), anti-extensive
(i.e., ¥(F) C F), and idempotent (i.e., UU(F) = U(F)) is called an opening,
whereas a set operator ¥ that is increasing, extensive (i.e., F' C ¥U(F)), and
idempotent is called a closing. It can be shown that openings and closings
are closed with respect to union and intersection, respectively. This means
that union of openings is an opening, whereas intersection of closings is a
closing.
The operator
FoB=(FeB)® B (3.13)

is referred to as the structural opening, since it involves a structuring element
B. Later, the reader will have the opportunity to encounter openings which
are not of this form. It can be shown that

FoB=|J{B+h|heEand (B+h)C F}.

This formula provides a geometric interpretation for the structural opening
in (3.13). It suggests that FOB is the union of all translated structuring
elements B + h that fit inside F'. The effect of the structural opening FOB
(using a disk structuring element) is illustrated in Fig. 3.4(a). Notice that
FOB attempts to undo the effect of erosion F' & B, by applying the associ-
ated dilation (F'© B) @& B. Opening a shape F' with a structuring element
B removes all components of F' which are “smaller” than B, in the sense
that they cannot contain any translated replica of B. It therefore acts as a
smoothing filter. The amount and type of smoothing is determined by the
shape and size of the structuring element used.
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(@) (o)

Figure 3.4: The effect of structural opening, in (a), and structural closing,
in (b), on a shape F.

Similarly, the operator
FeB=(F®&B)oB
is referred to as the structural closing. It can be shown that
FeB={ucE|uecB+h= (B+h)NF#0}.

This formula suggests that F'@B is the collection of all pixels u such that,

all translated structuring elements B + h which contain u intersect F. The
effect of the structural closing FF@B (using a disk structuring element) is
illustrated in Fig. 3.4(b). Notice that F'@B attempts to undo the effect of
dilation F' @ B, by applying the associated erosion (F' @& B) © B. Closing a
shape F' with a structuring element B removes all components of F¢ which
are “smaller” than B. This is a direct consequence of the duality between

structural openings and closings, which says that F@B = (F' COE)C.

Some properties of structural openings and closings are listed in Tables
3.3 and 3.4, respectively. The effect of these operators on a binarized image
of a histological breast sample is depicted in Fig. 3.5 (see also Fig. 3.3).

Another useful opening operator is the so-called binary area opening.
This operator removes a grain from a binary image whose area is below a
given value. By a grain of an image F', we mean a connected component F;
of F. A component F; C F C E is connected if, given two pixels in F;, there
exists at least one path that connects these two pixels and lies entirely in
F;. Mathematically, the binary area opening is expressed by

‘Ijareaopn(Fa Oé) = U{E | |E| > Oé},
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Folh=F

(F+h)OB=(FOB)+h

Translation invariance

Fo(B+h)=F0OB

FcF,=FOBcFOB

Increasingness with respect to shape

rfForB=r(FoOB)

Homogeneity
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FOBcCF Anti-extensitivity
(FoOB)OB=FOB Idempotence
FOB=(F‘®B) Duality

Table 3.3: Some properties of the binary structural opening.

where {F; | i = 1,2,...} are the grains of F' and |A| denotes the area of
A (when A is a discrete set, |A| denotes the number of its elements, or the
so-called cardinality). It is not difficult to see that, for a fixed value of «, this
operator is increasing, anti-extensive, and idempotent and, therefore, is an
opening. The area opening is a morphological filter that filters-out grains of
area less than a specified value, whereas it passes grains of area larger than
this value.
By duality, the binary area closing is defined as follows:

\I/areaclo(Fa a) = [‘IJareaopn(Fca a)]c.

The area closing fills-in the holes in a binary image, whose area is strictly
smaller than a.

3.2.5 Representational power of structural openings and closings

As we mentioned in the previous subsection, the union of openings is still
an opening, whereas the intersection of closings is a closing. This simple
observation is very useful in practice, since it allows the design of openings
and closings by taking the union or intersection of elementary openings or
closings, respectively. This observation however is more general. It can be
shown (e.g., see [6]) that any translation invariant opening ¥,py (i.e., a trans-
lation invariant operator that is increasing, anti-extensive, and idempotent)
can be written as a union of structural openings, whereas any translation
invariant closing ¥, (i.e., a translation invariant operator that is increasing,
extensive, and idempotent) can be written as an intersection of structural
closings; i.e.,

Uopn(F) = |J FOB and Tgo(F) = (| Fe(B), (3.14)
BeInv(¥Yopn) Belnv(¥,)
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Fe{h=F

(F+h)@®B=(Fe®B)+h

Translation invariance

F®(B+h)=Fe®B

FcF,=F®BcCF,eB

Increasingness with respect to shape

rFe®rB=r(F®B) Homogeneity
FcFeB Extensitivity
(FeB)eB=FeB Idempotence
FO®B=(F°0B) Duality

Table 3.4: Some properties of the binary structural closing.

where Inv(W) denotes the invariance domain of operator ¥, given by Inv(¥)
={F|Y(F)=F}.

Recall that translation invariant openings and closings are increasing
operators. Therefore, they admit a decomposition in terms of a union of
erosions or an intersection of dilations, as dictated by (3.11). However, the
design of a translation invariant opening or closing based on these types of
decompositions is cumbersome and less intuitive. On the other hand, the
design of translation invariant openings and closings by means of (3.14) is
more intuitive and easier to implement. We illustrate these remarks with a
simple example.

Consider the problem of detecting slit-like “cholesterol clefts” of lipid
material in the aortic atheromatous plaque that lead to coronary atheroscle-
rosis. A sample of aortic atheromatous plaque is shown in Fig. 3.6(a). Notice
that “cholesterol clefts” are the randomly rotated white elongated structures
on the left-hand side of the image. The vertical bright streaks on the right-
hand side belong to the artery wall and are of no interest here. A union of
structural openings, using 3 linear structuring elements (a horizontal, a left
diagonal, and a right diagonal) of length 4, is applied to the image. It is
hoped that the structuring elements will fit inside the majority of the clefts
while eliminating noise due to binarization and unwanted structures. The
results are depicted in Figs. 3.6(c)—(e). Observe that all unwanted debris
and external structures have been eliminated. The resulting opening does a
formidable job in isolating all but the vertically aligned “cholesterol clefts.”
This process could be augmented, by adding a vertical structuring element,
to extract more of the vertically oriented clefts that remain. However, this
may erroneously mark part of the coronary structure as clefts.
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Figure 3.5: An example of binary structural opening and closing: (a) orig-
inal grayscale image of the histologic appearance of fibrocystic changes in
breast; (b) original image after binarization; (c) structural opening by a disk
structuring element with a diameter of 3 pixels; (d) structural opening by a
disk structuring element with a diameter of 7 pizels; (e) structural closing by
a disk structuring element with a diameter of 3 pizels; (f) structural closing
by a disk structuring element with a diameter of 7 pixels. — Data courtesy
of K. C. Klatt, Department of Pathology, University of Utah. Used with
PETMISSION.
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Figure 3.6: Filtering via a union of openings: (a) original grayscale image
of aortic atheromatous plaque; (b) original image after binarization; (c) the
result of applying a union of openings, with 3 linear structuring elements
(a horizontal, a left diagonal, and a right diagonal) of length 4, on the image
in (b); (d) filter residue (the set difference between images (b) and (c));
(e) the result in (c) overlaid on the original grayscale image in (a). — Data

courtesy of E. C. Klatt, Department of Pathology, University of Utah. Used
with permission.
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(F+h)®(A4,B)=[F®(A,B)]+h Translation Invariance

F°®(A4,B)=F®(B,A)

F®(A+h,B+h)=[F®(A4,B)]-h

rF ® (rA,rB) =r[F ® (4, B)] Homogeneity
A=J = F®(A4,B)=F‘SB Decreasing operator
B=0 = F®(A,B)=FoA4 Increasing operator

ANB#Q@ = F®(A4,B)=0

Table 3.5: Some properties of the hit-or-miss operator.

3.2.6 The hit-or-miss operator

Instead of only probing the inside, or the outside, of a given binary image
with a structuring element, it may be fruitful in certain applications to probe
both the background and the foreground at the same time. The hit-or-miss
operator formalizes this idea. It is defined by

Uym(F)=F® (A,B)={h€ E|(A+h) CF and (B+h)C F°},

where A and B are two structuring elements, such that AN B = (). This says
that a point A lies in the hit-or-miss transformed set F' ® (A, B) if and only
if the translated structuring element A+ h does not hit F° (or, equivalently,
it is contained in F') and the translated structuring element B + h misses F'
(or, equivalently, it is contained in F°). It can shown that

F®(A,B)=(FoA)n(F e B).

Therefore, the hit-or-miss transformed set contains all points that simulta-
neously belong to the erosion of the foreground F' by the structuring ele-
ment A and the erosion of the background F¢ by the structuring element B.
Some properties of this operator are listed in Table 3.5. It is required that
AN B =0, for the hit-or-miss operator not to result in an empty set. The
hit-or-miss operator is well suited to the task of locating points inside an
object with certain (local) geometric properties; e.g., isolated points, edge
points, corner points, etc. (e.g., see [6,56]).

The hit-or-miss operator leads to an extraordinary result, due to Banon
and Barrera [12]: any translation invariant set operator can be represented as
a union of hit-or-miss operators. This is clearly a more powerful result than
the representation by a union of erosions (or an intersection of dilations),
which is limited to the case of increasing and translation invariant operators.

To be formal, we first need two definitions. Given two sets A and B, the
interval [A, B] is the collection of all sets F' such that A C F C B. Given a
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set operator W, the bi-kernel W(¥) of W is defined by
W(¥) = {(4,B) | [A, B] € K(¥)},

where IC(¥) is the kernel of operator ¥, defined by (3.12). Then, for any
translation invariant set operator ¥, we have that (e.g., see [6])

U(F) = |J Fe (4 B9 (3.15)
(A,B)ew(¥)

The design of binary morphological operators, based on the representa-
tion in (3.15), has been investigated in [57]. However, this approach often
needs a large training set making its use in medical imaging applications
difficult.

3.2.7 Morphological gradients

The set operator
\I}grad(F) =FoB \ Fe B, (316)

where B is a structuring element that contains the origin, is known as the
morphological gradient. Wgaq(F) is a “boundary peeler” that estimates the
boundary of an object F. This operator is often used to obtain surface area
estimates in 3D binary images. The result depends on the size and shape
of the structuring element B and is less affected by boundary noise when
compared to differential edge detectors.

By using variants of (3.16), it is possible to detect external or internal
boundaries. Indeed, the external morphological gradient operator

Ura(F)=F®&B\F

calculates the external boundary of an object F', whereas the internal mor-
phological gradient operator
-

grad(F) =F \ FeB (317)

calculates the internal boundary of F'. Notice that

\I’grad(F) = \I’gra,d(F) U \Ilg_rad(F)‘

The morphological gradient, and its external and internal variants, are
always positive because dilations and erosions with structuring elements that
contain the origin are extensive and anti-extensive, respectively. An illustra-
tion of the morphological gradient operators is depicted in Fig. 3.7. The cross
structuring element B, = {(0,0),(—1,0),(1,0),(0,—1),(0,1)}, centered at
the origin (0,0), is used in this case. Notice that the internal gradient op-
erator detects cellular boundaries correctly, whereas the gradient and the
external gradient operators may connect the boundaries of some cells which
are in close proximity to each other. For more information on morphological
gradients the reader is referred to [58,59].
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Figure 3.7: Morphological gradients: (a) peripheral blood smear of a 30 year
old anemic female with a diagnosis of hereditary spherocytosis; (b) original
image after binarization; (c) gradient using the cross structuring element
Be:; (d) external gradient; (e) internal gradient; (f) gradient overlaid on the
original grayscale image in (a). — Data courtesy of K. C. Klatt, Department
of Pathology, University of Utah. Used with permission.



24 CHAPTER 3 Morphological Methods for Biomedical Image Analysis

2D B 2D B

(F®B)NF F\(F®B)F
(@) (0)

Figure 3.8: (a) A grain F such that D C F C int(2D); (b) the internal
marker F'\ (F @ B) N F obtained by means of an annular opening by the
circular structuring element B.

3.2.8 Conditional dilation

If an image is dilated by a structuring element that contains the origin, it
is expanded. If this type of dilation is repeated indefinitely, the original
image will grow out of bound. One way to avoid this problem is to restrict
the dilation F' @ B within a mask element M. This defines a new type of
(non-translation invariant) dilation, known as conditional dilation, given by

Us(F | M) = (F& B)n M.

It will become clear in the following (see Section 3.6), that the conditional
dilation plays a key role in defining a new morphological operator, known
as opening by reconstruction, which turns-out to be very useful in object
detection and segmentation problems.

3.2.9 Annular openings and closings

If B is a symmetric structuring element (i.e., if B = B), which does not
contain the origin, then the operator

\Ilanopn(F) = (F &b B) NnF

defines an opening (i.e., it is increasing, anti-extensive, and idempotent).
This is known as the annular opening. The dual

Vanco(F) = (F&B)UF

of an annular opening is a closing (i.e., an operator that is increasing, ex-
tensive, and idempotent), known as the annular closing.

The annular opening is a useful operator for marking grains in an image
of a particular geometry and size. We illustrate this with an example. Given
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a grain F, let D be a disk of radius r such that D C F C int(2D), where
int(2D) denotes the interior of 2D, obtained by removing its boundary;
see Fig. 3.8(a). Figure 3.8(b) depicts the result of the annular opening
(F & B) N F, where B is the boundary of 2D (i.e., it is a circle of radius
2r). The set difference F'\ (F'@® B) N F produces a hole punched through F.
We use the result of this set difference as a marker for grain F'. However,
if F C D, Wanopn(F) = 0 and, therefore, F'\ Vapopn(F) = F, whereas, if
2D C F, Wanopn(F) = F and, therefore, F \ Wanopn(F) = (. In these two
cases, F' will not marked.

We now apply these observations to the problem of extracting normal
blood cells from microscopic images of a blood smear. The image in Fig. 3.9(a)
depicts the peripheral blood smear of a 29 year old female with a diagnosis
of acute promyelocytic leukemia. Many fragmented red blood cells are evi-
dent, due to disseminated intravascular coagulation. The normal red blood
cells have a zone of central pallor of about 1/3 of their size and demon-
strate minimal variation in size (anisocytosis) and shape (poikilocytosis).
An annular opening by a circular structuring element of appropriate size is
expected to consistently punch a hole (marker) in the center of these cells.
Red blood cells which are too large, too small due to fragmentation, or that
are deformed, are not marked.

