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Abstract

The theory of many multivariate chemometrical methods is based on the measurement of distances. The Mahalanobis
distance (MD), in the origina and principal component (PC) space, will be examined and interpreted in relation with the
Euclidean distance (ED). Techniques based on the MD and applied in different fields of chemometrics such as in multivari-
ate calibration, pattern recognition and process control are explained and discussed. © 2000 Elsevier Science B.V. All rights
reserved.

Keywords: Mahalanobis distance; Euclidean distance; Principal components

Contents
LoINtroduCtion . o v v v e e e e e e e e e 2
2. Graphical interpretation of theMD . . . . . . o o e e e e e 2
3. Stetistical interpretation of theMD . . . . . o 0 0 e e 7

4. Distance measuresand thier relationship. . . . . . . . . . o o i e
41. EDandMDintheoriginal Space . . . . . . . o i i e e e e e e
A2, PCanalySiS . v v v i i e e e e e e e e e e e e e e e e e e e
43. TheED and MD inthePC space . . . . . . . o o i i e e e e e e e e
4.4. Relations between the ED and the MD in the original and the normalised and unnormalised PC space . 10

© 0 0 0

5. Chemometrical methodsbased onthe MD . . . . . . . . . . . 0 i i i i e e e e e e 11
5.1 Multivariatecalibration . . . . . . . . . e e e e e e e e 12
5.2, ProcessS CONIOl. . . v v v i i e e e e e e e e e e e e e e e e e e e e e e e 13
5.3, Patternrecognition. . . . . . . . o e e e e e e e e e e 14

6. Someapplicationsof theMD inchemistry. . . . . . . . . . o oo e e 15

REfEIENCES . . . e e e e e e e e e e e e e e e e e e 17

* Corresponding author. Tel.: + 32-2-477-4737 fax: + 32-2-477-4735; E-mail: fabi @vub.vub.ac.be

0169-7439,/00/$ - see front matter © 2000 Elsevier Science B.V. All rights reserved.
Pll: S0169-7439(99)00047-7



2 R. De Maesschalck et al. / Chemometrics and Intelligent Laboratory Systems 50 (2000) 1-18

1. Introduction

Multivariate chemometrical techniques are often based on the measurement of distances between objects. The
most commonly used distance measures are the Euclidean distance (ED) and the Mahalanobis distance (MD)
[1]. Both distances can be caculated in the origina variable space and in the principal component (PC) space.
The ED is easy to compute and interpret, but this is less the case for the MD.

In the original variable space, the MD takes into account the correlation in the data, since it is calculated
using the inverse of the variance—covariance matrix of the data set of interest. However, the computation of the
variance—covariance matrix can cause problems. When the investigated data are measured over a large number
of variables (e.g., NIR spectra), they can contain much redundant or correlated information. This so-called mul-
ticollinearity in the data leads to a singular or nearly singular variance—covariance matrix that cannot be in-
verted. A second limitation for the calculation of the variance—covariance matrix is that the number of objectsin
the data set has to be larger than the number of variables. For these reasons, it is clear that in many cases, fea-
ture reduction is needed. This can be done by, e.g., selecting a small humber of meaningful variables. The MD
(and the ED) can also be calculated using a smaller number of latent variables (PCs) obtained after PC analysis
(PCA) instead of the original variables. In this case, the MD, however, does not need to correct for the covari-
ance between the variables, since PCs are by definition orthogonal (uncorrelated). However, the way each of the
residual PCs is weighted in the computation of the distance must be taken into account. This will be explained
in more detail in the next sections.

In the field of multivariate calibration, the MD is used for different purposes, namely: for the detection of
outliers[2,3], the selection of calibration samples from a large set of measurements [4] and for investigating the
representativity between two data sets [5,6]. In process control, the MD is used for, e.g., the Hotelling's T2 test
[7,8]. In pattern recognition, the MD is applied in clustering technigues such as the k-Nearest Neighbour method
(kNN) [9], in discrimination techniques such as linear, quadratic and regularised discriminating analysis (LDA,
QDA and RDA) [10] and in class modelling techniques such as UNEQ (multivariate normal class model assum-
ing an individual dispersion of each class) [11], EQ (multivariate normal class model assuming equal dispersion
of each class) [12] and modifications of Soft Independent Modelling of Class Anaogy (SIMCA) [13].

A good comprehension of this distance is therefore useful. We will try to clarify the relationship between the
ED and the MD calculated in the original variable space and the PC space.