To achieve this, the image in Fig. 3.9(a) is first binarized by means of
thresholding. However, the pallors of some of the red blood cells manifest
themselves as holes after thresholding. To remove these holes, we apply an
area closing operation, which eliminates holes with area smaller than 200
pixels. The result is depicted in Fig. 3.9(b). In order to avoid possible inter-
ference among cells in close proximity to each other, the grains are “shrunk”
by means of an erosion by a disk structuring element with a diameter of 5
pixels. The resulting image is then processed by means of an annular opening
with a circular structuring element with diameter of 35 pixels. The result is
depicted in Fig. 3.9(c). Notice the presence of black holes within grains as-
sociated with normal blood cells. The holes that do not touch the boundary
are extracted from the image in (c); see Fig. 3.9(d). This is done by means of
an area closing, which fills-in the holes in image (c), from which the image in
(c) is subtracted. The resulting markers are then used to identify the normal
red blood cells, which are depicted in Fig. 3.9(e) as dark shapes overlaid on
the original image in (a) (the reconstruction of the actual cell shape from
the marker will be treated in Section 3.6). The remaining cells are depicted
in Fig. 3.9(f). Notice that the cells in (f) are either fragmented, overlapping,
or have irregular shape.

Additional information about annular openings and closings, and about
a more general class of operators known as annular filters, may be found
in [60].
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Figure 3.9: Annular opening: (a) peripheral blood smear of a 29 year old
female with a diagnosis of acute promyelocytic leukemia demonstrates many
fragmented red blood cells due to disseminated intravascular coagulation;
(b) original image after binarization and area closing; (c¢) annular open-
ing by a circular structuring element; (d) normal red blood cell markers ex-
tracted from (c); (e) marked normal red blood cells overlaid on the original
grayscale image in (a) (dark shapes); (f) marked fragmented, overlapping,
and suspicious red blood cells overlaid on the original grayscale image in (a)
(dark shapes). — Data courtesy of K. C. Klatt, Department of Pathology,
University of Utah. Used with permission.
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3.2.10 Morphological filters

A set operator V¥ is said to be a binary morphological filter, if ¥ is increasing
(i.e., F1 C Fy = U(F) C ¥(Fy)) and idempotent (i.e., VU (F) = ¥U(F)). Bi-
nary morphological filters are most frequently used to smooth object bound-
aries or to remove components from an image based on certain geometric
properties. These operators are constrained to preserve order (i.e., they
need to be increasing) and are required to remove components in a single
application (i.e., they need to be idempotent). According to this definition,
openings and closings are morphological filters, since they are increasing and
idempotent. However, erosions and dilations are not morphological filters,
since they are not idempotent.

We can build binary morphological filters from other binary morpholog-
ical filters by composition (e.g., see [6,61]). If ¥; and ¥y are two binary
morphological filters, such that ¥; C Uy or Wy C ¥y, then

VoW, W1W,, W00y, and YU, ¥y

are binary morphological filters as well. Based on these compositions, the
operators (recall that FOB C F'@B, for every structuring element B)

II;(F) = (FOkB)®kB and Py(F) = (F@kB)OkB (3.18)
where
_J {origin}, for k=0
kB_{B@B@'-'@B(k—ldilations), for k>1’ (3.19)

are binary morphological filters. In the literature, these filters are known as
alternating filters (AF), since they alternate between opening and closing.
The operators

S(F) = (FokB)@kB)OkB and Ty(F) = ((F®kB)okB)®kB

are binary morphological filters as well. Finally, we can compose alternat-
ing filters to form another class of binary morphological filters known as
alternating sequential filters (ASF), given by

My(F) =TIy - I (F) and Ni(F) = PyPy_y--- Pi(F).

Usually, the ASFs are more preferable in practice than the AFs. This is
primarily due to the fact that, for a given value of k, an ASF filters-out shape
components by gradually increasing the size of the structuring element, from
B to kB, whereas an AF filters-out shape components by only applying the
structuring element kB. Figure 3.10 depicts the results obtained by filtering
the binary image of Fig. 3.3(b) with the AF IIs, in (b), the morphological
filter 33, in (c), and the ASF M3, in (d). In all cases, B is taken to be the
cross structuring element. For more information on binary morphological
filters, the reader is referred to [6,54,61-63].



28 CHAPTER 3 Morphological Methods for Biomedical Image Analysis

Figure 3.10: Morphological filtering of the binary image depicted in
Fig. 3.3(b): (a) original binary image; (b) filtering by the AF Il3; (b) filtering
by the morphological filter X3; (d) filtering by the ASF Ms.

3.3 Morphological representation of binary images

Image representation is a very important problem whose aim is to transform
image data into a compact form so that information becomes easily accessi-
ble. Image representation can also lead to techniques for image description
and compression. Although a large number of image representation tech-
niques are available in the literature (e.g., techniques based on the Fourier
transform or the wavelet transform [64]), mathematical morphology has pro-
duced some very useful techniques, especially for binary images. In this sec-
tion, we discuss two of these techniques, namely the discrete size transform
and the morphological skeleton. The reader is referred to [65-70] for more
details on these subjects.

3.3.1 The discrete size transform

Given a binary image F', its discrete size transform (DST) is defined by

Fi— (aD—k(F’B)’aD*l(F’B)aDO(FaB)7D1(F7B)aaDk(F’B)a)7



3.3 Morphological representation of binary images 29

where
FokB\ Fo(k+1)B, for k=0,1,...

Dy(F; B) = _ _ :
W(F; B) {FO|I<:|B\F0(|I<:|—1)B, for k= —1,-2,...

with kB defined in (3.19). Notice that

FO(k+1)BC FOkB and FekB C Fe(k+1)B,

for k = 0,1,.... Therefore, Dy(F;B) N D,,(F;B) = 0, for k # m, and

the DST is an orthogonal shape decomposition scheme, in the sense that it

decomposes a binary image into disjoint components. Moreover,

(&

F=|JDw(F;B)=
k>0

U Di(F; B)
k<—1

Therefore, the DST is an invertible image decomposition scheme as well
(i.e., an image F' can be uniquely reconstructed from the DST components
{Dr(F;B),k >0} or {Dy(F;B),k < —1}).

When F consists of (nonoverlapping) grains F;, i = 1,2,. .., the opening
FOkB, for kK > 0, can be viewed as a sieve of mesh “width” k that allows
only grains of “size” less than k to pass through. In this case, we may say
that a grain F; is of “size” k if F;N(FOkB) # ), but F;N(Fo(k+1)B) = 0.
This leads to the observation that { FOkB, k > 0} is a multiresolution image
decomposition scheme which reduces resolution as k increases. However, the
term “resolution” is not associated here to the frequency content of F', as is
customary in linear multiresolution techniques (e.g., see [64]), but to its size
content (see [66] for more details on this subject). Notice that the notion
of size is directly related to the structuring element B used: a grain F; of
F is of “size” k if there exists at least one translated replica of kB that fits
inside F;, whereas there is no translated replica of (k + 1)B that fits inside

F;. Similar remarks hold for {F@(|k| — 1)B,k < —1}, as it pertains to the
holes of F'.

Based on these remarks, it is now clear that the DST is a multiresolution
image decomposition scheme in terms of successive differences of openings
and closing with structuring elements of increasing size. For k > 0, the k*®
component of the DST contains only grains that are of “size” k. On the
other hand, for k < —1, the k** component of the DST contains only holes
that are of “size” k.

3.3.2 The pattern spectrum

The DST can be thought of as the morphological analogue of the Fourier
transform. Both transforms decompose an image into orthogonal compo-
nents that are sufficient for reconstructing the image under consideration. It
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FOURIER SPECTRUM PATTERN SPECTRUM

A smooth image is characterized by A shape with many large smooth objects
large values in the Fourier spectrum and few or no small objects is

at low frequencies and small or zero characterized by large values in the
values at high frequencies. higher part of the pattern spectrum and
small or zero values in the lower part of
the pattern spectrum.

An image with fast grayscale variation | A shape with many small rough objects
is characterized by small or zero and no large smooth objects is

values in the Fourier spectrum at low | characterized by small or zero values in
frequencies and large values at high the higher part of the pattern spectrum
frequencies. and large values in the lower part of the
pattern spectrum.

The Fourier spectrum is a histogram The pattern spectrum is a histogram of

of the distribution of complex the distribution of the sizes of various
sinusoids representing an image. objects representing an image.

The original image cannot be The original image cannot be recovered
recovered from only the Fourier from its pattern spectrum.

spectrum — knowledge of the phase
spectrum is also needed.

Table 3.6: A comparison of the Fourier spectrum and the pattern spectrum.

is quite common, in Fourier-based image processing and analysis techniques,
to characterize images by means of the magnitude of the Fourier transform,
known as the Fourier spectrum, while discarding phase information. A sim-
ilar approach applies in the morphological case as well. An image is char-
acterized by the “magnitude” of the DST, known as the pattern spectrum,
given by

Prop(k) = | Di(F; B)| = \FOka\ Fo(k+ UB’L for k>0 ’
|F®|k|B\ Fo(lk| —1)B|, fork < -1
where |A| is the area (or cardinality) of set A. Notice that the pattern spec-
trum depends on the particular structuring element B used (i.e., for a given
image, different pattern spectra can be obtained for different structuring
elements).

As in the case of the Fourier spectrum, the information conveyed by
the pattern spectrum of an image F' is not sufficient for reconstructing F.
However, the pattern spectrum conveys some useful information regarding
the shape-size content of a binary image. For example:

(a) The boundary roughness of F', relative to the structuring element B,
appears in the lower part of the pattern spectrum, for a rough bound-
ary, and in the higher part of the pattern spectrum, for a smooth
boundary.
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Figure 3.11: The (normalized) pattern spectrum Pp.p(k) of a binary im-
age. Notice that the large peak at size 6 indicates the prominent presence of
particles of size 6.

(b) Long capes or bulky protruding parts in F' of pattern B show-up as
isolated impulses or jumps at the positive sizes of the pattern spectrum.

(c) Big jumps at negative sizes illustrate the existence of prominent in-
truding gulfs or holes in F.

All these properties are the morphological analogues of similar prop-
erties of the Fourier spectrum. Table 3.6 summarizes similarities between
the Fourier and the pattern spectra. Figure 3.11 depicts the (normalized)
pattern spectrum of the binary image in Fig. 3.9(b), with the structuring
element being a disk of diameter 3. Normalization produces a pattern spec-
trum Pr. p(k) from Pp.p(k), such that 332 P p(k) = 1. Notice that the
large peak at size 6 indicates the prominent presence of particles of size 6.

The pattern spectrum is frequently used as a shape/size descriptor. It
has been employed in a number of image processing and analysis tasks,
such as shape and texture analysis [5], multiscale shape representation [66],
morphological shape filtering and restoration [71-74], and analysis, segmen-
tation, and classification of texture [74-82]. Its computation however may
be time consuming. A number of efficient algorithms have been proposed in
the literature for dealing with this problem (e.g., see [83,84]).

3.3.3 The morphological skeleton transform

The (Euclidean) skeleton of a shape is a thin caricature, obtained by creating
an archetypal stick figure that internally locates the central axis of the shape.
This structure was first introduced by Blum [85], who called it the “medial
axis.” The skeleton is a binary image representation technique that summa-
rizes a shape and conveys useful information about its size, orientation, and
connectivity [86].

To define the skeleton of a shape F, for each point h € F, let D(h)
denote the largest disk centered at h such that D(h) C F. Then, the point
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Figure 3.12: Construction of the (Euclidean) skeleton for a triangular shape.

h is a point on the skeleton of F' if there does not exist a disk D, such that
D(h) ¢ D C F. In this case, D(h) is called the maximal disk located at
point h. This is illustrated in Fig. 3.12. If, in addition to the skeleton, the
radii of the maximal disks located at all points h on the skeleton of a shape
F are known, then F' can be uniquely reconstructed from this information as
the union of all such maximal disks. Therefore, the skeleton, together with
the radius information associated with the maximal disks, contain enough
information to uniquely reconstruct the original shape.

In 1977, Lantuéjoul showed that, if o(F’) is the skeleton of a shape F' (a
set that contains all points of the skeleton of F'), then:

o(F) = |J on(F),

r>0

where
or(F)=F&rB\ (FerB) 0drB, (3.20)

with B being a disk of radius 1 (see [5]). In this case, rB is a disk of radius
r and drB is a disk of an infinitesimal radius dr. The set o,.(F') contains the
centers of all maximal disks of radius r. Since shape F' equals the union of
all maximal disks, we have that

F=|]Jo(F)®rB.
r>0

Equation (3.20) can be discretized, by setting r = kdr, and dr = 1, for some
integer k. In this case, rB=kB=B® B®---® B (k — 1 dilations). If we
also replace disk B with an arbitrary structuring element, then we get the
so-called morphological skeleton transform of F'.

The morphological skeleton transform of a binary image F' is given by:

F s (So(F; B), S1(F; B),...,Se(F;B),...),

where
Sk(F;B)=FokB\ (FckB)OB,
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with kB given by (3.19). The set Si(F; B) is called the skeleton subset of
order k. The union
S(F;B) = | Sk(F; B)
E>0
is called the morphological skeleton of F. When B is a disk structuring
element, then S(F;B) is a discrete approximation of the skeleton of F'.
When B contains the origin,

FokB2 (FokB)OBD Fo (k+1)B,
for Kk =0,1,.... In this case,
Sk(F;B)N Sy (F;B) =10, for k+#m,

and the morphological skeleton transform is an orthogonal shape decompo-
sition scheme. Furthermore,

F=|J S(F;B)®kB, (3.21)
k>0

making the morphological skeleton transform invertible.
The morphological skeleton transform can be uniquely represented by a
grayscale image sp(x,y), known as the skeleton function, given by

[k, if (z,y) € Sp(F;B)
sp(z,y) = { —o0, if (z,y) ¢ S(FaB) ‘

Notice that
Sk(F;B) ={(z,y) € E'| sp(z,y) = k}. (3:22)

Therefore, image F' can be uniquely reconstructed from the skeleton function
sp(x,y), by means of (3.21) and (3.22). The skeleton function has been used
for image compression and coding [65]. Moreover, the morphological skele-
ton transform has been used for shape analysis and recognition. Efficient
algorithms for computing skeleton transforms can be found in [83, 87].

Figure 3.13 depicts an example of the morphological skeleton, by using
the cross structuring element Be,. Figure 3.13(a) depicts the morphological
skeleton of the binary image F' of Fig. 3.7(b), superimposed on F. Notice
that individual grains can be compressed to small and thin line segments
emanating from the center of the grains. On the other hand, Fig. 3.13(b)
depicts the morphological skeleton of the complement image F°, superim-
posed on F'. In this case, the morphological skeleton may be used to segment
the image into nonoverlapping partitions, each containing a grain. However,
it is clear from the result depicted in Fig. 3.13(b) that the morphological
skeleton may not produce partitions with connected boundaries. The mor-
phological skeleton of the complement F¢ of a shape F' is sometimes referred
to as the exoskeleton.
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Figure 3.13: Binary morphological skeleton using the cross structuring ele-
ment Be: (a) skeleton of the binary image F' depicted in Fig. 3.7(b), super-
imposed on F; (b) skeleton of the complement F€, superimposed on F'.

3.4 Grayscale morphological operators

In order to extend mathematical morphology to the grayscale case, we need
to combine grayscale images in a way that is compatible with unions and
intersections. This is because a binary image is a special case of a grayscale
image, when the number of gray levels is two. The tool that allows us to
accomplish this task is known as threshold decomposition. Using threshold
decomposition, we can show that the grayscale analogues of union and in-
tersection are the operations of supremum and infimum, respectively. Using
this observation, the extension of many binary morphological operators to
the grayscale case is most often straightforward.

3.4.1 Threshold decomposition

Given a grayscale image f(z,y), we define its cross section F(t) at level t by

F(t) = {(z,y) € E| f(z,y) = t}.

The collection F = {F(t) | t € R, F(t) # 0} of all non-empty cross sec-
tions is known as the threshold decomposition of f. An image f is uniquely
characterized by its threshold decomposition, since

fla,y) =\t e R| (z,y) € F(t)},

at every pixel (z,y). Figure 3.14 depicts two cross sections of a 1D signal
f for a high and a low value of the threshold ¢. Notice that, as ¢ increases,
F(t) decreases. In particular, if t7 > to, then F(t1) C F(t2). This is known
as the stacking property.

An image f has a unique threshold decomposition F. However, given a
collection F = {F(t) | t € R, F(t) # 0} of non-empty sets, there might not
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Figure 3.14: Threshold decomposition of a grayscale function f(x) into its
cross sections F(t): (a) cross section F(t1) for a high value t1 of t; (b) cross
section F(to) for a low value ty of t.

exist an image f with threshold decomposition F. This is because the cross
sections of an image f should satisfy the stacking property.

Threshold decomposition provides a useful link between grayscale and
binary images. This link is used as a way to combine grayscale images that
is compatible with mathematical morphology, by means of the following
three steps:

1. Calculate the threshold decompositions Fi, Fa of images fi1 and fa,
respectively.

2. Generate the threshold decomposition
F={F(t) = R(t)UR(®) |t R, F(t) £ 0}.
3. Set
flz,y) =\/[{t e R| (z,9) € F(t)}.

It is not difficult to see that:

f(:v,y) = f1(:v,y) \% fz(x,y) = (fl \ f2)(CC,y)-

Alternatively, we may combine two images f; and fo by means of the
following three steps:

1. Calculate the threshold decompositions Fi, Fa of images fi1 and fa,
respectively.

2. Generate the threshold decomposition

F=A{F(t) = Fi(t)N Fy(t) | t € R, F(t) # 0}.
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3. Set
f(m,y) = \/{t cR | (l‘7y) € F(t)}

In this case,

f(mvy) = fl(mvy) N f2($,y) = (fl A f2)(l‘7y)'

Evidently, the grayscale analogues of union and intersection are the pix-
elwise supremum and infimum, respectively. It is also true that

fi<fo & Fi(t) C Fy(t), foreverytelR.

Therefore, the grayscale analogue of set inclusion is for a grayscale image
fi to be smaller than another image fo (i.e., fi < f2), in the sense that
fl(may) < f2($ay)7 at every pixel (l',y)

Additional information about threshold decomposition can be found in
[88].

3.4.2 Increasing and translation invariant operators

As we said before, the most elementary operators of interest to mathematical
morphology are increasing and translation invariant. A grayscale image
operator 1 is said to be increasing, if fi < fo implies that ¥(f1) < ¥(f2).
On the other hand, if fy,4,(%,y) denotes the spatially translated image
f(z — xo,y — yo), then a grayscale image operator ¢ is spatially translation
mvariant if

Q/)(frrmyo)(ma y) = () (@ — z0,y — yo),

for every space translation (zo,v0). If (f + v)(z,y) denotes the grayscale
translated image f(z,y)+ v, then a grayscale image operator v is grayscale
translation invariant if

’(:b(f + v)(m,y) = ¢(f)(x,y) + .

Notice that, here, we are dealing with two types of translation invariance,
spatial and grayscale, as opposed to the binary case where we only deal
with spatial translation invariance. In the grayscale case, when we speak
about translation invariance, we mean both spatial and grayscale translation
invariance.

When f is real-valued, the negative image f* of f is defined by

f*(:an) = _f(wvy)' (3‘23)
When f takes finite values in {0,1,..., G}, the negative image f* of f is
defined by
f(zy) =G — f(z,y).
Notice that, when G = 1 (i.e., in the case of binary images), f* is the
set-complement. Finally, a grayscale image operator v is anti-extensive, if

Y(f) < f, extensive, if p(f) > f, and idempotent, if Y(f) = (f).
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3.4.3 FErosion and dilation

As in the binary case, where it is opted to use operators that distribute
over unions and intersections, it is desirable to deal with grayscale image
operators which distribute over suprema and infima. Any image operator 1.

such that ¢e(fi A f2) = Ye(f1) A Ye(f2), for every pair (f1, f2) of grayscale
images, is called a grayscale erosion. Any image operator s such that
Us(f1V f2) = ¥s(f1) V s(fa), for every pair (fi1, f2) of grayscale images, is
called a grayscale dilation. As a direct consequence of these definitions, both
grayscale erosion and dilation are increasing operators.

When the grayscale erosion is translation invariant, then

(), y) = NIf(@+&y+n) — b n)]
&m

= /\[f(é?ﬂ) - b(£ -, - y)]
&n
= (fob)(y),

where b is a grayscale image known as the structuring function (e.g., see [6]).
In the special case when

0, for (z,y) € B

—00, otherwise ’ (3.24)

b(z,y) = {
for some structuring element B, then

we(f)(xay) = /\ f(m+§ay+77)'

(&meB

This is called flat (grayscale) erosion, and is denoted (with a slight abuse
of notation) by f © B. A structuring function of the form (3.24) is usually
referred to as a flat structuring function. The flat erosion replaces the value
of an image f at a pixel (z,y) by the infimum of the values of f over a
structuring element B. Some properties of the grayscale erosion are sum-
marized in Table 3.7. In this table, b(z,y) = b(—=, —y) is the reflection of
the structuring function b around the origin. An example of a flat grayscale
erosion is depicted in Fig. 3.15.
When the grayscale dilation is translation invariant, then

s(f)(@,y) = [f(@—&y—n)+b(En)]
&m

= \IfEn) + bz —&y—n)
&m

= (f@b)(z,y),
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(i, 802 7) = (f O, -y, ), ) Spatial translation invariance
=(feb)(x—xp,y =)
(f+v)eb=fe(b-v)=(feb)+v Grayscale translation invariance
fohz foh it heh D e i oo
fe(bvb)=(fob)~(fob,) Parallel composition
(finfy)eb=(fiob)A(f,0D) Distributivity of minimum
fe(bnb)=(feb)v(feb) Parallel composition inequality
(fiv fr)eb=(fieb)v(f,eb) Parallel composition inequality
(feb)eb, = fe(b®b,) Serial composition
LS f, = fieb< f,0b Increasingness with respect to image
feb< f if b(0)20 Anti-extensitivity
feb=(f @b Duality

Table 3.7: Some properties of grayscale erosion.

for some structuring function b. In the special case where b is “flat,” then

Ys(f)(z,y) =\ flz—&y—n).

(&meB
This is called flat (grayscale) dilation, and is denoted by f @ B. The flat
dilation replaces the value of an image f at a pixel (z,y) by the supremum of

the values of this function over a structuring element B. Some properties of
the grayscale dilation operator are summarized in Table 3.8. An example of a
flat grayscale dilation is depicted in Fig. 3.16. For a geometric interpretation
of flat grayscale erosions and dilations, the reader is referred to Subsection
3.4.7 below.

3.4.4 Representational power of erosions and dilations

Matheron’s representation theorem can be extended to the grayscale case as
well. In this case, every translation invariant and increasing operator v can
be expressed as a supremum of erosions or infimum of dilations; i.e.,

W) =\ feb = N\ feb,
beK(y) beK(¥*)
where K(v) is the kernel of operator v, defined by
K() ={b | ¥(b)(0,0) = 0},
and ¢* is the dual of operator 1, given by ¥*(f) = [¢(f*)]* (e.g., see [6]).
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(9)

Figure 3.15: Flat grayscale erosion: (a) original grayscale image of a lat-
eral pulmonary artery angiogram; (b)—(d) flat erosions by a disk structuring
element with a diameter of 3, 7, and 11 pixels, respectively. — Data cour-
tesy of the University of Washington Digital Anatomist Program. Used with
PETMISSION.

3.4.5 Opening and closing

As in the binary case, an image operator 1 that is increasing (f1 < fo =
(1) < $(f)), anti-extensive (4(f) < f), and idempotent (¥i(f) = ¥(f))
is called an opening. On the other hand, an image operator that is increasing,
extensive (¢(f) > f) and idempotent is called a closing.

A popular (translation invariant) grayscale opening of an image f by a
structuring function b is given by fOb = (fSb)@b. We refer to this operator
as the (grayscale) structural opening, since it involves a structuring function
b. This is a smoothing filter that approximates an image from below, since
fob < f. The amount and type of smoothing is determined by the shape and
size of the selected structuring function. The structural opening attempts to



40 CHAPTER 3 Morphological Methods for Biomedical Image Analysis

feb=bdf Commutativity

rn, @0Yx7)=(/ By, )x.7) Spatial translation invariance
=(f®b)(x X0,y =¥p)

(f+V)®b=fOB+v)=(fDb)+V Grayscale translation invariance

7oh=70h it h<h s et

fevbh)=(feb)v(feb) Parallel composition

fivh)@b=(/1@D)Vv(f, ®b) Distributivity of maximum

fOGAL)S(fRDIAN(SfDD) Parallel composition inequality

(febh)ob =10 db) Serial composition

L= /190 f,@D Increasingness with respect to image

f®b>f if b(0)20 Extensitivity

f@®b=(f"cb) Duality

Table 3.8: Some properties of grayscale dilation.

undo the effect of erosion f©b by applying the associated dilation (f©b)®b.
Some properties of the grayscale structural opening are summarized in Table
3.9. When b is a flat structuring function (i.e., when b is given by (3.24)),
then the structural opening is referred to as a flat structural opening and
is denoted by fOB. An example of a flat structural opening is depicted
in Fig. 3.17. Notice that, as the size of the structuring element increases,
certain bright features are eliminated from the image.

Similarly, a popular (translation invariant) grayscale closing of an image
f with a structuring function b is given by f@b = (f@®b)©b. We refer to this
operator as the (grayscale) structural closing. This is a smoothing filter that
approximates a shape from above, since f@®b > f. The amount and type of
smoothing is determined by the shape and size of the structuring function
used. The structural closing attempts to undo the effect of dilation f @b by
applying the associated erosion (f @b)Sb. Some properties of the structural
grayscale closing are summarized in Table 3.9. When b is a flat structuring
function, then the structural closing is referred to as a flat structural closing
and is denoted by f@B. An example of a flat structural closing is depicted
in Fig. 3.18. For a geometric interpretation of flat grayscale openings and
closings, refer to Subsection 3.4.7 below.

Another useful opening is the so-called grayscale area opening. This op-
erator removes grains from the cross sections of a grayscale image with area
below a given value. Mathematically, a grayscale area opening is expressed
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Figure 3.16: Flat grayscale dilation: (a) original grayscale image of a lat-
eral pulmonary artery angiogram; (b)—(d) flat dilations by a disk structuring
element with a diameter of 3, 7, and 11 pixels, respectively. — Data cour-
tesy of the University of Washington Digital Anatomist Program. Used with
PETMISSION.

by
Yareaopn (@) (z,y) = \/{t e R | (z,y) € | HFi(t) | IF:(t)| > o}}, (3.25)

where {F;(t) | i = 1,2,...} are the grains of the cross section F(t) of image
f- It is not difficult to see that, for a fixed value of «, this operator is
increasing, anti-extensive, and idempotent; therefore, it is an opening.

By duality, the grayscale area closing is defined as follows:

'@Z)areaclo(f» Oé) = [¢areaopn(f*a Ol)]*,

where f* is defined in (3.23). This operator fills-in the holes of the cross
sections F'(t) of image f, whose area is strictly smaller than a. Efficient
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(e O D) 2) = (S OD)x =5, 7 = 30) Spatial translation invariance
(., @D)x, ») = (f@D)(x — x4,y = ¥y)
8;1 :;Sl[::((;fbb)):vv Grayscale translation invariance
fighh= f0obL f,0b Increasingness with respect to
L2, = fi®b< f,@b image
fobsf Anti-extensitivity
f<feb Extensitivity

ob)ob=fo0b
8:. b)). b= ff. b Idempotence
fob=(f"eb) Duality

Table 3.9: Some properties of grayscale structural opening and closing.

algorithms for the implementation of grayscale area openings and closings
can be found in [89].