2. Graphical interpretation of the MD

The MD and ED will first be illustrated with a simple example in two dimensions, x, and x,. The two first
columns of the simulated data in Table 1 were used. The ED towards the center of the data can be calculated for
each of the n objects as

EDiz\/(Xil_X1)2+(Xiz_7(2)2 fori=1ton, (D)

where x;; and x;, are the values of the object i for, respectively, variables x, and x, and X, and X, the means
of the n values measured at, respectively, x, and x,. For the first object, the ED towards the center of the
variable space is computed as

ED, = /(4 6) + (3— 5.350)° = 3.086.
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Table 1

The simulated data with four variables (X, ..., x,) and the same data after column-centering

Object number (i) X1 Xy X3 X4 X, centered X, centered X3 centered X, centered
1 4.00 3.00 1.00 2.00 —2.000 —2.350 —2125 —1.245
2 5.00 4.00 2.00 3.50 —1.000 —1.350 —1.125 0.255
3 8.00 7.00 3.00 4.00 2.000 1.650 -0.125 0.755
4 8.00 6.00 5.00 4.00 2.000 0.650 1.875 0.755
5 9.00 7.00 2.00 3.00 3.000 1.650 -1125 —0.245
6 6.00 3.00 5.00 3.00 0.000 —2.350 1.875 —0.245
7 6.00 5.00 3.00 2.50 0.000 —0.350 -0.125 —0.745
8 10.00 8.00 2.00 3.00 4.000 2.650 —1.125 —0.245
9 2.00 3.00 150 3.40 —4.000 —2.350 -1.625 0.155
10 4.00 4.00 3.00 3.00 —2.000 —1.350 -0.125 —0.245
11 6.00 6.00 6.00 4.00 0.000 0.650 2.875 0.755
12 6.50 4.50 0.00 2.00 0.500 —0.850 -3.125 —1.245
13 9.00 8.00 5.00 5.00 3.000 2.650 1.875 1.755
14 4.00 5.00 1.00 1.00 —2.000 —0.350 —2125 —2.245
15 4.00 6.00 3.00 5.00 —2.000 0.650 -0.125 1.755
16 6.00 7.00 2.00 4.00 0.000 1.650 -1125 0.755
17 250 4.50 6.00 4.00 —3.500 —0.850 2.875 0.755
18 5.00 5.50 8.00 3.00 —1.000 0.150 4.875 —0.245
19 7.00 5.50 1.00 2.50 1.000 0.150 —2125 —0.745
20 8.00 5.00 3.00 3.00 2.000 —0.350 -0.125 —0.245

6.00 5.350 3.125 3.245

X

This can be repeated for the remaining objects (see Table 2). Fig. 1a shows the centered data plotted in the orig-
inal variable space. The variables x, and x, are clearly correlated, since all points appear on aline. The circles
represent equal EDs to the center point of the data.

Table 2
The ED and MD of each object towards the centroid of the set of simulated data computed using only the first two original variables x; and
X2

Object number (i) ED MD
1 3.0859 1.5464
2 1.6800 0.9122
3 2.5928 1.0814
4 2.1030 0.9652
5 3.4238 1.3576
6 2.3500 2.2133
7 0.3500 0.3296
8 47982 1.8947
9 4.6392 1.8278
10 2.4130 0.9549
11 0.6500 0.6122
12 0.9862 1.0640
13 4.0028 1.7186
14 2.0304 1.0983
15 2.1030 1.8097
16 1.6500 1.5540
17 3.6017 1.8037
18 1.0112 0.7664
19 1.0112 0.5629

]
o

2.0304 15710
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Fig. 1. (@ Plot of the simulated data for two variables x; and X, together with the circles representing equal EDs towards the center point.
(b) Plot of the simulated data for two variables x, and x, together with the ellipses representing equal MDs towards the center point.

To be able to compute the MD, first the variance—covariance matrix C, is constructed:

1 T
Co= oy %) (X, ©

where X is the data matrix containing n objects in the rows measured for p variables. X is the column-centered
data matrix (X — X). In the case of two variables, x, and X,, the variance—covariance matrix is

2

gy P12010>

Cy= > | 3
P120107 g3

where o2 and o7 are the variances of the values of,, respectively, the first and second variable; p,, 0,0, isthe
covariance between the two variables.
For our example, the variance—covariance matrix is equal to

c _[4921 2500
X 2500 2.397 ]’
with p,,= 25  =0.728. The MD for each object x; is then
V4.921/2.397
MD, = (X, = X)C; (x, = %), (4)
with
ot o5 /det(C,) —p10,0,/det(C,)
" —pp0,0,/det(Cy) af/det(CX) ,

where det(C,) = o57(1 — p2,) is the determinant of the variance—covariance matrix.
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For an object x; measured in two variables, x, and x,, Eq. (4) can be rewritten, since