An example, illustrating the grayscale area opening operator, is depicted
in Fig. 3.19. The blood smear, depicted in the first row of Fig. 3.19(a), is to
be binarized in order to obtain the regions occupied by individual cells. The
second row of Fig. 3.19(a) depicts the result of such a binarization. Due to
the fact that blood cells have a zone of central pallor, which produces the
bright regions within each cell, the result of binarization is not satisfactory:
most cells produce a region filled with a black hole. Area opening can be
effectively used to ameliorate this problem. This is evident from the results
depicted in Figs. 3.19(b),(c). As the value of «, in (3.25), increases, the
bright regions within each cell are effectively suppressed and binarization
produces a more acceptable result.

3.4.6 Representational power of structural openings and closings

For a collection v; of openings, ¥ = \/;%; is an opening as well; i.e., the
supremum of openings is also an opening. On the other hand, if v; is a
collection of closings, then ¢ = A, ; is a closing as well; i.e., the infimum
of closings is also a closing. This simple observation is very useful in prac-
tice, since it allows the design of grayscale openings and closings by taking
the supremum, or infimum, of elementary grayscale openings or closings,
respectively.

It can be shown (e.g., see [6]) that any translation invariant grayscale
opening ¥opy (i-e., a translation invariant operator that is increasing, anti-
extensive, and idempotent) can be written as a supremum of grayscale struc-
tural openings, whereas any translation invariant grayscale closing ¥, (i.e.,
a translation invariant operator that is increasing, extensive, and idempo-
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(C) (9)

Figure 3.17: Flat structural opening: (a) original grayscale image of a lateral
pulmonary artery angiogram; (b)—(d) structural openings by a disk structur-
ing element with a diameter of 3, 7, and 11 pixels, respectively. — Data
courtesy of the University of Washington Digital Anatomist Program. Used
with permission.

tent) can be written as an infimum of grayscale structural closings; i.e.,

Yopu(f) = \/ fob and ao(f) = A\ f@(b),

beInv(Yopn) beInv(elo)

where Inv(7)) denotes the invariance domain of the grayscale operator v,

given by Inv(y) = {f [ ¥(f) = f}-

3.4.7 Flat image operators

Threshold decomposition is used as an effective tool for building grayscale
image operators from increasing binary image operators. Indeed, consider a
grayscale image f. After applying threshold decomposition, we obtain the
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() (9)

Figure 3.18: Flat structural closing: (a) original grayscale image of a lateral
pulmonary artery angiogram; (b)—(d) structural closing by a disk structuring
element with a diameter of 3, 7, and 11 pixels, respectively. — Data cour-
tesy of the University of Washington Digital Anatomist Program. Used with
PETMISSION.

cross sections F = {F(t) | t € R, F(t) # 0}. Now, consider an increasing set
operator W. For every t, apply this set operator on the cross section F(t)
in order to obtain a cross section G(t). Since ¥ is increasing, we have that
(recall the stacking property)

t1 >ty = F(tl) - F(tg) = G(tl) = \I/(F(tl)) - \I/(F(tg)) = G(tg).

Clearly, the collection G = {G(t) | t € R, G(t) # (0} of the resulting cross
sections satisfies the stacking property. Therefore, G defines a grayscale
image g by means of g(z,y) = V{t € R | (z,y) € G(t)}. The mapping
g = ¥(f) thus obtained is called a flat image operator, generated by W.
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Figure 3.19: Grayscale area opening: (a) original grayscale image of a blood
smear (first row) and the result obtained after binarization by means of
thresholding (second row); (b) the result of area opening (first row), applied
on the grayscale image in (a), obtained by means of (3.25) with o = 100, and
the result obtained after binarization by means of thresholding (second row);
(b) the result of area opening (first row), applied on the grayscale image in
(a), obtained by means of (3.25) with o = 200, and the result obtained after
binarization by means of thresholding (second row). — Data courtesy of SDC
Information Systems. Used with permission.

Clearly,
(f)(@,y) = \/{t e R | (z,y) € T(F (1))}

Flat image operators are increasing. This follows directly from the way
these operators are constructed. Moreover, they enjoy properties directly
induced from the set operator applied on each cross section. For example,
if ¥ is an erosion, then 1 is an erosion as well. The same is true when ¥
is a dilation, opening, or closing; then, ¢ is a dilation, opening, or closing,
respectively. Moreover, if ¥(F) = F © B, then ¢(f) = f © B. Thus, a flat
(grayscale) erosion with structuring element B can be viewed as the process
of applying a binary erosion on the cross sections of f with structuring
element B and stacking-up the results. This gives a geometric interpretation
of what erosion does to a grayscale image: the flat erosion of a grayscale
image f by a structuring element B removes all grains in the cross sections
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Figure 3.20: An example of flat grayscale erosion, in (a), and of flat opening,

in (b).

of f that do not accommodate B whereas it “shrinks” all other grains by
eroding them with B. This is illustrated in Fig. 3.20(a). A similar (dual)
remark applies for the case of flat (grayscale) dilation.

If ¥(F) = FOB, then ¢(f) = fOB. Thus, a flat (grayscale) opening
with structuring element B can be viewed as the process of applying a binary
opening on the cross sections of f with structuring element B and stacking-
up the results. This again, gives a geometric interpretation of what opening
does to a grayscale image: the flat opening of a grayscale image f by a
structuring element B removes all grains in the cross sections of f that do
not accommodate B whereas it smoothes all other grains by opening them
with B. This is illustrated in Fig. 3.20(b). Therefore, the flat opening of
an image f with a structuring element B can be viewed as an operator that
removes the peaks and ridges from the topographic surface of f. A peak, or
regional mazimum, M of a grayscale image f is a connected component of
pixels in f with a given graylevel value v, such that every pixel in a (properly
defined) neighborhood of M has a value strictly smaller than v. A ridge, or
crest line, of a grayscale image f is a curve on the topographic surface of f,
such that, as we walk along this line, the points to the right and left of us are
lower than the ones we are on. A similar (dual) remark applies for the case
of flat (grayscale) closing, which removes the hollows and ravines from the
topographic surface of f. A hollow, or regional minimum, M of a grayscale
image f is a connected component of pixels in f with a given graylevel value
v, such that every pixel in a (properly defined) neighborhood of M has a
value strictly larger than v. A ravine, or valley, of a grayscale image f is a
curve on the topographic surface of f, such that, as we walk along this line,
the points to the right and left of us are higher than the ones we are on.
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3.4.8 Morphological gradients

The grayscale operator

Yima(f) = 5 |f ® B~ fS B,

where B is a structuring element that contains the origin, is known as the
grayscale morphological gradient. If B is a disk structuring element with unit

radius, then
HVﬂh::¢(aﬁgy§2+(aﬁgy52

1
= lim — B — B
T10+2r[f€Br ferB],

provided that f is continuously differentiable. In this case, the morpholog-
ical gradient with a disk structuring element of radius r converges to the
magnitude of the gradient Vf of f, as r decreases to zero.

Similar gradient operators are the external and internal gradients, given
by

ralf) =5 [fe B~ ],
and

_ 1
ngrad(f) = 5 [f_feB]a
respectively. Notice that

ngrad(f) = ¢;~ad(f) + ngrad(f)'

Figure 3.21 depicts an example of applying the grayscale morphological
gradient, and its variants, on a magnetic resonance (MR) image of the human
brain. In this case, the square structuring element Bsq = {(—1, —1), (—1,0),
(-1,1), (0,-1), (0,0), (0,1), (1,-1), (1,0), (1,1)}, centered at the origin
(0,0), has been used. Notice that, in this example, the internal gradient
provides the best separation between anatomical structures.

3.4.9 Opening and closing top-hat

Since the opening fOB of an image f with a flat structuring element B
removes peaks and ridges from the topographic surface of f, the operator

Yoputn(f) = f — fOB

produces such peaks and ridges. This is known as the opening top-hat op-
erator. Dually, the operator con(f) = f@®B — f produces the hollows
and ravines of the topographic surface of f. This is known as the closing
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Figure 3.21: Grayscale morphological gradient: (a) an MR image of the hu-
man brain; (b) histogram equalized grayscale morphological gradient with the
square structuring element Bgq; (c) histogram equalized grayscale internal
morphological gradient; (d) histogram equalized grayscale external morpho-
logical gradient. — Data courtesy of the University of Washington Digital
Anatomist Program. Used with permission.

top-hat operator. Figure 3.22 illustrates the use of this operator to extract
and visualize the sulci from a lateral view of the right brain hemisphere.
The procedure is shown for a 2D grayscale image. However, it can be used
for a 3D representation of the brain as well. Correct extraction and visual-
ization of sulci is important for identifying landmarks to achieve functional
segmentation of the brain and to guide the surgeon during an operation.

3.4.10 Conditional dilation

If a grayscale image is dilated with a structuring element that contains the
origin, its subgraph grows. If this type of dilation is successively repeated,
the subgraph of the original image grows without bound. One way to restrict
this growth is to restrict the dilation f & B of an image f by a structuring
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(©)

Figure 3.22: Morphological closing top-hat: (a) lateral view of the right brain
hemisphere; (b) closing top-hat by a disk structuring element with a diam-
eter of 22 pizels. — Data courtesy of the University of Washington Digital
Anatomist Program. Used with permission.

element B within a mask image m. This defines the so-called grayscale
conditional dilation, given by

$s(f |m) = (f ®B) Am.

It will become clear in the following (see Section 3.6), that the grayscale con-
ditional dilation plays a key role in defining a new morphological operator,
known as grayscale opening by reconstruction, which turns-out to be very
useful in image segmentation problems.

3.4.11 Morphological filters

A grayscale operator v is said to be a morphological filter, if 1) is increas-
ing (ic. fi < fo = $(fi) < ¥(f2) and idempotent (ie., poo(f) = (/).
Grayscale morphological filters are most frequently used to smooth the topo-
graphic surface of an image. According to this definition, grayscale openings
and closings are morphological filters, since they are increasing and idempo-
tent. However, grayscale erosions and dilations are not morphological filters,
since they are not idempotent.

As in the binary case, we can build grayscale morphological filters from
other grayscale morphological filters by composition (e.g., see [6,61]). If 1y
and 19 are two grayscale morphological filters such that ¥ < b or ¥y < 1)1,
then

Yothy,  Y1vhe,  Y1verhr, and  hath1¢

are grayscale morphological filters as well. Based on these compositions, the
operators (recall that fOB < f@B, for every structuring element B)

7k(f) = (fOkB)®kB and pi(f)= (f@®kB)OkB, (3.26)
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Figure 3.23: Morphological filtering: (a) a bone marrow image f to be seg-
mented into two regions of interest (from [90]); (b) detected edges, obtained
by means of thresholding the image in (a) and applying the internal morpho-
logical gradient operator (3.17) on the binary result; (c) the result of applying
the AF mo on f; (d) detected edges, obtained by means of thresholding the
image in (c) and applying the internal morphological gradient operator (3.17)
on the binary result.

where kB is given by (3.19), are grayscale morphological filters. These filters
are known as grayscale alternating filters (AF), since they alternate between
opening and closing. The operators

orx(f) = ((fokB)®kB)OkB and 74(f)=((f®@kB)OkB)®kB

are grayscale morphological filters as well. Finally, we can compose grayscale
alternating filters to form another class of morphological filters known as
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grayscale alternating sequential filters (ASF), given by

pr(f) = mpmp—1---mi(f) and  vR(f) = prpr—1--- p1(f).

Morphological filters are used to reduce grayscale variation in images.
This may be desirable in order to reduce noise or simplify grayscale variation
in an image for subsequent processing. An example is illustrated in Fig. 3.23.
The bone marrow image f, depicted in Fig. 3.23(a), is to be segmented
into two regions of interest. Towards this goal, f is first thresholded and
the internal morphological gradient operator (3.17) is then applied on the
binary result. Figure 3.23(b) depicts the detected edges, overlaid on the
original image f. Clearly, the segmentation result is rather noisy due to high
grayscale variation in f. However, application of the AF w5 on f, given by
(3.26), with B being a disk structuring element with a diameter of 3 pixels,
produces the simplified version ma(f) of f depicted in Fig. 3.23(c). The
internal morphological gradient operator (3.17), applied on the binary image
obtained by thresholding 7o ( f), produces the result depicted in Fig. 3.23(d).
Clearly, the result is smoother than the one in Fig. 3.23(b), and provides a
reasonable segmentation of the original image f.

For more information on grayscale morphological filters, the reader is
referred to [6,54,61-63].

3.5 Grayscale discrete size transform

In this section, we discuss the grayscale analogues of the discrete size trans-
form and the associated pattern spectrum. The reader is referred to [66]
for more details on these subjects. Although the skeleton transform can be
defined for grayscale images as well, the resulting image representation is
not very useful in practice. Therefore, we will not be discussing this repre-
sentation here.

Given a grayscale image f, its discrete size transform (DST) is defined
by

f = ("'7d—k:(f; B)7 "',d—l(f; B)a dO(f; B)a dl(f; B)a 7dk(f7 B)7 ) 3

where

fokB — fo(k+1)B, for k=0,1,...

di(f; B) = { f@|k|B— fo(|k| —1)B, fork=—1,-2,...°

with kB defined in (3.19). We limit our presentation here to flat openings
and closings, although extension to more general structural openings and
closings is possible [66]. Notice that

fo(k+1)B< fokB and fekB< fe(k+1)B,
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for k = 0,1,.... Therefore, the components di(f; B) of the grayscale DST
are always nonnegative, for every k. Moreover,

f=Y_d(f;B) =

k>0

> di(f;B)

k<-1

)

where f* is defined in (3.23). Therefore, the grayscale DST is an invertible
image decomposition scheme.

The grayscale DST is a multiresolution image decomposition scheme,
which decomposes an image f into residual images fOkB — fO(k+1)B and
f®|k|B—f@(]k|—1)B, obtained by successive approximations of f by means
of structural openings and closings. Notice that, do(f; B) = f — fOB is the
opening top-hat transform of f, whereas d_1(f;B) = f o5 f is the closing
top-hat transform. In general, d(f; B), for k > 0, contains a layer scrapped
from the subgraph of f by means of the difference fOkB — fo(k + 1)B,
whereas di(f; B), for k < —1, contains a layer scrapped from the subgraph
of f* by means of the difference f.|l<:|§ — fo(|k|— I)E Since both opening
and closing are smoothing (lowpass) filters, the DST can be thought of as the
output of a filterbank comprising a collection of bandpass filters. However,
the term band is not associated here to the frequency content of f, as is
customary in linear filterbank techniques (e.g., see [64]), but to the particular
layer scrapped from the subgraph of f.