- N1 07 (X = X) = (X, = X) ppo010 0 (X = X) = (X = X) p1, 010
[(x - %) (%, ~ %)] G52 = - -
et(Cy) et(C,)
and
(X —X)
X —x)]c:t
[(Xl X)(XZ X)] X (XZ_X)
_ o5 ( Xl_i)2_(XZ_)_()(XI_X)plza-lo-Z N o ( XZ_)_()Z_(Xl_)_()(XZ_i)plZUla-Z
det(C,) det(C,)
_ o ( Xl_i)z(l_sz)""le( Xz_i)z_z( X, = X)( Xy = X) p1p 0105 + 07 ( X, — X) p3,
‘7120'22(1_952)
=(X1_>_<)2 (>(2_>_()2 _ (X =X) (X, = X) pyp sz(xl_y()z
0'12 0'22(1_sz) 0'1‘72(1_sz) 0'12(1_P122)
2
z(xl_)_()2+ X, = X _Plz(xl_i))
of ol - pi2 oyyl— pL2
so that
X %, \° X X X X 1 ?
i1~ M 27— "2 i1~ M
MD, = + - 5
= { el e e )} — (%)

This expression shows that the part of the second variable which is aready explained by the first variable is
subtracted. In other words, the MD corrects for the correlation within the data. When the two variables in Eq.
(5) are uncorrelated ( p,, = 0), the equation is reduced to the formula for the ED in Eq. (1). The MD computed
using Eq. (5), for the first object is:

~ -2 \? —2.350 -2 1 2_
WP = (—v4.921) " {(—\/2-397)_0'728( V4.921 )}\/1—(0.728)2 et

The ellipses in Fig. 1b represent equal MDs from the center point of the cloud in the origina x,, X, space.
Points 6 and 10 are, respectively, at 2.21 and less than 1 MD unit away from the center point, while their EDs
from the center, are about equal (2.35 and 2.41). This example illustrates the effect of taking into account the
variance—covariance matrix of the data points. Since point 6 is lying in a direction where there is less correla
tion, the chance that a new measurement would be on that side of the cloud is smaller than the possibility that it
would be in the position of point 10. The MD takes into account this probability due to the correlation within
the two variables and attributes to point 6 a larger distance than to point 10, while the ED does not.

Let us now look what happens when we calculate the ED and the MD after performing PCA. As mentioned
before, there can be clear advantages for working in the PC space. Let us again start by considering the simplest
case, namely: when using only the first two variables of the data in Table 1. Accordingly, two PCs can be con-
structed of which the first one is in the direction of the largest variance within the data. The second PC is or-
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thogonal to the first PC and is constructed through the center point of the cloud (see Fig. 2a), if we work on
column-centered data. Fig. 2b shows the same data in what we will cal the (unnormalised) PC space: the struc-

4
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ture in the data remains the same, only the axes are rotated in the direction of the largest variance within the
data. The points on the new axes now represent the scores of each object on PC, and PC,.

Due to the way PCA is carried out, PC, aways explains a larger amount of the total variance in the data than
PC,. Therefore, in the PC space as shown in Fig. 2b, the scores on each PC, and PC, are weighted according to
the amount of the variance explained by PC; and PC,. We can, if we prefer, calculate the ED and MD in this
PC space, instead of in the origina space. The circlesin Fig. 2b show equal EDs from the center point of the
cloud (which is also the center point of the PC space). Fig. 2c shows that equal MDs are represented by ellipses
in the PC space. Point 6 is again more than two distance units away from the center point, while point 10 is only
within one distance unit. The results are the same as for the MD in the original space (Fig. 1b). Aswill be shown
in the numerical example and in the next paragraph, this is only true when one uses al PCs for the calculation
of the MD.

When one divides the scores on each PC by their weight, i.e., the amount of the total variance in the data
explained, the ** unweighted’’, **equally weighted'’ or ‘* normalised’’ scores are obtained. The normalised scores
define the normalised PC space. Along each PC, the points have now the same variance.

The MD computed in the normalised PC space leads to circles around the center point, since the scores along
each PC have now equal variance (Fig. 2d). On the plot, it can be seen that point 10 is less than one distance
unit and point 6 at more than two distance units from the center. We observe that the MD computed in the nor-
malised PC space is equal to the MD computed in the unnormalised PC space which will be confirmed in the
next paragraph.

The ED computed in the normalised PC space aso leads to circles around the center point. Fig. 2e shows
only the circle for the ED = 1. The ED computed in the normalised PC space is clearly not equal to the ED
computed in the (unnormalised) PC space (see Fig. 2b). As will be shown in the next paragraph, the ED com-
puted in the normalised PC space is, except for a constant factor, equal to the MD computed in that space.

If one would represent the lines of equal EDs as computed in the unnormalised PC space in the normalised
PC space, they would appear as ellipses. This is because the ED computed in the (unnormalised) PC space does
not give equal importance to each of the PCs, but weighs each PC according to the amount of the total variance
in the data explained by it. Since PC, is always constructed in the direction of the largest variance within the
data, it is attributed a larger contribution (weight) than PC, for the calculation of the ED in the unnormalised
PC space (see also the equations in Section 3).

3. Statistical interpretation of the MD

Chemical measurements contain random errors due to, e.g., the sampling, the sample pretreatment, the detec-
tor, etc. These random errors will tend to a normal distribution as the number of measurements becomes larger
[14]. For asingle variable x, the general form of the normal distribution is written as [15]:

1 9 o s 1
f(X) = ——— e (x-w?/20% _

270 ? oV

with u and o the true mean and standard deviation of the measurements of x (1 X p). In other words, the func-
tion f(x) is a density function describing the measurements x when they are univariately normal distributed.

e %(X—u)(«rz)’l(X—u), (6)

Fig. 2. (a) Plot of the simulated data for two variables x, and x, together with the constructed PC, and PC,. (b) Plot of the simulated data
projected in the latent variable space, PC, vs. PC,, or score plot together with the circles representing equal EDs towards the center point.
(c) Score plot of the simulated data together with the ellipses representing equal MDs towards the center point. (d) Plot of the simulated data
projected in the normalised PC space, PC, vs. PC,, with the circles representing equal EDs towards the center point computed in this space.
(e) Plot of the simulated data projected in the normalised PC space, PC, vs. PC,, with the circles representing equal MDs towards the center
point computed in this space.
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The density function has a Gaussian shape. The normalisation factor 1/( oV27) is used to standardise so that
the area under the curve is always equal to 1. The multivariate form of the normal distribution is a direct gener-
alisation of the univariate normal distribution [16]:

— 2 X;— —u(xi— )T
00 = ey @
with X the true variance—covariance matrix of X. Eq. (7) compared to the density function of a univariate nor-
mal distribution (Eg. (6)) shows that in the exponential, the MD (Eg. (8)) is used, which is generalised from the
univariate (x — u)?/o 2. In the denominator, the variance—covariance matrix ¥ is used instead of o 2. The
density function f(x) in Eq. (7), visualised in two dimensions, has the shape of an ellipse. To find pointsin a
p-dimensional space with an equal density, one can take the natural logarithm of both sides of Eq. (7), so that
after rearranging, Eg. (8) is obtained:

MD? = (x; — m) 3~ (x; — p) = a (constant). (8)
The ED is computed as:

ED? = (x; = m) (X — p)" (9)

and does not take correlation into account.

4. Distance measures and their relationship

4.1. ED and MD in the original space

A data matrix X (n X p), containing n objects x; measured by p variables, is considered.
The ED between the ith row vector x; (1 X p) of X and the mean row vector X (1 X p) of X is calculated in
the original space as

ED? = {/(x,—X)(x,—X)" fori=1ton, (10)

while the MD is calculated as

MDi°=\/(xi—>‘()C;1(xi—>‘()T fori=1ton, (11)

where C, is the variance—covariance matrix (see Eq. (2)).

4.2. PC analysis

We will consider PCA after pre-treatment by column-centering. The data matrix X (n X p) is column-centered
by subtracting the column mean X; from each column vector x; (nx 1).
A basic equation in this context is the singular value decomposition (SVD).

X.=U(nxa)A(axa)V'(axp) wheea=n-—1lifn<pora=pif n>p. (12)

A is the diagonal matrix of the singular values A;, for i =1 to a, which describe the amount of the total
variance explained by each PC. They are sorted such that A, > A, > ... A

ar
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U is the matrix which contains for each object a row vector of what we have called the normalised scores, the
product of UA isthe score matrix T (n X a) with the row vectors containing the (unnormalised) scores. V (p X
a) is the loadings matrix. If the first r PCs are retained, Eq. (6) can be rewritten as:

X.=U(nXr)A(rxXr)VT(rxp)+E(nxp) forr<a, (13)

where E is the matrix containing the residuals. Many methods were proposed to calculate the number of signifi-
cant PCs, but we will not go into this subject here. Jackson [17] and Malinowski and Howery [18] provide an
overview of some methods.

The SVD was applied on the simulated data shown in Table 1 using all four variables (see Table 3).

4.3. The ED and MD in the PC space

The definitions for the ED and MD in Egs. (10) and (11) can be applied using either the unnormalised or the
normalised scores.

Table 3
The result of applying the SVD algorithm on the column-centered simulated data using all four variables

U=

—0.3020 —0.2050 0.1631 —0.0416
—0.1497 —0.0857 —0.0102 —0.2989
0.2332 —0.0362 —0.1372 —0.0693
0.2120 0.1632 0.1288 —0.1750
0.2819 —0.1874 0.0327 0.0647
—0.0899 0.1775 0.4837 —0.3137
—0.0271 —0.0333 0.1386 0.1283
0.4032 —0.2090 —0.0085 0.1712
—0.4263 —0.0699 —0.1913 —0.2156
—0.2162 0.0253 0.0131 —0.0222
0.0777 0.3112 —0.0146 0.0577
—0.0595 —0.3618 0.1423 —0.0216
0.3927 0.1705 —0.1848 —0.1429
—0.2187 —0.2277 0.0047 0.6311
—0.0974 0.0831 —0.5317 —0.1709
0.0726 —0.0897 —0.4030 0.0696
—0.2517 0.3909 —0.1573 0.0837
—0.0053 0.5086 0.2061 0.4185
0.0440 —0.2574 0.0467 0.0414
0.1263 —0.0672 0.2788 —0.1944
S=
11.1717 0 0 0
0 9.3529 0 0
0 0 4.4101 0
0 0 0 2.8220
V=
0.8239 —0.2211 0.4512 —0.2622
0.5311 0.0194 —0.6331 0.5628
0.1472 0.9423 0.2699 0.1323