The pattern spectrum of a grayscale image f, in terms of a structuring
element B, is given by

||fokB — fo(k +1)B||1, for k>0

Py;p(k) = [|de(f; B)|lL = { |f@|k|B — f@(|k| — 1)B||;, fork< -1’

where

£l =D 1f ()l
z,y

Clearly, the pattern spectrum is the “magnitude” of the discrete size trans-
form.

The pattern spectrum turns-out to be a powerful tool for summariz-
ing shape and texture content in images. It has been effectively used for
grayscale morphological filtering and restoration [74], as well as for the analy-
sis, segmentation, and classification of texture [74, 75,77, 78,80, 81,91, 92].
Efficient algorithms for computing the pattern spectrum can be found in
(84,93, 94].

3.6 Morphological image reconstruction

In this section, we discuss a powerful tool for object extraction from binary
and grayscale images, known as morphological image reconstruction. This
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Figure 3.24: (a) The problem of binary morphological image reconstruction.
(b) Binary morphological image reconstruction implemented by means of con-
ditional dilations.

is an iterative tool that extracts regions of interest from an image marked
by a set of markers. We start, by limiting our exposition to the binary case.
We then extend our discussion to the grayscale case by means of threshold
decomposition.

3.6.1 Reconstruction of binary images

Consider a shape F', like the one depicted in Fig. 3.24(a), comprising several
(nonoverlapping) grains. Suppose that we are interested in an operator that
automatically extracts all grains F of F that are marked by a marker F™
(i.e., aset F™ C F). In practice, F™ may mark important targets of interests
(objects) that need to be extracted from image F'.

Let {F; | i = 1,2,...} be the collection of all grains of F and let F
denote the portion of F' that contains all grains marked by F. Under cer-
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tain conditions, F' can be computed by means of elementary morphological
operators. Indeed, let

S5(F™ | F) = (F™"@® B)NF,

be the conditional dilation (of size 1) of F™™ by a structuring element B (that
contains the origin) restricted inside F. This conditional dilation “expands”
the marker F™ by means of the structuring element B, while making sure
that this “expansion” remains inside F' (see Fig. 3.24(b)). Iterating this
operator k times, yields the conditional dilation of size k, given by

k times

k 15l 1
op(F™ | F) = 0pdp - op(F™ | F).

It can be shown that, if B is a structuring element that contains the origin,
such that
(F;®& B)NF; =0, foreveryi# j, (3.27)

then binary morphological image reconstruction can be achieved by taking
the union of all 5%’8; ie.,

F=Rp(F™|F)= ] dp(F™| F). (3.28)
k>1

The required condition (3.27) simply says that the grains {F; | =1,2,...}
of F' should be “far enough” from each other, in the sense that, for every i,
“expanding” F; by B does not hit any other grain of F. In the discrete case,
however, B is typically chosen as the cross structuring element B, or the
square structuring element Bgq, and the condition (3.27) is automatically
satisfied. The union in (3.28) always exists, since F™ C §L(F™ | F) C F
and therefore the sequence {(5%} k=1,2,... is increasing and bounded from above
by F. The resulting operator Rp is called the conditional reconstruction
operator. Notice that 6% (F™ | F) can be sequentially implemented using

SBR(F™ | F) = 6L(6% YW(F™ | F) | F), fork=1,2,..., (3.29)

with 0% (F™ | F) = F™. See Fig. 3.24(b) for an illustration.

In many applications, we are interested in a morphological filter that
filters-out grains that are of a certain size and shape. For example, consider
the problem of removing grains with size smaller than a predefined size ny,
in the sense that all grains that cannot accommodate a structuring element
A = ngB are completely eliminated, whereas all other grains remain intact.
One may think that a simple opening F'O A of the image F' by the structuring
element A will do the job. This is only partially true. The opening FFOA will
clearly eliminate all grains of F' that cannot contain structuring element nyB
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(@)

(c)
Figure 3.25: Close-hole operator: (a) a binary image F; (b) the set comple-
ment F¢ of F' and the image window boundary marker Fy; (c) the result of
conditional reconstruction Rp(Fy | F¢) — notice that only grains that touch
the image window boundary are reconstructed; (d) the set complement of the

image in (c) — all holes in F that do not touch the image window boundary
are filled-in.

(o)

3
S
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but it will also smooth-out the other grains. However, recall that FOA C
F. Therefore, the structural opening FFOA can be used as a marker in a
binary morphological reconstruction operator that will reconstruct all those
smoothed-out grains of F' that remain after the structural opening is applied.
It can be shown that the resulting operator

Yopnrec(F') = Rp(FOA | F),

is an opening (i.e., an operator that is increasing, anti-extensive, and idempo-
tent). This operator is called opening by reconstruction. The dual operator

‘IJclorec(F) = [RB(FCOA ’ FC)]C

is a closing (i.e., an operator that is increasing, extensive, and idempotent)
and is called closing by reconstruction.

The binary conditional reconstruction operator can be used to define
another useful morphological operator, known as the binary close-hole oper-
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ator. This operator is given by
\Ilclohole(F) = [RB(F() ’ FC)]Ca (330)

where the binary marker Fjy is the boundary of the image window. As
illustrated in Fig. 3.25, the close-hole operator fills-in all holes in a binary
image that do not touch the image window boundary.

3.6.2 Reconstruction of grayscale images

Morphological image reconstruction can be extended to the grayscale case
via threshold decomposition. Consider a signal f, like the one depicted in
Fig. 3.26. The topographic surface of this signal comprises of several peaks.
Suppose that we are interested in designing an operator that automatically
removes a pre-selected number of peaks, while leaving the rest of the signal
intact. This operation can be very useful in practice: in an image profile,
peaks are usually attributed to objects, and peak removal is equivalent to
object removal.

Peak removal can be automatically and effectively done by means of the
grayscale morphological image reconstruction operator, to be discussed here.
Let us assume that, given an image f, we can find another image f"*, known
as the marker image (or simply as the marker), which identifies the portion
of the image profile that needs to be preserved (see Fig. 3.26). It is required
that f™ < f. Let us denote by F = {F(¢t) | t € R, F(t) # 0} and by
Fm™ ={F™t) |t € R,F™(t) # 0} the threshold decompositions of f and
f™, respectively. Notice that, since f™ < f, we have that F™(t) C F(t), for
every t. Therefore, F™(t) can be considered to be a binary marker for F(¢).
Each binary marker F"(t) marks a number of grains of the cross section
F(t) of image f at level ¢t. If we apply the binary morphological image
reconstruction operator Rp(F™(t) | F(t)) on F™(t), given F(t), then all
grains of F'(t) marked by F™(t) will be perfectly reconstructed. If we repeat
this process for every ¢, and stack-up the results, we obtain a grayscale
operator rg(f™ | f) which is known as grayscale conditional reconstruction
operator. Since the marker image f™ marks the portion of the image profile
that we want preserved, this portion will be perfectly reconstructed from the
marker. Notice that

fay) =rp(f™ | Hz,y) = \{t € R (z,y) € Rp(F™(¢) | F(1))}.

Because Rp(F™ | F) is an increasing operator, given F, rg(f™ | f)
is a flat image operator generated by Rp(e | F'). Under certain conditions,
re(f™ | f) can be computed by means of elementary grayscale morphological
operators. Indeed, let

Sp(f" 1 f)=("@®B)Af
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Figure 3.26: Grayscale morphological image reconstruction: (a) a signal f
and its marker f™; (b) the result of the conditional dilation 65(f™ | f) of

the marker f™ within f; (c) the reconstructed signal f =rg(f™ | f).

be the conditional grayscale dilation (of size 1) of f™ by a structuring
element B (containing the origin) that is restricted by f. This conditional
dilation “expands” the subgraph of marker f™ by means of the structuring
element B making sure that this “expansion” is below f. Iterating this
operator k times, yields the conditional grayscale dilation of size k, given by

k times
—_——
Op(f™ | ) = 0pdp - p(f™ | f).
It can be shown that, if B is a structuring element that contains the origin,
with
(F3(t) @ B) N Fj(t) = 0, for every i # j,and every t,

where Fj(t) is the i*" grain of the cross section F(t) of f, then (grayscale)
morphological image reconstruction can be achieved by taking the supremum
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of all (5%’8; ie.,

F=r(f™f) =\ U™ 5.

k>1

Notice that

SE(F™ | ) =B (™ F) | f), for k=1,2,..., (3.31)

with 0%(f™ | f) = f™, which provides a sequential implementation of the
reconstruction process.

Recall now that fOA < f. Therefore, fOA can be used as a marker in
a morphological reconstruction operator. The resulting operator

Yopnrec(f) =TB(fOA| f) (3.32)

is an opening (i.e., an operator that is increasing, anti-extensive, and idem-
potent) and is called opening by reconstruction. The dual operator

wclorec(f) = [TB(.f*OA | f*)]*a (333)

where f* is defined in (3.23), is a closing (i.e., an operator that is increasing,
extensive, and idempotent) and is called closing by reconstruction. Notice
that the opening fOA will remove peaks and ridges from the topographic
surface of f and, therefore, these features will not be marked by fOA. In this
case, the opening by reconstruction operator @bopnrec( f) will remove peaks
and ridges from the topographic surface of f while preserving the topography
of the remaining surface. A dual statement applies for the case of the closing
by reconstruction operator.

The grayscale conditional reconstruction operator can be used to define
another useful morphological operator, known as the grayscale close-hole
operator. This operator is given by

'(;Dclohole(f) = [TB(f(’) | f*)]*’ (334)

where the grayscale marker f5 takes value co at pixels on the boundary of
the image window, and —oo, otherwise. Clearly, this operator fills-in all
holes in the cross sections of image f that do not touch the image window
boundary.

Morphological image reconstruction is a time consuming process. Se-
quential implementation, by means of (3.29) or (3.31), is inefficient. How-
ever, a number of alternative algorithms have been proposed in the literature
that result in faster implementation. For more information on this subject,
the reader is referred to [95].
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3.6.3 FExamples

Morphological image reconstruction is a powerful tool for extracting objects
of interest from a given image. In the following, we illustrate this by means of
two examples: detection of the lateral ventricle in an MR image of the brain,
and extraction of filarial worms in a microscopic image of blood stream.
Additional examples may be found in [95].

Feature detection in MR imaging.

This example illustrates the use of grayscale morphological image reconstruc-
tion for detecting the lateral ventricle in an MR image of the brain, depicted
in Fig. 3.27(a). A grayscale structural opening, by a disk structuring element
with a diameter of 31 pixels, is applied on this image, in order to remove the
feature to be detected (i.e., the lateral ventricle). The result is depicted in
Fig. 3.27(b). The grayscale morphological image reconstruction of that part
of the original image marked by the image in (b) is depicted in Fig. 3.27(c).
By subtracting this result from the original image in (a), we obtain the im-
age depicted in Fig. 3.27(d). Notice the prominent presence of the lateral
ventricle in (d), as well as the amount of image simplification obtained by
means of the previous steps. Thresholding the image in (d) produces the
binary image depicted in Fig. 3.27(e). Clearly, thresholding produces a bi-
nary image comprising of many grains, the most prominent one (in terms of
area) being the grain associated with the lateral ventricle. An area opening,
applied on the image in (e), eliminates all grains with area smaller than 150
pixels, while preserving the desirable feature (i.e., the lateral ventricle). The
boundary of the result of this area opening, overlaid on the original image, is
depicted in Fig. 3.27(f). The detected lateral ventricle boundary is shown
in black.

We should point-out here that the image depicted in Fig. 3.27(c) is ob-
tained by applying the opening by reconstruction operator (3.32) on the
image depicted in (a). Moreover, the image depicted in Fig. 3.27(d) is ob-
tained by applying the operator

Yopurectn(f) = f —rp(fOA| f)

on the image in (a). This is known as the opening-by-reconstruction top-hat
operator.

Ezxtraction of filarial worms.

In this example, the aim is to extract filarial worms from a microscopic im-
age of blood stream by progressively eliminating all other objects present
in the image. These tiny worms are spread by mosquitos and circulate in
the bloodstream. An algorithm can be constructed, based on morphologi-
cal image reconstruction, that is very effective in accomplishing this task.
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Figure 3.27: Detection of the lateral ventricle in an MR image of the brain:
(a) original image (from [96]); (b) grayscale structural opening of the image
in (a) by a disk structuring element with a diameter of 31 pixels; (c) the
result of grayscale morphological image reconstruction of that part of the
image in (a) marked by the image in (b); (d) the differences between the
images in (a) and (c); (e) the result of thresholding the image in (d); (f) the
boundary of the result of applying a binary area opening on the image in (e),
overlaid on the original data in (a).
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Figure 3.28: Extraction of filarial worms: (a) a microscopic image of filar-
ial worms in the blood stream, indicated by the two white arrows; (b) the
difference between the original image in (a) and a grayscale closing by re-
construction operator applied on (a); (c) the grayscale structural opening of
the image in (b) by the cross structuring element Be; (d) the grayscale area
opening of the image in (c); (e) the result of thresholding the image in (d);
(f) the morphological skeleton of the image in (e); (g) the result of a binary
area opening applied on the image in (f); (h) binary morphological recon-
struction of the filarial worms from the image in (e), using the image in (g)
as a marker; (i) the reconstruction result in (h), overlaid on the original
image in (a). — Images courtesy of SDC' Information Systems. Used with
PETMASSION.
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The steps of this algorithm are illustrated in Fig. 3.28. Figure 3.28(a) de-
picts a microscopic image of filarial worms in the blood stream, indicated
by the two white arrows. Although these objects could be extracted by sim-
ple thresholding, this turns-out to be very difficult, due to artifacts present
in the image. We can use the observation that filarial worms show up as
dark, thin, and long objects, in order to design a series of steps that even-
tually filter-out all objects from the image, except those ones that fit this
description. We will be using a combination of morphological reconstruction
operators and the morphological skeleton transform in order to accomplish
this task. Towards this goal, we subtract the image depicted in Fig. 3.28(a)
from the image obtained by applying the closing by reconstruction operator
(3.33), with A being an 11-pixel-wide square structuring element, on the
image depicted in (a). The result is depicted in Fig. 3.28(b). This step
regularizes the image background. We then apply a grayscale structural
opening, by the cross structuring element B, in order to remove narrow
objects from the image in (b). The result is depicted in Fig. 3.28(c). The
grayscale area opening operator (3.25) is then applied on the image in (c)
in order to remove small objects with area smaller than 200 pixels. This
produces the image depicted in Fig. 3.28(d). Now, thresholding the image
in (d) produces the result depicted in Fig. 3.28(e), which contains five grains.
Notice that, two of the five grains are the filarial worms we are interested
in. The length of the other three grains is clearly smaller than the length of
the filarial worms. We can use this information to filter-out the three un-
wanted grains. First, we calculate the morphological skeleton of the image
in (e). The result is depicted in Fig. 3.28(f). Then, a binary area opening
removes skeleton branches with area smaller than 10 pixels, producing the
image depicted in Fig. 3.28(g). The resulting image is used as a marker,
in a binary morphological reconstruction step, that reconstructs that part
of the image in (e) marked by this marker. The result of this step is de-
picted in Fig. 3.28(h). Clearly, the reconstructed grains are the two filarial
worms. Finally, Fig. 3.28(i) depicts the detected filarial worms, overlaid on
the original image in (a).