0.1324 0.2505 —0.5681 —0.7727
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The ED between the vector x; (1 X p) and the mean vector X (1 X p) in the unnormalised PC space is calcu-
lated as

:
ED;=1/ Y t2 =yttf fori=1ton. (14)
j=1

Using the normalised score vectors u; (1 X r) of the normalised score matrix U (n X r) for r important PCs,
the ED in the normalised PC space is calculated as

r
ED"=,/ X uj =yuul fori=1ton. (15)
ji=1

In analogy with the ED, the MD in the unnormalised and normalised PC space are calculated using, respec-
tively, the unnormalised (T) or normalised (U) score matrix.
In the unnormalised PC space, the variance—covariance matrix and the MD are calculated as

C,=T'T/(n-1) (16)

MD{=t,C; 't/ fori=1ton, (17)
In the normalised PC space,

C,=UTU/(n—1) (18)

MD{ =u,C 'ul fori=1ton. (19)

4.4. Relations between the ED and the MD in the original and the normalised and unnormalised PC space

O Since (x; —X) isequal to u; AV T after PCA on the mean centered data matrix X ., Eq. (10) can be writ-
ten as

ED? = /(U A)VTV(uA)T = (U A)(uA) T = (uA)(uA) =t (20)

where | is the identity matrix. This formula shows that the ED in the original space is equal to the ED in the
unnormalised PC space when all (a) PCs are selected.

O The variance—covariance matrix for the calculation of the MD in the unnormalised PC space (Eq. (16))
can be simplified to

C,=(UA) (UA)/(n—1)=A?/(n-1) (21)
so that Eq. (17) can be rewritten as

MD} = y/(u; A)C (U A)T =Vn—1/(uA) A Z(ATT) =Vn— 1 uul =Vn—1+ED!. (22)
The variance—covariance matrix for the normalised scores (Eg. (18)) can be simplified to

C,=1/(n-1) (23)
so that Eq. (19) can be rewritten as

MD! =vn—1yul *uf =vn—1yuul =vVn—1+ED'. (24)
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Table 4
The computed ED and MD in the original variable space (ED° and MD®), the (unnormalised) PC space (ED' and MD") and the normalised
PC space (ED" and MD") for the simulated data of Table 1 using all four variables

Object number (i) ED? ED! for al PCs ED/" for all PCs MDY MD for al PCs MDY for al PCs
1 3.9482 3.9482 0.4019 1.7519 1.7519 1.7519
2 2.0379 2.0379 0.3452 1.5049 1.5049 1.5049
3 2.7034 2.7034 0.2817 1.2277 1.2277 1.2277
4 2.9169 2.9169 0.3447 1.5025 1.5025 1.5025
5 3.6122 3.6122 0.3462 1.5092 1.5092 1.5092
6 3.0163 3.0163 0.6099 2.6584 2.6584 2.6584
7 0.8326 0.8326 0.1937 0.8442 0.8442 0.8442
8 4.9344 4.9344 0.4854 2.1159 2.1159 2.1159
9 4.9180 4.9180 0.5193 2.2636 2.2636 2.2636

10 2.4286 2.4286 0.2192 0.9555 0.9555 0.9555

11 3.0427 3.0427 0.3263 1.4221 1.4221 1.4221

12 3.5054 3.5054 0.3939 1.7168 1.7168 1.7168

13 4.7559 4.7559 0.4877 2.1259 2.1259 2.1259

14 3.6984 3.6984 0.7057 3.0760 3.0760 3.0760

15 2.7419 2.7419 0.5729 24974 24974 24974

16 2.1350 2.1350 0.4249 1.8522 1.8522 1.8522

17 4.6699 4.6699 0.4979 2.1702 2.1702 2.1702

18 4.9848 4.9848 0.6901 3.0081 3.0081 3.0081

19 2.4684 2.4684 0.2685 1.1702 1.1702 1.1702

20 2.0489 2.0489 0.3687 1.6073 1.6073 1.6073

This means that for the same number of selected PCs (r), the MDs in the unnormalised and normalised PC space
are equal. It also shows that when all n PCs are used, these MDs are, except for the constant factor vn—1,
equal to the ED in the normalised PC space.

O When al n PCs are used, (x; — X) is equal to u; AV ", and the MD in the original space (see Eq. (11))
can be rewritten as

MD? = \/(uiAVT)[(UAVT)T(UAVT)/(n - 1)] “(uAVTY

=Vn=1)/(uAVT)(VA"2VT)(VAU]) =Vn—1)/uu] =Vn—1+EDY, (25)

which means that the MD in the original space is equal to the MD in the normalised and unnormalised PC space
when all PCs are used.

Table 4 shows the computation of the ED and MD in the original variable space (ED° and MD?), the (unnor-
malised) PC space (ED' and MD") and in the normalised PC space (ED" and MD") for the simulated data of
Table 1 using al four variables. It can be seen that in the origina variable space, the ED and MD are indeed
clearly different. The MDs in al three spaces are the same when using all PCs in the computations. The EDs in
the original space and the PC space are also the same when using all PCs. The ED in the normalised PC space is
equal to the MDs, but for a constant factor.

5. Chemometrical methods based on the MD

Many multivariate techniques require that a model is built using a training set. The training set contains ob-
jects of which the characteristics under examination are known. In calibration, this means that, e.g., the concen-
tration of the measured substances is known. In process control, the training set contains measurements that rep-
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resent all variations that are encountered during normal practice (i.e., when the process is considered to be in-
control). In (supervised) pattern recognition, it is known to which class the objects of the training set belong.

5.1. Multivariate calibration

In multivariate calibration, distance measures are applied in outlier detection [2,3], sample selection tech-
niques [4] and methods studying the representativity between two data sets [5,6].

An important step in the calibration procedure is the detection of outliers. The regression line in Fig. 3 was
built using the unlabelled points. The labelled points are added to demonstrate the different types of outliers.
Two types of outliers can be investigated before building the regression model. Thefirst type of outliers, so-called
outliersin y, can be detected by using only the information on the y-axis. These outliers (e.g., points 1 and 3)
can be detected using univariate outlier tests such as, e.g., Grubbs [19-21] or the Dixon [21,22]. Since they are
univariate, there is no need for using the MD. The second type, so-called outliersin X, are identified using only
the information on the x-axis. In the example, points 2 and 3 are outliersin X. A classical way to detect outliers
in X (training set) is to compute the squared MD between each point and the mean of the training set in the
original variable space, using Eq. (11), and to compare it to the tabulated y 2-distribution with (p — 1) degrees
of freedom [23]. Using the x 2 distribution implies that the real mean () and variance—covariance matrix (2)
are known, which is mostly not the case. Hotelling's T2 test [7,8] is basically the same, but the squared MD
values are called T2-values which are compared with a critical value obtained by [24]:

(n—1)°

2~
TUCL = n B(a;p/Z,(nfpfl)/Z)' (26)

The limits constructed using the B-distribution take in account that u and 2 are unknown and that the detection
of outliers is retrospective. Indeed, if an outlier is present, the estimated mean X and variance—covariance ma-
trix C, for computing the MDs are already influenced by it. An aternativeis therefore to apply the leave-one-out
or leave-few-out method. One or more objects are systematically deleted from the measurements and the re-
maining objects are used to estimate X and C, . It is then checked whether the deleted objects are under or above
the control limit in Eq. (28) with, in case of leave-one-out, n is replaced by n— 1. As explained in Section 1,
when working with a larger number of variables than objects, the MD cannot be computed anymore due to the
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Fig. 3. lllustration of the different types of outliers.
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singularity problem of the variance—covariance matrix. In that case, Hotelling's T2 test can be applied in the PC
space [25-27] (see further in Section 3).

The extreme behaviour of an object i in the X-space can also be measured by its so-called leverage value
[2,28,29]. A point with a high leverage value (high leverage point) is a point that has a relatively large influence
on the estimated regression parameters such as response, regression coefficient and standard error [30]. The
leverage is closely related to the MD as shown in Eq. (27).

1 oy’
" n n—1

(27)

The computed leverage is compared to, e.g., a cut-off value of 2g,/n, with g the number of regression parame-
ters to be estimated. The leverage can also be computed in the PC space using either al a or the first r signifi-
cant PCs. In these methods, using the MD after PCA for the detection of high leverage points or outliersin X,
one considers the deviation in each of the examined PCs equally important even when some PCs account only
for a small part of the total variance within the data. Before building the regression model (e.g., using PC re-
gression, PCR), one does not know whether these PCs are important or not for building the model. Therefore, it
is important to take them all into account. Rousseeuw [31,32] introduced a robust version of the MD as a tool
for the detection of outliers, the minimum volume ellipsoid (MVE) estimator. The variance—covariance is esti-
mated using the at least (n/2) + 1 objects of X which cover the smallest possible dllipsoid. In this way, the
variance—covariance matrix is not influenced by multiple outliers.