We should point-out here that the image depicted in Fig. 3.28(b) is ob-
tained by applying the operator

¢clorecth(f) = [TB(f*OA | f*)]* —f

on the image depicted in (a). This is known as the closing-by-reconstruction
top-hat operator.

3.7 Morphological image segmentation

An important application of mathematical morphology is in image segmen-
tation, which deals with the problem of decomposing an image into different
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areas of interest (see also Chapters ?? and ?? in this volume). In this sec-
tion, we discuss the problem of segmenting binary and grayscale images by
means of mathematical morphology. The main tools associated with this
problem is the skeleton by influence zones and the watershed transform.

3.7.1 The distance transform

The distance transform is a basic tool for the construction of morphological
segmentation operators. It will soon become apparent that the distance
transform is intrinsically related to many morphological set operators, like
translation invariant erosions, dilations, and skeletons, to mention a few.
Let us consider images defined over the two-dimensional Euclidean space
IR2. A function d(e, ) from IR? x IR? into the set of nonnegative real numbers
R™ is called a distance function, if the following three properties are satisfied:

1. d(u,v) =0 if and only if u=v, u,v € R
2. d(u,v) = d(v,u), for every u,v € R2.
3. d(u,w) < d(u,v) + d(v,w), for every u,v,w € R2.

One calls d(u,v) the distance between points u and v. Examples of common
distance functions between two points u = (u1,us) and v = (v1,v2) in R?
are

di(u,v) = |ug —v1| + |ug — val, cityblock distance

do(u,v) = \/(u; —v1)2 + (uz — v2)2, Euclidean distance
doo(u,v) = max{|u; — v1|, |ug — va|}, chessboard distance.

Given a distance function d, the distance transform Dp(u) of a binary
image F C IR? at a point u € IR? is defined by

Dp(u) = /\ d(u,v).

By convention, we set Dy(u) = oo, for every u € IR?. Notice that the
distance transform is a grayscale function that depends on the particular
choice of the distance function d. Its value is zero at all pixels u € F and
increases as we move away from F'.

Figure 3.29(a) depicts a microscopic image of red blood cells from a
patient with hereditary spherocytosis. By binarizing the image in (a), we
obtain the image F' depicted in Fig. 3.29(b). Figure 3.29(c) depicts the
distance transform Dp(u), plotted as a 2D function, whereas Fig. 3.29(d)
depicts the distance transform Dge(u). In both cases, the Euclidean distance
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Figure 3.29: The distance transform: (a) a grayscale microscopic image of
red blood cells from a patient with hereditary spherocytosis; (b) binarized
version F of the image in (a); (c) the distance transform Dp(u); (d) the
distance transform Dpe(u); (e) the level lines of the distance function Dp(u);
(f) the level lines of the distance function Dpe(u). — Data courtesy of K. C.
Klatt, Department of Pathology, University of Utah. Used with permission.
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Figure 3.30: “Disk” structuring elements with increasing radius, for three
choices of the distance function: (a) cityblock distance; (b) Euclidean dis-
tance; (c) chessboard distance.

is used. The nonzero values of Dp(u) give the minimum distance of a pixel
in F° from the red blood cells, whereas the nonzero values of Dpc(u) give
the minimum distance of a pixel within a red blood cell from its boundary.
Notice that Dp(u) is zero within the red blood cells, whereas Dpe(u) is zero
outside the cells.

Given an image F', the collection of all points with equal distance to
the foreground is obtained by extracting the level lines of the corresponding
distance transform Dpg(u), whereas the collection of all points with equal
distance to the background is obtained by extracting the level lines of the
distance transform Dpe(u). Examples of such level lines are depicted in
Figs. 3.29(e) and 3.29(f), respectively. Notice that the level lines in these
figures coincide with the boundaries of successive translation invariant dila-
tions and erosions of image F' by a disk structuring element B of increasing
radius. Indeed, if F is a closed and bounded subset of IR?, then the dilated
set F' @ rB, where

B = {ucR?|d(u,0) <1} (3.35)

is a “disk” structuring element with radius 1 centered at the origin, is given
by
F®rB={ucR?|Dr(u) <r} (3.36)

This explains the fact that the boundaries of successive erosions with a “disk”
structuring element coincide with the level lines in Fig. 3.29(e). Notice that
(3.35), (3.36) depend on the particular choice for the distance function d,
which leads to a particular choice for the “disk” structuring element B.
Figure 3.30 depicts “disk” structuring elements rB, with increasing value of
r, for three different choices of the distance function.

By using the duality between erosions and dilations, the level lines of the
distance transform Dpe(u) can be associated with the boundaries of erosions
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with a “disk” structuring element. If F' is a closed and bounded subset of
R?, we have that

ForB={ucR?|Dpec(u) >r}. (3.37)

Expressions (3.35)—(3.37) establish a clear relationship between the dis-
tance transform and translation invariant erosions and dilations with “disk”
structuring elements. Different geometries for the structuring elements are
achieved by changing the choice of the associated distance function. Nonethe-
less, the importance of the distance transform lies on the fact that it aggre-
gates distance information from a continuum of erosions and dilations in a
single grayscale function. As we will see in the following, this information
can be used for segmentation and for marking areas of interest in a given
image.

3.7.2 Skeleton by influence zones (SKIZ)

Let us consider a binary image F, made up of (nonoverlapping) grains Fj;,
i = 1,2,.... In this framework, the problem of image segmentation is to
partition image F into disjoint segments such that, each partition contains
only one grain, and the union of all partitions produces the entire image.
This can easily be done by means of the so-called skeleton by influence zones,
or simply SKIZ.

The influence zone Z(F;) of a grain F; of F is defined as the collection
of all points in IR? which are closer to F; than to any other grain of F.
Evidently,

Z(F;) ={uc¢c R? | DF,(u) < Dp;(u), for every i # j}.

The set-complement of the union of the influence zones of all grains of F'
form the SKIZ of F; i.e.,

C

SKIZ(F) = (U Z(Fi)> .

Clearly, the SKIZ is the collection of all points in IR? that do not belong to
any influence zone. Moreover, because the influence zone Z(F;) is an open
subset of R?, the SKIZ is a closed subset of IR.

Interestingly, it can be shown that the SKIZ of a shape F' follows the
ridges, or crest lines, of the distance transform Dp(u). Roughly speaking,
a ridge, or crest line, of a grayscale image f is a curve on the topographic
surface of f, such that, as we walk along this line, the points to the right and
to the left are lower than the ones we are on. A more precise mathematical
characterization, based on elementary concepts such as gradient, directional
derivative and vector inner product can be found in [97]. A detailed analysis
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Figure 3.31: Binary segmentation using the SKIZ: (a) the distance transform
Dp(u) of the image F depicted in Fig. 3.29(b), overlaid on F; (b) the SKIZ
obtained by extracting the crest lines of Dp(u), overlaid on F.

of the crest points (i.e., the points forming a crest line) in a discrete setting,
can be found in [98], with emphasis on the identification of the crest points
of the distance function.

An example of binary image segmentation based on the SKIZ is de-
picted in Fig. 3.31. The distance transform Dp(u) of the binary image F in
Fig. 3.29(b) is depicted in Fig. 3.31(a), plotted as a grayscale function and
overlaid on image F. The crest lines, extracted from Dp(u), produce the
SKIZ, which is depicted in Fig. 3.31(b), overlaid on F' (refer to [99] for meth-
ods on how to extract crest lines and ravines in grayscale images). Clearly,
the SKIZ forms a continuous disjoint net that effectively segments the image
into disjoint partitions, each partition containing at most one red blood cell.

3.7.3 Watershed-based segmentation of nonoverlapping particles

An alternative way to obtain the SKIZ of a collection of (nonoverlapping)
grains is to use the binary watershed transform. This procedure is illus-
trated in Fig. 3.32. Given a binary image F, like the one depicted in
Fig. 3.29(b), the distance transform Dpg(u) is calculated. The result is de-
picted in Fig. 3.32(a). If droplets of water fall on the topographic surface
of Dp(u), they will follow the steepest slope towards a hollow, or regional
minimum. Recall that a hollow, or regional minimum, M of a grayscale
image f is a connected component of pixels in f with a given grayscale
value v, such that, every pixel in the neighborhood of M has a value strictly
larger than v. In this case, water will accumulate in the so-called catchment
basins of Dp(u); see Fig. 3.32(a). The catchment basin C'(M) of an image
f, associated with a regional minimum M, is the collection of all points p
of the topographic surface of f such that, a drop of water falling at p slides
along the surface until it reaches M. A small hole is now punched at the
bottom of each catchment basin of Dp(u), and the subgraph of Dp(u) is



68 CHAPTER 3 Morphological Methods for Biomedical Image Analysis

flooding
catchment water
basin

-

(9)

Figure 3.32: The binary watershed transform: (a) the distance transform
Dp(u) of the image F depicted in Fig. 3.29(b); (b) the subgraph of Dp(u)
is immersed into water — water fills-in from holes punched through the bottom
of catchment basins; (c) the dams constructed to avoid water from merging
from two adjacent catchment basins; (d) the top of the dams in (c) defines
the watershed lines, which are overlaid on F.

slowly immersed into water. While the subgraph is flooded, by water pass-
ing through the holes, the water level raises uniformly over the subgraph; see
Fig. 3.32(b). At some moment, water filling a catchment basin starts merg-
ing with water coming from an adjacent catchment basin. At this particular
moment, a dam is erected to prevent this from happening. When no new
dams need to be constructed, the procedure is stopped. The collection of all
erected dams are depicted in Fig. 3.32(c). When the subgraph of Dp(u) is
totally immersed into water, the only visible structures at the water surface
will be the top of the dams. These form the so-called watershed lines, which
are depicted in Fig. 3.32(d). It turns out, that the crest lines of the distance
function, or equivalently the SKIZ, coincide with these watershed lines.
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Figure 3.33: Geodesic path between two points u and v in a binary image F.

3.7.4 Geodesic SKIZ

Although the SKIZ is an effective tool for segmenting binary images of
nonoverlapping particles, what happens when particles overlap? We an-
swer this question in this subsection. However, we first need to modify the
notion of distance between two points u and v in R2.

Consider two points u,v inside a binary image F C IR?2. A path in F
between v and v is any curve joining these two points that is always in F'.
If the points u, v can be connected by a path in F', then there exists a path
joining u and v whose length is not greater than the length of any other path
with the same endpoints. This path is called a geodesic path. See Fig. 3.33
for an example. Given two points u,v € F, the length of the geodesic path
connecting these two points is called the geodesic distance between u and v,
and is denoted by dp(u,v). If there exists no geodesic path between u and
v, we set dp(u,v) = oo.

Let us now assume that we need to separate two overlapping grains F}
and Fy, like the ones depicted in Fig. 3.34(a). Let us also assume that we
can mark the two grains with two markers M; and Ms, respectively. Based
on the geodesic distance dr(u,v) between two points u,v € F = F; U Fy,
we define the geodesic influence zone Zp(Mjy,) of a marker My, in F as the
collection of all points in F' which are closer, in terms of the geodesic distance,
to My than to any other marker of F'. Clearly,

Zp(My) ={u € F | GDpn,(u) < GDp g, (u), for every l # k},

where GDp p, (u) denotes the geodesic distance transform in F' of marker
M, at a point u € F, given by

GDEMk(u) = /\ dF(u,v).
veMj,

Subtracting from F' the union of the influence zones of all markers in F', we
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Figure 3.34: (a) Two overlapping grains Fy and Fy that need to be separated —
these grains have been marked by two markers My and Ms; (b) segmentation
obtained by means of the geodesic SKIZ.

obtain the geodesic SKIZ, given by

SKIZp(M) = F\ | Zr(My).
k

It is not difficult to see that the geodesic SKIZ can be computed by extracting
the ridges, or crest lines, of the geodesic distance transform GDg , ar, ().
Clearly, the geodesic SKIZ can be used to segment partially overlapping
particles, as illustrated in Fig. 3.34(b). However, the segmentation result
depends strongly on the choice for the markers.

To illustrate a method for choosing appropriate markers, let us consider
the simple case of two partially overlapping disks F; and F5 of the same
radius, like the ones depicted in Fig. 3.35(a). We can mark these two disks
by their centers. Then, the geodesic SKIZ, based on these markers, provides
the desirable segmentation. The centers of the two disks can be easily ob-
tained by means of the distance transform: we first calculate the distance
transform Dpe(u), where F' = F; U Fy; the desirable disk centers can then
be computed as the two points in F' where Dpc assumes its maximum value.
This simple example suggests that appropriate markers for segmenting a bi-
nary image F of overlapping particles based on the geodesic SKIZ can be
obtained by means of determining the peaks, or regional mazxima, of the dis-
tance transform Dpe(u). Recall that a peak, or regional maximum, M of
a grayscale image f is a connected component of pixels in f with a given
grayscale value v, such that, every pixel in the neighborhood of M has a
value strictly smaller than v. However, keep in mind that this approach
may produce misleading results. This is clear from the example depicted in
Fig. 3.35(b).
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Figure 3.35: (a) Two overlapping disks with the same radius, marked by their
centers, and the segmentation obtained by means of the geodesic SKIZ. (b)
The geodesic SKIZ produces the wrong segmentation result when the radius
of one of the two disks is reduced.