A third type of outliers, so-called outliers towards the model, can be found only after building the regression
model. They represent a different relationship between X and y than the majority of objects. Point 4 is an exam-
ple of an outlier towards the model which is not an outlier in y, nor an outlier in X.

The MD is also applied for the selection of calibration samples. For the use with near infrared (NIR) spectra,
two algorithms were proposed by Shenk and Westerhaus [4]. First, for each spectrum of a sample, the MD to-
wards the mean spectrum is calculated. The measurements are then ordered according to this distance and repre-
sented in a histogram to detect and remove possible outliers. Then calibration samples are selected from a large
set of measurements. It is based on the elimination of similar spectra. The MD between each of the spectrais
calculated. The spectrum with the most neighbours at a distance smaller than a defined threshold is detected and
al the neighbours are eliminated. Among the remaining spectra, this procedure is repeated until no points are
detected anymore which have neighbours at a distance smaller than the threshold.

Representativity between two data sets was recently described as the simultaneous occurrence of three prop-
erties, namely: they should have similar directions in space, a similar variance—covariance matrix and the same
position of the centroids [5,6]. In order to check this latter property, one can measure the MD between the cen-
troids of each set, and compare it to a critical value computed by means of Hotelling's T2 test. Among others, it
is useful to check the representativity between the training and test sets.

5.2. Process control

The MD isused in Hotelling's T2 test [7,8,33—37], apowerful tool to build multivariate process control charts
using the original or latent variables (PCs). We will discuss Hotelling's T2 test after performing PCA. The con-
fidence limits are built using the training set which should contain the measurements representing the normal
(in-control) situation. Therefore, in afirst step, the training set itself has to be cleared from outliers. The MD of
each object towards the center of the PC space is computed as in the third expression of Eq. (22). One usually
applies only the first r important PCs as, e.g., determined by leave-one-out cross-validation [38], for the compu-
tation of MD. The computed MD (in this case, the so-called T2-value) of each object is compared to the critical
T2-value as defined in Eqg. (26). After clearing the training set from outliers, the MDs in Eq. (22) are recom-
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puted and the upper control limit, which is used for predicting whether new objects are under control or not, is
determined as [39]:

p(n—1)(n+1)

n(n_p) (a;p,n=p)*
The T2-value of each measurement can be plotted together with this critical level to obtain a control chart. In
this application of the MD, it is an advantage that the important PCs are equally weighted, since one wants to

see all changes that occur in the measurements even when it occursin a PC that explains a small amount of the
total variance within the training set data.

-
TUCL -

(28)

5.3. Pattern recognition

Pattern recognition techniques can be divided into different categories according to certain properties. A first
group of pattern recognition methods can be labelled as clustering techniques (unsupervised pattern recognition).
The aim is to group similar objects (measured samples) together. In hierarchical clustering, one starts with all
objects and links one by one the most similar objects together. As a measure of similarity, the ED is used. The
MD can be used in the same way to link similar populations together by computing the MD between the popula-
tion means [40]. A second group of pattern recognition techniques is called supervised because one possesses a
training set of objects which are known to belong to a certain class. A mathematical model can be constructed to
predict to which of the classes new measurements belong. Supervised pattern recognition methods can be di-
vided in discrimination and class modelling techniques.

For discrimination methods, one global model is built to discriminate the classes. This means that each new
object will always belong to (only) one of the classes. LDA [41], QDA and RDA [42,43] are discrimination
techniques which can be explained in different manners[9]. In case of LDA, a new measurement X; is predicted
to be a member of the class K towards which it has the smallest so-called classification score:

CfK(Xi):(Xi_)_(K)C;;o%ned(xi_)_(K)T_Zln"TKi (29)

with cf  (x;) the classification score, C;O{,,ed is the pooled variance—covariance matrix of the different classes.
The first term is in fact the squared MD computed between the new measurement and the centroid of class K.
The second term 2In 7 is the prior probability that has to be taken in account when the number of objects in
each class is not the same. In Fig. 4, the center points of two classes A and B are shown with around each class
the lines of equal probability (or equal classification scores) towards the center point. Also the ellipse of equal

A

Variable 2

>

Variable 1

Fig. 4. The center points (+) of class A and B together with their ellipses of equal classification scores towards, respectively, the center
point and the line that separates the classes according to LDA.
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probability of class A which isin contact with the ellipse of equal probability of class B by exactly one point is
drawn. In the contact point, the tangent on the ellipses can be constructed. This straight line defines the border
between the two classes. Depending on the side of the border the new point is located, it is decided that it be-
longs to one of the two classes. In QDA, the variance—covariance matrices of all classes are considered to be
unequal so that the respective variance—covariance matrix of each classis used in Eq. (29) instead of the pooled
variance—covariance matrix in LDA. In this case, the borders between the classes can be represented by quadratic
curves instead of straight linesin LDA. RDA is a combination of both LDA and QDA with borders graphically
represented by combinations of straight and quadratic lines.