3.7.5 Watershed-based segmentation of overlapping particles

An alternative technique for segmenting overlapping particles, which avoids
use of the geodesic SKIZ, is based on the watershed transform. Given a bi-
nary image F' of overlapping particles, like the one depicted in Fig. 3.36(a),
we calculate the negative distance transform —Dpe(u); see Fig. 3.36(b). No-
tice that the regional minima of this grayscale function appear at points in
F which are the farthest away from F°. The catchment basins of —Dpc(u)
clearly mark the different regions into which F' is to be segmented.

Now, we pierce the topographic surface of —Dpe(u) at the location of its
regional minima, and we immerse it slowly into water. Water starts flooding
the catchment basins. To prevent merging of water coming from two adjacent
catchment basins, we erect dams. Once the surface is totally immersed into
water, the top of the erected dams provides the watershed lines, which, in
turn, segment the image into the desirable regions; see Fig. 3.36(c). Notice
that the watershed transform is not applied on the distance transform Dp(u),
as it was done in the case of nonoverlapping particles, but on the negative
distance transform —Dpe(u). The watershed lines thus produced do not
necessarily coincide with the geodesic SKIZ.

3.7.6 Grayscale segmentation

The watershed transform can be applied to the problem of grayscale seg-
mentation as well, in order to partition a grayscale image into regions of
interest. Usually, these regions correspond to areas of relatively homogenous
grayscale variation. In this case, image segmentation is achieved by means of
a watershed-based technique similar to the one used in the binary case. For
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Figure 3.36: Binary watershed segmentation: (a) a binary image F of over-
lapping particles; (b) the negative distance transform —Dpc(u) — notice the
location of the regional minima; (c) the watershed lines, overlaid on F.

example, a function f, may be constructed from f, with crest lines that co-
incide with the contours of the regions of interest and catchment basins that
mark these regions; see Fig. 3.37. Then, the crest lines of f, are extracted
by means of the watershed transform applied on f,. By construction, the
watershed lines will coincide with the desirable region contours.

Despite the simplicity of the previous approach, construction of the ap-
propriate function f, is a rather challenging and delicate matter. To say that
a region of interest in an image f has a “relatively homogeneous” grayscale
variation, we mean that there is only slight variation in grayscale values
inside the region, or that it has a low gradient. On the other hand, high
gradient values often indicate region contours. Therefore, f, can be taken
to be the gradient of f (or more precisely its magnitude); see Fig. 3.37. The
crest lines of f,, extracted by means of the watershed transform, will then
provide the desirable segmentation result.

Usually, watershed-based segmentation, using the gradient of the original
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Figure 3.37: Mapping regions and region contours in f to the catchment
basins and crest lines of the gradient of f.

image, leads to an oversegmentation problem. This is primarily due to the
sensitivity of the gradient operator to grayscale variation and noise, creating
a large number of irrelevant regional minima (catchment basins). This is
illustrated in Fig. 3.38. Notice that the relevant contours are buried inside
a dense net of irrelevant ones.

One way to ameliorate this problem is to simplify the original image be-
fore the gradient is calculated. This may reduce the number of regional min-
ima while preserving the most relevant ones. This is illustrated in Fig. 3.39.
The original image f, depicted in Fig. 3.39(a), is pre-filtered by means of the
opening by reconstruction operator (3.32) followed by the closing by recon-
struction operator (3.33). The structuring element A in (3.32) and (3.33) is
taken to be a disk with a diameter of 19 pixels. The result is depicted in
Fig. 3.39(b). This effectively “flattens” the image f. The morphological
gradient is now applied on the image in (b) and produces the result de-
picted in Fig. 3.39(c). The result is clearly crisper than the one depicted in
Fig. 3.38(b). Subsequent watershed-based segmentation produces the result
depicted in Fig. 3.39(d), which contains far less oversegmentation artifacts.
However, the result is still not satisfactory.
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Figure 3.38: Quersegmentation as a result of watershed-based segmentation
using the morphological gradient: (a) original image f; (b) the result of
the morphological gradient applied on f; (c) the resulting watershed lines,
overlaid on f.

Better segmentation may be obtained by constraining the regions where
the watershed lines might occur. This idea can be implemented by means
of an algorithm that employs internal and external binary markers, which
are used to constrain the implementation of the watershed transform, when
applied on the gradient image f,. This approach is illustrated in Fig. 3.40.
The first step of this algorithm is to generate an internal binary marker
F% , which marks the regions of interest in a grayscale image f, as the one
depicted in Fig. 3.38(a). Towards this goal, we may extract the regional
minima of f. We choose to extract the regional minima, since the regions
of interest appear as dark cells in f. However, due to noise in f, this step
produces a large number of regional minima. If all these minima are used
in subsequent steps, they will result in oversegmentation. Therefore, before
we extract regional minima, we first simplify f by means of the opening
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Figure 3.39: The effect of pre-filtering on watershed-based segmentation, us-
ing the morphological gradient as a marker: (a) original image f; (b) the
result of pre-filtering f by means of an opening by reconstruction followed
by a closing by reconstruction; (b) the result of the morphological gradient
applied on the image in (b); (c) the resulting watershed lines, overlaid on f.

by reconstruction operator (3.32) followed by the closing by reconstruction
operator (3.33). The structuring element A in (3.32) and (3.33) is taken to
be a disk with a diameter of 11 pixels. The result is depicted in Fig. 3.40(a).
The internal marker F]7} is now taken to be the regional minima of the
grayscale image in (a). This marker is depicted in Fig. 3.40(b).

The next step is to generate an external binary marker F[7}, which
marks the highest crest lines of the original image f that separate the
regional minima in (b). Such a marker can be obtained by piercing the
topographic surface of f at the points of the regional minima depicted
in Fig. 3.40(b), by immersing the subgraph of f into water, and by de-
tecting the resulting watershed lines. The result of this process is de-



76 CHAPTER 3 Morphological Methods for Biomedical Image Analysis
-
® 0%
® v
e e

LD,
feloesd o)
L
Bl (e
SRS N

%00 0® LJﬂOﬁ ‘. ‘

L5

Figure 3.40: Watershed-based segmentation constrained by internal and ex-
ternal markers: (a) the result of pre-filtering the image f, depicted in
Fig. 3.38(a), by means of an opening by reconstruction followed by a closing
by reconstruction; (b) the internal marker containing the regional minima
of the image in (a); (c) the external marker containing the watershed lines
obtained by piercing the topographic surface of f at the points of the regional
minima in (b) and by immersing the subgraph of f into water; (d) the com-
bined internal and external markers; (e) the combined internal and external
markers overlaid on f; (f) the watershed lines obtained by piercing the topo-
graphic surface of the morphological gradient of f, depicted in Fig. 3.38(b),
at the points of the combined marker in (d), and by immersing the subgraph
of the morphological gradient into water.
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picted in Fig. 3.40(c). Figure 3.40(d) depicts the combined binary marker
Fm = F% U F,, whereas Fig. 3.40(e) depicts F™ overlaid on the original
image. Notice that the cell boundaries are constrained between the external
and internal markers. These boundaries can now be detected as the highest
crest lines of the morphological gradient of the original image, depicted in
Fig. 3.38(b), constrained by the internal and external markers. To detect
these lines, we pierce the topographic surface of the morphological gradient
1/2[f ® B — f © B] at all points of the combined marker F™ in Fig. 3.40(d),
we immerse the subgraph into water, and detect the resulting watershed
lines. The result of this process is depicted in Fig. 3.40(f). Clearly, the
overall algorithm produces an excellent segmentation result, especially when
compared to the results depicted in Figs. 3.38(c) and 3.39(d).

The watershed transform can be classified as a region-based segmenta-
tion approach. Its success relies heavily on the appropriate choice for the
grayscale image f, and on the choice for the binary markers used for piercing
the topographic surface of f,. Clearly, these choices depend on the partic-
ular segmentation problem at hand. Another important issue is the fact
that the watershed transform is one of the most time consuming operations
of mathematical morphology. In an attempt to speed-up computations, a
number of algorithms (serial and parallel) have been proposed in the liter-
ature that deal with specific implementation issues. The interested reader
is referred to [100] for a survey. For more information on watershed-based
segmentation techniques, the reader is referred to [80,101-108].

3.7.7 FExamples

The watershed transform is a powerful tool for extracting regions of interest
from a given image. In the following, we illustrate this by means of two
examples: segmentation of MR images of the prostate and segmentation of
the left ventricle in tagged MR images of the heart.

Segmentation of MR images of the prostate.

This example illustrates the use of the watershed transform for segmenting
MR images of the prostate, like the one depicted in Fig. 3.41(a). Here, we
are interested in segmenting major anatomical features, such as the prostate,
the rectum, and the Denonvillies fascia (which separates the prostate from
the anterior surface of the rectum). In this application, segmentation is very
important for pre- and post-operative assessment of the prostate. For more
information on this imaging technique, the reader is referred to [109]. Fig-
ure 3.41(a) depicts an MR image of the prostate with labeling indicating
the three regions of interest. Our main objective is to automatically deter-
mine a set of internal and external markers that can be used for a successful
watershed-based segmentation. Figure 3.41(b) depicts the negative of the
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Figure 3.41: Segmentation of an MR image of the prostate: (a) original
image with three labeled anatomical features; (b) the negative of the image
in (a); (c) the result of applying an opening by reconstruction followed by a
closing by reconstruction on the image in (b); (d) the result of thresholding
the image in (d); (e) the combined internal and external markers (in white)
obtained from the image in (d), overlaid on the original image in (a); (f)
the watershed lines, overlaid on the original image in (a). — Data courtesy
of Clare Tempany, MD, Director of Clinical MRI, Brigham and Women’s
Hospital, Harvard University. Used with permission.



3.7 Morphological image segmentation 79

image in (a). Notice that, in this image, the regions of interest are charac-
terized by high graylevel values, as compared to the gray values associated
with the tissues surrounding the prostate and rectum. Thresholding will pro-
duce appropriate markers for these regions. However, before thresholding is
applied, we need to reduce the graylevel variation within individual regions.
To accomplish this goal, the image in (b) is subjected to the opening by
reconstruction operator (3.32), followed by the closing by reconstruction op-
erator (3.33). The structuring element A in (3.32) and (3.33) is taken to be
a disk with a diameter of 11 pixels. The result is depicted in Fig. 3.41(c).
Thresholding now produces the binary image depicted in Fig. 3.41(d), from
which the required markers will be extracted. Notice that this image con-
sists of 3 connected components, labeled Cy, Cy and C3. First, the holes in
Cy are closed by means of the binary close-hole operator (3.30). Then, the
resulting image is slightly shrunk, by means of a binary erosion by a disk
structuring element with a diameter of 3 pixels, and the result is smoothed-
out by means of a structural opening by a disk structuring element with a
diameter of 9 pixels. Notice that the smoothed component C can serve as
an internal marker for the prostate, the smoothed component Cy can serve
as an external marker for the prostate, whereas the smoothed component Cs
can serve as an internal marker for the rectum. What is left to do is to ob-
tain an external marker for the rectum. This can be easily obtained from Cs.
By applying area opening operators, we can extract the smoothed internal
rectum marker C3 from the image in (d). The dilation of this marker by a
disk structuring element with a diameter of 15 pixels is subtracted from the
dilation of the marker by a disk structuring element with a diameter of 17
pixels. This produces a ring that surrounds the internal rectum marker and
lies outside the rectum, in close proximity to its boundary. This ring can
now serve as the desirable external rectum marker. Figure 3.41(e) depicts
the combined marker (in white), overlaid on the original image in (a). Using
this marker, the topographic surface of the internal morphological gradi-
ent of the image in (a) is pierced at the points determined by this marker,
and the subgraph is immersed into water. The detected watershed lines
are depicted in Fig. 3.41(f), overlaid on the original image in (a). Clearly,
watershed-based segmentation is successful in segmenting the original image
into the three desirable regions of interest.

We should point-out that the result depicted in Fig. 3.41(f) is not clin-
ically validated. Further processing may be required in order to obtain a
clinically acceptable segmentation result. However, the segmentation result
depicted in Fig. 3.41(f) is obtained automatically in less than 1 second, when
implemented using MatLab® on a Windows NT based system, equipped with
a Xeon 400MHz processor, and can serve as an initialization for more accu-
rate model-based segmentation techniques, if necessary.
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Figure 3.42: (a) A slice of a tagged MR image of the heart — tag lines
appear in black. (b) The result of applying a grayscale structural closing by
a vertically oriented 3-pixzel-wide linear structuring element to the image in
(a) — all tag lines have been successfully removed. — Data courtesy of E. R.
McVeigh, Department of Biomedical Engineering and Radiology, The Johns
Hopkins University. Used with permission.

Segmentation of tagged MR images of the heart.

In this example, we illustrate the use of marker-driven watershed-based seg-
mentation for the extraction of major anatomical features of the left ventricle
from tagged MR images of the heart. The main application concerns cardiac
image analysis, where estimation of cardiac motion and deformation is of in-
terest (see also Chapter ?? in this volume, for more details on this subject).
The example discussed here is interesting in several respects. Primarily, it
is concerned with segmentation in a special class of MR imaging aiming
at characterizing heart motion. Accurate segmentation helps identify and
track the location of key anatomical features associated with the left ventri-
cle. Segmentation is applied to a sequence of images tracking heart motion
in its contraction cycle. In this respect, the time evolution of boundaries
in several short-axis slices spanning the entire left ventricle is investigated.
The resulting procedure is iterative in that the initial segmentation is refined
during a second pass by using the results of the first pass to derive an im-
proved set of markers. Alternative segmentation techniques for tagged MR
images of the heart are discussed in Chapter ?? of this volume.

The tagged MR imaging technique has been introduced by Zerhouni et.
al. in 1988 [110]. The procedure is based on temporarily marking tissue
by means of electro-magnetic modulation. Typically, few millimeter apart
parallel sheets of “tag surfaces,” orthogonal to the image plane, are utilized.
The intersection of these surfaces from orthogonal directions provides marks
in 3D space. Tracking the motion of these marks helps visualize and charac-
terize heart function abnormalities in a non-invasive fashion [111] (see also
Chapter ?? in this volume).
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A slice of a tagged MR image of the heart is depicted in Fig. 3.42(a).
In this image, tag lines appear as black. A short axis basal view of the left
ventricle is used. This makes the left ventricle appear as a round object.
Here, we are interested in segmenting three major anatomical features of
the heart, namely the left ventricle, and the inner and outer walls of the
myocardium (i.e., the wall surrounding the left ventricle), known as endo-
cardium and epicardium, respectively. The image in Fig. 3.43(a) is taken
right after tagging, prior to any heart motion. Therefore, the tag lines appear
as straight parallel lines. However, the tag lines deform in time according
to the contraction of heart muscle. These marks are part of the image and
may interfere with a segmentation technique used for the extraction of the
left ventricle and its wall. To remedy this situation, we remove the tag lines
by means of a grayscale structural closing using a 3-pixel-wide linear struc-
turing element, orthogonal to the tag lines. As shown in Fig. 3.42(b), this
operation is quite successful in removing the tag lines while preserving the
anatomical features of interest (e.g., the left ventricle, the endocardium and
the epicardium).

The main purpose of this example is to demonstrate the use of watershed-
based segmentation for extracting the left ventricle, as well as the endo-
cardium and epicardium, in a number of slices as a function of time. The
data used for this example consists of 6 slices, each slice producing 10 im-
ages (frames) as a function of time. First, we need to come-up with the
appropriate set of markers: an internal marker, located within the left ven-
tricle, an intermediate one, buried inside the myocardium, and an external
marker circumscribing the epicardium. The highest crest line of the gradient
of the original image, located in between the external and the intermediate
markers, will be the watershed approximation of the epicardium. Similarly,
the highest crest line of the gradient image located in between the internal
and the intermediate markers will be the watershed approximation of the
endocardium. Clearly, the success of the watershed-based segmentation pro-
cedure strongly depends on the accurate determination of these markers in
each slice and all time frames.

We use a robust technique, based on mathematical morphology, to find
these markers. The approach is based on the observation that the my-
ocardium appears as a ring shaped object (see Fig. 3.42(a)). Despite a
noticeable deformation during the contraction cycle, the cavity within the
myocardium is a persistent attribute in all slices. The cavities present in
the first time frame of each slice are extracted by using a simple close-hole
top-hat operator Ycioholeth, based on the grayscale close-hole operator ¥ciohole
in (3.34); namely,

wcloholeth(f) = wclohole(f) - f. (338)

The resulting image, depicted in Fig. 3.43(a), for a slice close to the base
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Figure 3.43: (a) The result of the close-hole top-hat operator (3.38), applied
on the image depicted in Fig. 3.42(b). (b) The result of grayscale area open-
ing applied on the image in (a). (c) The result of applying a binary alternat-
ing filter on the thresholded version of the image in (b). (d) The internal,
intermediate, and external left ventricle markers obtained from the binary
image in (c). (e) A simplified version of the image depicted in Fig. 3.42(b)
obtained by means of a grayscale alternating sequential filter based on open-
ing and closing by reconstruction operators. (f) The watershed lines obtained
by applying the watershed transform on the internal morphological gradient
of the image in (e) marked by the markers in (d). (g) A tighter set of mark-
ers obtained by a morphological manipulation of the result in (f). (h) The
watershed lines obtained by applying the watershed transform on the internal
morphological gradient of the image in (e) marked by the markers in (g). (i)
Final segmentation obtained by smoothing the watershed lines in (h).

of the heart, is processed by the grayscale area opening operator (3.25),
with o = 200, which eliminates unwanted debris. The result is depicted
in Fig. 3.43(b). Notice that, the only remaining object resides within the
left ventricle cavity. Simple thresholding, followed by an application of the
binary alternating filter IIx(F) in (3.18), with & = 2 and B being a 3-
pixel-wide square structuring element, produces the binary image depicted
in Fig. 3.43(c), overlaid on the image depicted in (b). This binary image
serves as an initial estimate of the endocardial marker. It will be used to pro-
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vide the actual internal, the intermediate, and the external markers needed
by the watershed transform. The inner marker is obtained via eroding this
image by a disk structuring element with a diameter of 9 pixels. The in-
termediate and outer markers are obtained by extracting the boundaries of
the dilations of the same image by a 9-pixel-wide cross structuring element
and by a 39-pixel wide disk structuring element, respectively. The sizes of
the structuring elements are chosen such that, the internal marker always
exists, the intermediate marker always stays within the myocardium, and
the external marker does not intersect with the epicardium. The resulting
markers are depicted in Fig. 3.43(d) as an overlay. The watershed transform
is now applied on the internal morphological gradient of the image depicted
in Fig. 3.43(e) (and not on the gradient of the image in (b) to avoid overseg-
mentation) and produces the result depicted in Fig. 3.43(f). The image in
(e) is obtained by applying a variant of the grayscale alternating sequential
filter p(f), discussed in Subsection 3.4.11. The main difference between this
filter and the traditional alternating sequential filter is that the opening is
replaced by opening by reconstruction, and the closing is replaced by closing
by reconstruction. The filter effectively reduces grayscale variation within
homogeneous regions, as is evident by comparing Figs. 3.42(b) and 3.43(e).
We use a filter of order £ = 3 and a disk structuring element with a diam-
eter of 3 pixels. Notice that, the watershed transform does a satisfactory
job at locating the endocardium and epicardium. However, the resulting
segmentation starts to deteriorate for slices closer to the heart’s apex and
for time frames taken at a later stage of the contraction. The problem asso-
ciated with extracting the epicardium is due to the contact points of the left
and right ventricles, as well as on the intermixing of the heart’s boundary
with the silhouettes of other structures during the contraction phase. On
the other hand, the problem associated with extracting the endocardium is
associated with the appearance of papillary muscles in the left ventricle.

To improve the quality of segmentation, the initial watershed lines in
Fig. 3.43(f) are used to construct a tighter set of markers. This is achieved
by first filling-in the interior and exterior portions of the watershed curves,
by using the binary close-hole operator (3.30). Then, the shape correspond-
ing to the exterior watershed line is dilated by a disk structuring element
with a diameter of 23 pixels. The boundary of the resulting shape is used
as the new external marker. The new internal marker is obtained by erod-
ing the filled-in internal watershed line by a disk structuring element with a
diameter of 3 pixels. The intermediate marker is kept the same. The aggre-
gation of the new internal, intermediate, and external markers is depicted in
Fig. 3.43(g). Notice how tight the new set of markers is, as compared to the
ones shown in (d). The result of the watershed transform, applied on the
same gradient image with the new set of markers, is depicted in Fig. 3.43(h).
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The improvement in extracting the epicardium is evident. Extraction of the
endocardium is very satisfactory, even during the first pass, and does not
improve much during the second pass.

Due to the inherent noise in the imaging system, tagging artifacts and
overlapping anatomical features, the segmentation is not very smooth. We
address this problem by applying a morphological opening on the interior of
the exterior watershed line, by a disk structuring element with a diameter of
23 pixels, and by using the boundary of the result as the final segmentation of
the epicardium. Similarly, the inner watershed line is smoothed by closing
the result of the filling by a disk structuring element with a diameter of
17 pixels and by extracting the boundary. The resulting segmentation is
depicted in Fig. 3.43(i).

A close-up of the final segmentation results, for selected set of slices at
different time frames, is depicted in Fig. 3.44. These results are comparable
in quality with results obtained by other methods (e.g., based on deformable
contour models — see Chapter ?? in this volume). However, watershed-based
segmentation can be implemented in a fraction of time than other compa-
rable methods. In fact, our implementation using MatLab® on a Windows
NT based system, equipped with a Xeon 400MHz processor, took less than
4 seconds per frame. This is fast, considering the complexity of the problem
under consideration and the use of a high-level interpreted language, like
MatLab®.

Finally, we would like to point-out here that, although the algorithm
discussed in this example requires specification of the shape and size of a
number of structuring elements (which seems to be case depended), in reality
these parameters can be extracted from the data, by deriving bounds on the
shape and size of the myocardium as appears in all slices and frames.

3.8 Conclusions and further discussion

In this chapter, we presented fundamental concepts and techniques of a
nonlinear tool for image analysis known as mathematical morphology, and
illustrated its use with a number of examples. The current literature reveals
extensive use of mathematical morphology in biomedical image analysis ap-
plications (e.g., see [20-53]). However, it has been mostly limited to simple
morphological operators, like structural erosions, dilations, openings, and
closings. Accurate and efficient solutions to a number of biomedical imag-
ing problems can be obtained by employing more advanced morphological
tools, like the morphological skeleton, the discrete size transform and pattern
spectrum, morphological image reconstruction operators, and the watershed
transform. To some extent, this has been demonstrated in this chapter with
a few examples.

Due to space limitation, we did not discuss extensions of 2D morphology
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Slice #3 Slice #1

Slice #5

Frame #1 Frame #5

Figure 3.44: A close-up of final segmentation results for selected tagged
MR slices of the heart, at different time frames. — Data courtesy of E. R.
McVeigh, Department of Biomedical Engineering and Radiology, The Johns
Hopkins University. Used with permission.

to 3D (see [31]), morphological sampling and discretization [112-114], math-
ematical morphology on graphs [115,116], and mathematical morphology for
vector-valued images [117], multivalued images [118], and image sequences
[119]. Moreover, we did not discuss some recent developments, like the theory
of connected operators (which include, as a special case, the morphological
image reconstruction operators discussed in Section 3.6) [120-125], multi-
scale morphological image decomposition schemes (morphological pyramids
and wavelets) [126-131], and morphological scale-spaces [132-136]. These
new tools show great potential for solving complex biomedical image analy-
sis problems.

Of particular interest to applying mathematical morphology methods to
problems in biomedical image analysis are recent investigations on the re-
lationship between curve evolution [137-139], level set methods [140, 141],
differential morphology [142,143], and nonlinear partial differential equations
(PDEs) (see also [144-147]). Curve evolution studies propagation of curves
as a function of time, by using techniques from differential geometry. It
is used for the development of geometric models for active contours, which
are important in medical image segmentation problems (e.g., see [148] and
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Chapter ?? in this volume). Level set methods lead to algorithms for the
efficient implementation of curve evolution and produce numerical schemes
for solving the PDEs underlying geometric active contour models (see also
Chapter ?? in this volume). Finally, differential morphology studies the
problem of describing morphological operators via nonlinear PDEs. In a re-
cent paper [147], the theoretical and algorithmic relationship between curve
evolution, level set methods, differential morphology, and nonlinear PDE
theory has been investigated. It has been identified that the distance trans-
form can be used to relate differential morphology and curve evolution to a
particular type of a nonlinear PDE, the so-called eikonal PDE. These results
indicate that mathematical morphology is directly related to various differ-
ential geometric models, which have been extensively used in medical image
analysis problems.

Virtually, all currently available image processing and analysis software
packages are capable, to a certain extent, of analyzing images by means of
morphological operators. The following list provides a typical sample.

e APHELION
(http://www.aai.com)
A very sophisticated stand-alone image analysis and understanding
software with a large number of morphological operators (for Windows
NT/98/95 systems).

e CVIPTOOLS [96]
(http://www.ee.siue.edu/CVIPtools)
A free software package, developed at Southern Illinois University at
Edwardsville (for UNIX and Windows NT/98/95 systems). Contains
a limited number of morphological operators.

e MEGAWAVE
(http://www.cmla.ens-cachan.fr/Cmla/Megawave)
A free collection of C functions that, among other things, includes
morphological filtering, affine morphological scale spaces, PDE-based
segmentation, and snakes (for UNIX systems). This package has been
developed at CEREMADE (Centre de Recherches en Mathématiques
de la Decision), Université de Paris, Dauphine, France.

e MICROMORPH
(http://cmm.ensmp.fr)
A highly sophisticated stand-alone software package for mathematical
morphology (for Windows N'T/98/95 systems). This package has been
developed at CMM (Centre de Morphologie Mathématique), Ecole des
Mines de Paris, Fontainebleau, France.
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e MMAacH TooLBox FOR KHOROS [149]
(http://www.khoral.com)
A highly sophisticated mathematical morphology toolbox for a power-
ful visual prototyping environment (for UNIX systems).

e NIH IMAGE
(http://rsb.info.nih.gov/nih-image and http://www.scioncorp.com)
A free and highly flexible stand-alone image processing and analysis
software from the National Institutes of Health (for Mac and Windows
NT/98/95 systems). Contains a limited number of morphological op-
erators.

e SDC MORPHOLOGY TOOLBOX FOR MATLAB®
(http://www.mmorph.com and http://www.mathworks.com)
A highly sophisticated mathematical morphology toolbox, similar to
MDMach, for a popular prototyping environment (for UNIX and Win-
dows NT'/98/95 systems).
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close-hole operator, 56, 58
close-hole top-hat operator, 81
closing, 15, 39

annular, 24

area, 17, 41

by reconstruction, 55, 58

flat, 40

structural, 16, 40

top-hat, 48

translation invariant, 17, 40
closing-by-reconstruction top-hat op-

erator, 62

conditional operators

dilation, 24, 49, 54, 57

reconstruction, 54, 56
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conditional, 24, 49, 54, 57
flat, 38
translation invariant, 8, 11, 37
discrete size transform, 28, 51
distance function, 63
distance transform, 63

erosion, 6, 8, 10, 37
flat, 37
translation invariant, 8, 10, 37

flat image operators, 43

geodesic distance, 69
geodesic distance transform, 69
geodesic SKIZ, 69

hit-or-miss operator, 21

mathematical morphology, 4
medial axis, 31
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median filter, 13
Minkowski addition, 11
Minkowski subtraction, 10
morphological filters, 27, 49
alternating, 27, 50
alternating sequential, 27, 51
morphological gradient, 22, 47
external, 22, 47
internal, 22, 47
morphological image analysis, 4—
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morphological operators, 9-27, 34—
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morphological reconstruction, 52—
62
morphological segmentation, 62—-84
for grayscale images, 71
for nonoverlapping particles, 67
for overlapping particles, 71
morphological skeleton, 33
morphological software, 86

opening, 15, 39

annular, 24

area, 16, 40

by reconstruction, 55, 58
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structural, 15, 39

top-hat, 47

translation invariant, 17, 39
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operator, 59
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skeleton by influence zones, 66
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structuring element, 10
cross, 22
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reflected, 11
square, 47
symmetric, 24
structuring function, 37
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reflected, 37

threshold decomposition, 34

watershed transform, 67
for grayscale images, 71
for nonoverlapping particles, 67
for overlapping particles, 71