UNEQ, EQ and SIMCA are supervised pattern recognition techniques of the class modeling type, since con-
fidence limits are calculated for each class separately. They are parametric methods, since it is assumed that the
classes are multivariately normal distributed. In UNEQ [11] for each new object, the MD is computed between
the object and the centroid of each class using the original variables. Similar to what is done in QDA, the partic-
ular variance—covariance matrix of each class is used for the computation of the MD. In UNEQ, however, a
separate decision is made for each particular class whether the new object belongs to it or not. Similar as for the
Hotelling's T2 test in process control using the original variables, the decision is made according to a critical
value (limit) which is based on the training set of the particular class. The critical value is the value obtained
from a y 2-distribution for p degrees of freedom [12], which is similar to the limit used for the MD as an outlier
test described in Section 5.1. UNEQ, and the class modeling pattern recognition methods, in general, can indeed
be considered as outlier tests for each separate class [44]. EQ is similar to UNEQ, but for all the classes in the
training set, the same pooled variance—covariance matrix is used. In SIMCA [13,44], first, PCA is performed on
the objects belonging to the class under examination (class training set). Second, the number of important PCs
that describe the class variation is determined, e.g., by leave-one-out cross-validation [38]. The variance con-
tained in the remaining (residual) PCsis very small and considered to be normally distributed. To test whether a
new object belongs to the class under examination or not, the object is first projected in the PC space of the
class. If the object belongs to the class, the selected (important) PCs of the class training set describe the object
well so that the residual variance is small and comparable to the residual variance of the training set objects. If
the object does not belong to the class, the important PCs of the class training set do not describe the object well
so that the residual variance of the object is significantly larger than for the objects belonging to the class. As a
measure of this residual variance, the squared ED between the point and the space spanned by the significant
PCs of the particular class is computed. This is done by using only the scores on the remaining (residual) PCsin
Eqg. (10). The residua variance of the training set and the new object can be compared using an F-test for cer-
tain degrees of freedom as shown in Eq. (30).

a
Y () /(a-r)
- a|7r +1 - , ( 30)
Y X (4)/(a-n(m-r-1
k=1

i=r+1

new __
E =

R

where r is the number of important PCs, a is the total number of computable PCs, m is the number of objects
in the training set. Some variants of SIMCA use the squared MD distance between a new point and the space
spanned by the significant PCs of the particular class instead of the ED for the computation of the residua vari-
ances s* and sj [45,46].

6. Some applications of the MD in chemistry

Smith et al. [47] and Caudill et al. [48] used Hotelling's T2 test for controlling a laboratory process with 40
variables. Kourti and MacGregor [49], Nomikos and MacGregor [50] and MacGregor and Kourti [51] worked on
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the monitoring of continuous and batch polymerisation processes in a petroleum refinery. In Fig. 5, an example
from the literature [39] is shown. A continuous polymerisation process is monitored using a Hotelling’s T2 chart
for five original variables such as, e.g., the average molecular weights and the branching of the polymer chains.
The constructed « = 0.01 and 0.05 limits are shown together with the new measurements of the process. From
measurement 52 onwards, it is known that fouling in the reactor occurs, which is confirmed by the measure-
ments being out of control. Hotelling's T2 test based on PCA was applied to monitor the homogeneity of a
powder mixture on-line using NIR spectroscopy [52]. In this case, the training set contains measurements of a
homogeneous mixture that one wants to obtain. The blending process starts with an out of control situation (an
inhomogeneous blend) and checks when the measurements become in control. Nijhuis et al. [53] used Hotelling's
T2 charts based on PCA, for checking the response of a gas chromatograph analysing the fatty acid composition
in soya—maize oil. Cho and Gemperline [54] adapted the Hotelling's T2 test to be more robust by estimating the
variance—covariance matrix by the MVE to examine NIR spectra of sulfamethoxazole.

UNEQ was used for the classification of patients according to five laboratory tests for the functional state of
the thyroid [55] and for classifying olive oils due to their region of origin [56]. Mark [57] used the MD to evalu-
ate which sample preparation method is the best for analysing meat samples by NIR spectroscopy. Gemperline
and Boyer [58] and Mark and Tunnell [59] used the MD for the classification of raw materials (pharmaceutical
excipients) by NIR spectroscopy. Aldridge et al. [60] successfully applied the MD for the discrimination be-
tween the desired polymorph and other crystalline forms. Different pattern recognition methods such as, e.g.,
LDA were used to discriminate roasted coffees [61]. Discrimination methods were also applied on electronic
nose data [62] and fatty acids composition measured by gas chromatography [63] of vegetable oils. Ramadan et
al. [64] used LDA for classifying detectors for ion chromatography. SIMCA, adapted by using the MD, was used
for the classification of tablets of clinical study lots [46].
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Fig. 5. T2 chart on five product properties of polyethylene reprinted from Ref. [39].
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